MATH 253 Honors EXAM 3 Fall 1999
Sections 201-202 Solutions P. Yasskin

Multiple Choice: (8 points each)

B — —
1. Compute the line integral _[ Feds ofthevectorfield F = (yz—xzz) along
A

H
the helix H parametrized by ~ T(t) = (3cod,3sint,4t) between A= (3,0,0

and B = (-3,0,4r).

a. 20«
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—10r2 correctchoice

™ 9 o T

T(t) = (3cod, 3sint, 4t) V(1) = (-3sint,3cos,4)  F(F(t)) = (12tsint,~12cost, 4t)
r(a) = (3cosa,3sina,4a) = A = (3,0,0 = a=0
T(b) = (3cow, 3sinb,4b) = B = (-3,0,4r) = b=r

jB Fedd= [ FeVdt= | (-36tsint—36tcost +16t) dt = | (-36 + 16t)al
A 0 0 0

H

- jZ(—za)dt - [-1&2]2 — _102

2. Find the total mass of the helix H parametrized by  T(t) = (3cog, 3sint,4t)  between
A=3,0,0 and B=(-3,0,4r) ifthelinear massdensityis p =z
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b. 3
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c. % correctchoice

d. 16x3
e. 80r3

F(t) = (3cog,3sint,4t)  V(t) = (-3sint,3cox,4) || = 4/9sirPt+ 9cot+ 16 = 5
p =72 = 16t?

M :IZpds:IZpIV|dt=jZl&25dt:8O%‘Z - 803”3




3. Compute f,g(—xy2 dx+x?ydy)  counterclockwise around the complete boundary of
the triangle whose vertices are  (0,0), (2,4) and (0,4).  HINT: Use Green’s
Theorem.

a. 4
b. 8

16

32 correctchoice

64

® 2 0

P=-xy> Q=x% 0xQ-0yP=2xy—-2xy=4xy

§(—xy2 dx+ x?ydy) = §(P dx+Qdy) = ” 0xQ — 6,Pdxdy

= jz I:X 4xy dy dx= Iz[2xy2 } )

2
— _ 2
_ dx = _[0(2x16 2x4x=) dx

- [C@x-8¢)ax - [16¢-2¢ ] - 64-32- 32

4. Compute _[(yz dx+xzdy+xydz  along the
curve  T(t) = (e"%,cosFIn(1+-L)) between t=0andt=xz. HINT: Finda
scalar potential for F= (YZ, XZ Xy).
a. —In2 correctchoice
1-In2
-1-1In2
1+In2
-1+1In2

™ S 0o T

A =T7(0) = (5%, cos0,Il)) = (1,1,0
B=T(r) = (e"*,cosqr,In(1+ %)) =(1,-1,In2)
The scalar potential is f = xyzsince Vi = (YZ Xz xy) = F
By the Fundamental Theorem of Calculus for Curves:
B -

_[(yz dx+ xz dy+ xyd2) = _[A Feds

B —

= j Vfed$=f(B) —f(A) = (1)(-1)(In2) — (1)(1)(0) = —In2
A



5. (25 points) Stokes’ Theorem states that if Sis a surface in 3-space and 6Sis its
boundary curve traversed counterclockwise as seen from the tip of the normal to S
then

[[7xFndS=f Fecs

S S

Verify Stokes’ Theorem if
F=@—xx*+y?)

and Sisthe conez= [x2+y2 forz < 2

with normal pointing up and in

The cone may be parametrized by:
ﬁ(r,e) = (rcosd,rsind,r)

5a. (16 points) Compute  |f VxF+dS using the following steps:
S
i ]k
VxF=|08, 8, 8, |=i@y-0)-jx-0)+k-1-1)= (2y,-2%-2)
y X X2+y?
R = (cosh, singd, 1)
Ro = (—rsing,r cosd, 0)
N=R xRy = i(—r cosd) — j(rsing) + k(rcos@ +rsin’g) = (—r cosd,—rsind,r)
This is oriented correctly as up and in.
(6 X E) (ﬁ(r,e)) = (2rsing,—2r cosh,-2)

I} VxFedS= ”6 x F e Ndrdg = _[j(—Zrzsinecose+2rzsin00059—2r)drd0
S
= Izﬂ _[Z(—Zr)drd@ = Zn[—rz]i = 81

5b (9 points) Recall  F = (y,~x,x2+y?)  and Sis the
cone z=J/x?+y?  with normal pointing up and in
Compute § Feds using the following steps:

oS
(Remember to check the orientation of the curve.)

F(6) = (2cos, 2sind, 2)
V(9) = (-25sind, 2coY,0)
F(T(0)) = (2sing,~2cosd, 4)
- 2% — N o . on
§ Fods= jo Fevdd = jo (~4sirtg — 4co$0) 09 = jo (~4)d0 - —8r

oS



6. (25 points) Gauss’ Theorem states that if Vis a solid region and 6V is its boundary
surface with outward normal then

jiﬁ-ﬁdvzgﬁ-dé

Verify Gauss’ Theorem if
F = (xzyzx? +y?)

and V is the solid hemisphere
0<z< J4—x2—y2.

Notice that 6V consists of two parts:

the hemisphere H:  z= /4 —x2 —y?

and adiskD: x2+y?<4 with z=0

6a. (5 pts) Compute ”j% «Fdv.
\%

—

§-F=22=2pcos<p

J.y%. Fdv= J’Z/Z J.:r J'z 2pCoSp  p2singdpdddey = (2,[)|: Sigz(p :|:/2|: 224 :|2

0

6b. (8 pts) Compute ”E . dS (HINT: You parametrize the disk.)
D

ﬁ(r,@) = (rcosd,rsing, 0)
R = (cosh, sind, 0)
R = (—rsing,r cosp, 0)
N = (0,0,r)  Thisis upward. Reverse it: N = (0,0,-r)
ﬁ(ﬁ(r,@)) = (XzyzXx? +y?) = (0,0,r2)
o5 5 N 2 02 4 72
ijF- dS= [[FeNdrao = [ " [ -r3ydrdo = -2x| I | = —8r

D

6¢c. (9 pts) Compute _”I? .dS over the hemisphere parametrized by
H
_R)((p,O) = (2sing cosh, 2 sing sind, 2 cosp)

R, = (2cospcosh, 2cospsing,—2sing)

_R)g = (-2singsing, 2 sing cosd, 0)

N = i (4sirPpcosd) —j(—4sirPpsing) + k(4sinp cosp[ cos +sin?0])
= (4sirfpcosd, 4sirtpsing, 4sinpcosp)  This is outward.

T

(ﬁ((p,@)) = (Xzyz X% +y?) = (4sing cosp cosh, 4 sing cosy sing, 4 sirfe )

Tl

« N = 165ifp cosp cOSH + 16sirfp cospsin?d + 16 sife cosp = 32sif cosp

— — 2r prl2 s 4 /2
[Feds=[" [ s2sitpcospdpdo = 2x+ 32 S0L |~ 16r
0o Jo 4 ],

Gy

I



6d. (3 pts) Combine ”E .dS and ”E .dS  to obtain ”E . dS
H D Y

Be sure to discuss the orientations of the surfaces (here or above) and give a
formula before you plug in numbers.

The normals must point outward. NH points up. We reversed KlD so it points

downward.
[JF dS= [JF d§+”|?- dS= 167 — 87 = 8z which agrees with (6a).
oV H D

7. (20 points) The paraboloid at the right is
the graph of the equation  z = 4x? + 4y2.
It may be parametrized as
R(r,0) = (r cosd,r sind, 4r2).
Find the area of the paraboloid for z < 16.

ﬁr = (cos,sind, 8r)

Ro = (—rsing,r cosd, 0)

N = i(-8r2cosf) — j(8r2sing) + k(r co8 + rsin?d) = (-8r2cosd, —8r2sing,r)
|Kl| — J64r4cos0 + 64r4sint0 +12 = Y643 +r2 = r/642+1

2
A= [[|N[arde = | [ r/6a7 T drao - 2{%1 - ZsPe-1)




