MATH 253 Honors FINAL EXAM Fall 1999
Sections 201-202 Solutions P. Yasskin

Multiple Choice: (7 points each)

1. Consider the line through the point P = (4,4,4  which is perpendicular to the
plane x+2y+3z=7. Itstangent vector is

3,2,1
1,2,3 correctchoice

(7,6,5
(5,6,7)
4.4.9

If the equation of a plane is Ax+ By+ Cz = D then the normal is N = (A,B,C). Inthis
case, N = (1,2,3). Since the line is perpendicular to the plane, then its tangent vector
is the normal to the plane. So, V = (1,2,3).
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2. Find the plane tangent to the hyperbolic paraboloid x-yz=0 atthe point
P=(6,3,2. Which of the following points does not lie on this plane?

(-6,0,0
0,3,0
0,0,2

(1,-1,-1) correctchoice
(-1,1,1

® 2 0 0o

The hyperbolic paraboloid is a level surface of the function g = x—yz lIts gradient is
Vg = (1,-z,-y). So the normal to the surface at P is N = Vg| = (1,-2,-3). Sothe

tangent plane is NeX=Ne P,orx—2y—-32=6-2¢3-3- 2 = —6 Plugging in each
point, we find (1,-1,-1) is not a solution.

3. Duke Skywater is flying the Millenium Eagle through a polaron field. His galactic
coordinates are  (2300,4200,1600 measured in lightseconds and his velocity is
V=(.2,.3,.49 measured in lightseconds per second. He measures the strength of
the polaron field is  p = 274milliwookies  and its gradientis  Vp = (3,2,2
milliwookies per lightsecond. Assuming a linear approximation for the polaron field and
that his velocity is constant, how many seconds will Duke need to wait until the polaron
field has grownto 286 milliwookies?

2
3
4
6 correctchoice

® 2009

12



The derivative along Duke’s path is

dp _ .9y - lightseconds milliwookies
{ - Vevp= (:2,:3,.9 second (32,2 lightsecond

— 6+ .6+ .8 = 2milliwookies
T second

So the polaron field increases 2 milliwookies each second. To increase 12 milliwookies,
it will take 6 seconds.

. Consider the surface Sparametrized by ﬁ(u,v) =Uu+vu-v,uv) for 0<u<?2

and 0<v<4. Compute ”E .dS where F-= Y, %, Y).
S

-32

-16

16 correctchoice
32

64

® 20 T

Ri=(1,1v) R/=(1,-1,u) N=RyxR =(U+V,V-Uu-2)

F= V,X,y) = (U-V,u+Vv,u—-v)

eN = U—VYU+V)+U+V)(V-U)—-2(u—-V) = -2u+ 2V

F.dS= ”E- Ndudv= I4IZ—2u+2vdudv= r[—uz +2vu}2 dv
3 0Y0 u=0

o TI

0
S
- Iz[—4+4v]dv= [-av+22]’ = -16+32-16

v=0

. Consider the surface Sparametrized by Hﬁ(u,v) = (u+v,u—v,uv). Find the plane
tangent to this surface at the point P = R(1,2) = (3,-1,2).  Which of the following
points does not lie on this plane?

(3,0,0 correctchoice
0,40
(0,0,-2)

1,10
0,6,

® 20T o

_R)u =(1,1v) _R)V =(1,-1,u) N = _R)u x _R)V = U+Vv,v-u,-2)

The normal at Pis Np = N(1,2 = (3,1,-2) and the tangent plane isN« X = N« P, or
3X+y-2z=3(3)+(-1) - 2(2) = 4. Plugging in each point, we find (3,0,0) is not a
solution.



6. Compute tf(—xzy2 dx+2xy®dy)  over the complete boundary of the semicircular
area 0<y<J4-x? traversed counterclockwise.

o

16

o T

GIEN

80

e. 128 correctchoice

o
iy

By Green’s Theorem:
w22 _ [ o _ 0 22 _ 3 2
§( x2y2 dx + 2xy® dy) ” i (2xy®) ay( x2y2)dx dy ”(Zy + 2x2y) dxdy

= ” 2(y? + x?)ydxdy= _[Z _[2 2r?rsinfrdrdd = 2[ cos@] [ r; 12; = 1T28

7. Compute ” dydz+ sz dx+ Z dxdy over the complete surface of the
sphere  x? +y +2?> =4  with outward normal.

5

a. correctchoice

O
P o N
()]
SRR

I\JwH
alg I8

Apply Gauss’ Theorem in spherical coordinates:

S 3,2 N
F:(_x3322’)’32 2—55) VeF =x222+y?722 + 7% = (X° +y?> + 2°)2% = p? « p?cOS0

| = ”ﬁ.ﬁdv: J'(ZJ” J’Z I§p4cosz9.pzsin9dpd(pd9 = ZE[—L?K[%}O - %

8. (15 points) Find the point in the first octant on the surface z = 32 whichis

X4y2

closest to the origin.
Minimize f = x? +y? + z? on the surface g = zx*y? = 32.
Vf = (2X, 2y, 22) §g = (4z23y?, 22Xy, x4y?) Vf = ﬁg

_ _ _ 1 _ 1 _ 2z
2x = AMz%y? 2y = A2zxty 2z = Ax%y? A= 220~ 28 Xay?
X2 = 2y2 2 = 272 X =42 7= L

2y y y 73 y

g=zx4y2= (‘/E )(1/_)/) y2_23/2y7_32 25 y7:27/2
y=4J2 x=2 z=1 xy.z) = (2,42,1)



10.

(10 points) Compute ”di
R

over the region Rin the first quadrant
bounded by the curves
y=x% y=x* and y=16

————1

0 2 4
X

The left edge isy = x* or x = y¥4. The right edge isy = x? or x = y'2.
1/2 y1/2

(fxon- [ nonar- (517 ov- [ 25" o

RS NI S SRR EE S

(15 points) Find the mass and center of mass

of the solid below the paraboloid z=4-x?-y?
above the xy-plane, if the density is & = x% +y2.
(11 points for setting up the integrals and the

final formula.)

In cylindrical coordinates, the paraboloid is z = 4 —r2, the density is § = r2 and the
Jacobianisr.

M= III5dV= _[:T jz I:rz r’rdzdrc

=21 jzr3z|:;2dr =21 I§r3(4—r2)dr
- 27r[r4—%}z -2r(16-32) - 32
zzmom = _”_[ zdV = Jjﬂ _[(2) I:rz zridzdrdd
—2r j§r3z—22 ‘: dr = nj§r3(4— r2)2dr
Letu =r2 Thendu= 2rdr and rdr = %du. So
zmom = %jzum—u)zdu: %Izu(16—8u+u2)du= %[SUZ—S% +UT4I
= Z(128-212 . 64) = 32

2 3 3
5 _ zZmom _ 32t 3 _
2= T3 3y 1

I
I

y=0 by symmetry.



11. (15 points) Find the area and centroid t
of the right leaf of the rose
r = 2cosé.
(12 points for setting up the integrals

and the final formula.)

A= [[1da= j”'z j20°§0rdrd9

-n/2 90
- j”’iz[%}chg do = j”'zl22cos‘9d9 - I”’lez(_uczosm )2d0
-7 r= —7 T
-1 _[_ /2(1+20032)+003229)d9 =3 jﬂ/22(1+20032)+ %) do
-1 jﬂlzlz(— +2cosZ)+7cos49) de = %[ (9+sm29+—s|n49]ﬂ/2/2
3G-9)-% '”
X-mom = ”diz J.iljz J~2(:o§0 r2cosgdrde
= J.i/jz[% 12::520 cosfdy = 8 _[_ﬂ/z cos’hcosh df

_§ﬂ'/2  ain? _§ 2.3 _§1_2 i s
_ sj_ﬁlz(l sin?0) % cosodo = j @-u?)du= 5 [ @-3u%+3u* - u)du

I
v 34T - B33 B4 B

5 7

35 105
x-mom _ 256 4 _ 1024

A 105 3r 314

I
I

0 by symmetry.
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