MATH 253 Honors EXAM 3

Spring 1999

Sections 201-203 Solutions P. Yasskin
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3. IfF = (XSINZ YCOX tanzy)) then VeV x F =
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The divergence of a curl is always zero.



4. Compute the line integral _[ydx— x dy counterclockwise around the semicircle
x2+y? = 9from (3,0) to (-3,0).  (HINT: Parametrize the curve.)
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T(t) = (3cog,3sint)  W(t) = (-3sint,3cod) F = (y,—x) = (3sint,~3cos)
[ydx—xdy=[Fe ds= [Fevdi- jo(—gsir?t—gcosZt) dt = —9j0 1dt=-9r

5. Compute the line integral jT: . d&for the vector field F = (% %) along the curve
T(t) = () esn(®) )} foro<t< yx. (HINT: Find a potential.)
a. -2 correctchoice
b.
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F= (%%) ~Vf  where f= Inx+Iny. By the F.T.C. for curves:
The endpoints are A = (€%°%0),e5"®) = (g, 1) and B = (e%%), ")) = (71, 1).
— B -
[Fedd= [ Viedd=f(B)-f(A) = [In(e!)~In1]~[Ine-In1] = -1-1 = -2
A

6. Compute ” F « dSfor the vector field F = (28,2y%,22(x% +y?) ) over the complete

surface ofat%e solid cylinder C = {(x, y,2) | X2 +y? <4, 0< z< 3} with normal pointing
outward.

a. 360r

b. 180 correctchoice

c. 90r1
d. 60n
e. 30r

VeF =322+ 3zy? + 2z(x?> +y?) = 5z(x?> +y?). By Gauss’' Theorem, using cylindrical
coordinates
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7. (20 points) Compute the line integral § v Xyz dx— v J):yz dy counterclockwise

around the boundary of the plus sign shown below.

Be sure to justify any theorem you use . (Hint: The answer is not zero.)
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So P and Q are defined everywhere but the origin and %—(3 - 2—5 = 0 everywhere but
the origin. So by Green’s Theorem, we can change the path provided the origin is not
in the region between the paths. We talie the new path to be the circle X2 +y? =1
T(t) = (cost,sint) V= (-sint,cost) F = (P,Q) = (sint,—cost) FevV=-1

L _ X _ 27[_’.—> _ 27[_ _
§Xz+yz dx XZ +y?2 dy—jO F vdt_jO 1dt=-2n




8. (30 points) Stokes’ Theorem states that if Sis a surface in 3-space and 4Sis its
boundary curve traversed counterclockwise as seen from the tip of the normal to S
then

[[¥xFeds=f Frcs
S S

Verify Stokes’ Theorem if F = (yx?,—xy?,x?z + y?z) and S is the hemisphere
z = J4—x2 —y? with normal pointing up and out

8a. (10 points) Compute § Feodd using the following steps: (Remember to check the

S
orientation of the curve.)

T(0) = (2cosp, 2sin, 0)
V(0) = (—2sind, 2 cos, 0)
F(r©®)) = (8sindcos’d,-8coPsin?g,0)
— — 2n 2n
§ Feds—f FeVdo— [ -16sifocos0 - 16c080sin0 df = 32| sir?ocoso do
0 0
S S

2r 2 _ l _
—8_[0 sin?(20) d6 = 8| 1 (2r) | = -8r
8b. (5 points) Compute V xF. (HINT: Use rectangular coordinates.)

i k
VxF=1| 065 0y 07 = i(2y2) — j(2x2) + k(-y? — x?) = (2yz—2Xz,—x? - y?)
Y2 —xy? X%z+y’z

8c. (15 points) Compute |[ V x F « dSusing the following steps:
S
Recall F = (yx?,—xy?,x?z + y?z) and S is the hemisphere z = /4 — x% — y? with
normal pointing up and out

pol

(8,¢) = (2sing cosd, 2sing sind, 2cosp)

(-2singsing, 2sing cos, 0o )

(2cospcosd, 2cogpsing, —2sing)

= i (~4sirt¢cosd) —j(4sirt¢sing) + k(-4 sing cosp sin’d — 4 sing cosp cos6 )
Reverse N :

N = (4sirP¢ cosh, 4sirfg sing, 4 sing cosep )

(6 X T:) (ﬁ(@,q&)) = (2yz,—2xz,—x? —y?) = (8sing cosp sing,—8 sing cosg cosh, —4 sirte )
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9.

[[ VxFedS=[[ VxFeNdodg
S

S
= _[ _[(32 Sint¢ cosp Sind cosd — 32 st cosp Sind cosh — 16 sing cosp ) do dg

/2

= J'Z/zjz” (-16sirgcosp) do dp = 2;;(_16)[% ]O — 81

(20 points)
The spider web at the right is the graph
of the hyperbolic paraboloid z = xy.
It may be parametrized as

R(r,0) = (r cosd,r sind, r2sind cosd).
Find the area of the web forr < /8.

( cosd, sine, 2rsinfcosd )
Ro = (-rsing, rcosd, r2cos0 —r2sin’g)
N=i(

+Kk(rcogo +rsin’g)
= (—r?sin®@ — r?sind cos’9,—r2cos’ — r2sin*f cosd,r ) = (—r?sind,—r2cosh,r)
|Kl| = Jr4sinf0 +r4co0 +r2 = Jré+r2 =rfr2+1

J8
A= [[1ds=[[|N] drd@:js”jfr/—rZH drd@:zﬁ[L;)mJ
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