Name
MATH 253 Exam 2 Fall 2016

Sections 201/202 Solutions P. Yasskin

Multiple Choice: (5 points each. No part credit.)

1. The function f=sinxcosy has a critical pointat (x,y) = (n%)
Use the Second Derivative Test to classify this critical point.

Local Minimum

Local Maximum
Inflection Point

Saddle Point  Correct
Test Fails

» 20 T 9

Solution: f, = cosxcosy  f, = —sinxsiny
Jfx = —sinxcosy  f,, = —sinxcosy  fy = —cosxsiny

f(n%) =0 fyy(n,%> -0 fxy<7r,%> — 1 D=fufy—fi=0-1=-1
Saddle Point

2. Find the volume of the solid under z = 2x?y above the region in the xy-plane
between y=x and y = x%

a. %
b. %
c. %
d. %
e. % Correct
Solution: V = _U 2xydA = J.; :z 2x’ydydx = J.;[xzyz ];xz dr
:J';(x4_x6)dx= [%—%lﬁo = %_% - % _ %

1-8 /140
9 /130
10 /16
11 /15
E.C. /5
Total /106




3. Compute ”sin(xz)dxdy over the triangle with vertices (0,0), (J/x,0), (J7,Jm).

a. -7«
b. -/

c. 1 Correct
d. /7

e.

Solution: You must do the y-integral first because you don’t know the antiderivative of  sin(x?).

Theedgesare y=0, x=/m, y=x.
“ sin(x2) dxdy = j :_ jo sin(x2) dydx = joﬁ[ysin(ﬁ)};o dx = joﬁxsm(ﬁ)dx

= [%lcos(ﬁ)l:ﬁ = %——% =1

4. Find the area of the heart shaped

region inside the polar curve r = |0|.
3
-
a. ‘¢
b. ”73 Correct
4r’
c. -3
8n?
d 3
167°
e. 3

Solution: Double the upper half:
a=2[[1a4 = 2mjrdrd9 — 2[2[3—2]10419 — 2]2(972)419 — 2[%]60 - %3

5. The solid half cylinder 0 <y < y9-x*> with 0<z<2 hasdensity §=y. Find the total mass.

9

18

36  Correct
or

187

» 20 T 9

In cylindrical coordinates, 6 =y =rsinf and J=r.

M= [[[sar = j;j;j:rsmerd’»d@dz _ 2[”3—3};[—cos0];0 _ 36



6. The solid half cylinder 0 <y < y9-x> with 0<z<2 hasdensity 6=y.
Find the y-component of the center of mass.

a. ?—g Correct
b. 2

c. 97

d. 8%

e. %

Solution: M, = [[[ysav = j; jo jZﬂ sin20rdrdd dz = 2[2—4]10 jo 1=c0s20 4
_8L[L(p- sin20)] - 8lx
2 L2 2 )1y T 4

M, 81z _ 9z

Y= M T 1-36 16

7. Compute J.J.J.V .FdV on the solid hemisphere 0 <z < J25—x2—)?

for the vector field F = (%x3, ;y3,z(x2 +y2+ 22)>.

a. 0
b. 5372

14 54
c.37r5

d. 675% Correct
e. 12754

Solution: V-F = 2x2 +2y2 +x2 + 2 + 322 = 3(x2 + 2 + 22) = 3p>

o 2 onl2 05 ) [ 3p5 7’

. = 252 - _ 2F _ 4
J”V Fdv J.o Jo J.03p p=sinpdpdodo 27r[ cosgolpzo[ 5 :|p0 675

- -

8. If F=(—yzxz2%), compute F-VxFE.

3

a. z

b. z3 —xyz

c. 2z Correct
d. 223 - 2xyz

e. 0

~
A A

i ] k
Solution: VxF=| g, a, 8. | =i(x)=j(-») + k(z = —2) = (x,,22)

—yz xz z?

FVxF=—yzx +xzy+ 222z = 273



Work Out: (20 points each. Part credit possible. Show all work.)

(30 points))  Consider the hemispherical surface

B

which may be parametrized by

7%(@,0) = (2sin@cosf,2sin@sinf,2cos @)
and the vector field 7 = (—%,x%,z(x? + y2)).

Find each of the following:

a. (2 ptS) é, = (2cospcosh, 2cospsinh, —2sing)
b. (2pts) ¢y = (-2singsind, 2sinpcosd,  0)

c. (3pts) N = i(4sinpcosh) — j(~4sin2psind) + k(4 sin ¢ cos  cos?0 + 4sin ¢ cos ¢ sin20)
Gp ¢ j ¢ pcose pcosg

= (4sin’p cosh,4sin’@sinf,4sinp cos @)

d. (2pts) |]_\7| = ‘/16sin4<pcos29 + 165sin*p sin0 + 16 sin’¢ cos?¢p

= 4 [sin*p + sin’pcos’p = 4sing

e. (5 pts) The total mass of the surface if the surface density is ¢ = z.
> 2n w2 ) sin2(0 /2
M—JI5dS—JIz|N|d¢d9—J.O . 2cosp4sinpdpdd = 2m -8 - 5

f. (6pts) The z-component of the center of mass of the surface if the surface density is & = z.

3 /2

—cos
3

_ 32z

3

M, = ”zSa’S = ”zz |Z_\7|d(0d0 = Izﬂ IZ/Z4cosz¢4sin¢d¢d9 =21+ 16 - »
M: 32n  _ 4

M 3.8r 3

2:

A

Py
g 3pts) VxF=| o, & 0-
-3 x (x*+y?)z

= i(2yz) = jJ(2xz) + k(3x% + 3y?) = (2yz,—2xz,3x% + 3?)

(continued)



h. (2pts) V x?(ﬁ(@,@)) -
= (8singcos@sind,—8sincos@cosh,3 « 4sin’p cos?0 + 3 - 4sin’¢p sin’0)
= (8sin@cos@sind,—8sincos@cosh, 12sinp)

i. (5pts) ”V x F - dS with normal pointing up.

-

From problem 9, N = (4sin?pcosf,4sin’psinf,4sinpcosp)  which points up.

“vﬁ-ﬁ:“vﬁ-ﬁd@de

= ”(32 sin*¢@ cos @ sinfcosf — 32sin3p cos@sinfcosO + 48sin’p cos ) dp db

/2

2m w2 in4
= 48j J. sinpcosdpdd = 48 -27r|: S0 :| = 24r
0 0 4 ],
10. (16 points) Compute “ y2 dxdy over the v, ]
R
diamond shaped region R bounded by
4 -
y=%, y=% y=x, y=4x
FULL CREDIT for integrating in the curvilinear 2T
coordinates (u,v) where wu?>=xy and > = % 0
0
HALF CREDIT for integrating in rectangular coordinates.
u? = xp utv? =y? Yo U
Solution: y = . , = v
vi= o Pl y=uv
oxy) — |- 2u
A(u,v) v v v
w=l=2u=1=u=1 w=9=u’=9=>u=3 So: 1 <u<3
Lol v=1=3v=1 2=4==4=v=2  So 1<v<2

[0 asay = ' [ove 3 awar =2 [ oo au

EENC N EE ERaR



11.

(15 points)  Find the volume of the largest rectangular box

in the first octant with three faces in the coordinate planes

and one vertex on the plane  x + % + % =1.

Solve either by Eliminating a Variable or by Lagrange Multipliers.

5 points extra credit for doing both. Clearly separate solutions.
Solution by Eliminating a Variable: x =1- % - %

— —(1_-Y_=z ey L2 1 2
V—xyz—(l )yz yi— Sy yE— gz

_ 12 1) - L1 1,1y -
V,=z-yz z Z(l z) 0 V.=y >y >z y(l >y 22) 0
If y or z is 0, thenthe volumeis 0 and this cannot be the maximum volume.
So we solve l—y—%z=0 and 1- 5)} éz 0 or y+%z= 1 and y+z=2.
. 3, -4 9= 2 -1-2_z_y_1_1_1

Subtract: X7 1z 3 y=2-z 3 x=1 > "4 1 33 3

= - 1.2 .4 8
V=wz=3303 797
Solution by Lagrange Multipliers: V=xyz g=x+ % + %
VY = (yz,xz,xy) _V)g = (1,%,% VY = ),_V)g:

_ -1 -1 -1 -1
yvz=2»A xz—zl xy 4/1 =3 XZ= vz XY= gz
If y or z is 0, thenthevolumeis 0 and this cannot be the maximum volume.
_ 1 -1 = -
So «x-= 5 X=gz Or .y 2x z=4x
int: 2x , 4x _ -1 -2 -4

From the constraint:  x+ 5t 1 or x=- y=3 z=3
Vexpr-l.2.4_ 8



