Name 1 20| 3 /15
Math 304 Final Exam Spring 2017

Section 501 Solutions P. Yasskin 2 132 4 135
Points indicated. Show all work. Total /102

You do not need to prove any basis is linearly independent in any problem.

1. (20 points)) Consider the vector space P; = {polynomials of degree < 3}.

a.

Take the standard basistobe e, =1 er=x ez =x>
Find the components of  p = 2 + 3x + 4x? relative to the e basis.

2
p = 2e; +3ey + 4e; Pe = 3
4
Another basisis fi=1+x fo=1+x> f3=2+x.
Find the change of basis matrix from the f basis to the e basis.
f1 =1+x =1€1+1€2+0€3 11 2
fr =1+x2 =1le; +0e; + les C= 1 0 1
e—f
f3 =2+x =2€1+1€2+0€3 010
Find the change of basis matrix from the e basis tothe f basis.
1 12(100 1 00f-1 2 1 -1 2 1
101010 = 01 0] 0 0 1 sz 0 0 1
01 0]00O0°T1 0011 -1 -1 1 -1 -1
Find the components of  p = 2 + 3x + 4x? relative to the f basis.
-1 2 1 2 -2+6+4
pr=Cpe=| 0 0 1 3 |=| 0+0+4 pr=| 4
f—e
1 -1 -1 4 2-3-4 -5
3
Find the polynomial ¢ whose components relative to the f basis are ¢, = 2

Simplify fully.
g=3A+2H+1f3=31+x)+2(1 +x*) +1(2 +x)

g =T7+4x + 2x?




. (32 points) Let P, = {polynomials of degree <2} and P;
Consider the linearmap L : P, — P3 givenby L(p) = 2jxpdx.
1

For example: L(3 +4x) =2 Ix(3 +4x)dx = 2[3x +2x*]] = 2(3x + 2x* = 5) = —10 + 6x + 4x*
1

a. Find the image of L. What is its dimension?
HINT: Take the general elementof P, tobe p=a+bx.

’ =2ax+bx?-2a-b

{polynomials of degree < 3}.

X 2
L(p) = 2j1(a+bx)dx - 2[ax+bx71
Im(L) = Span(2x —2,x> - 1)

Im(L) = {L(p)} = {2ax + bx* —2a — b}
dim Im(L) =2

= {ax-2) +b(x*>-1)} = Span(2x — 2,x* — 1)

Find the kernel of L. What is its dimension?

Ker(L) = {0}

Ker(L) = {p : L(p) = 2ax + bx*> —=2a—b = 0}
= 2a =0 b=0 -2a-b=0

= a=b=0 = p=0

dimKer(L) = 0

c. Is L onto? Why?
Because Im(L) = Span(2x —2,x2 — 1) # Co — Dom(L) = Ps Circle one:
Equivalently, because dim Im(L) = 2 # dim Co — Dom(L) = 3 Yes No
d. Is L one-to-one? Why?
Circle one:
Because Ker(L) = {0}
Yes No
e. Find the matrix of L relative to the standard bases.
e =1 e)=x for P,
E| = E, = Es =x2 fOl'P3
x x -2 -1
L(er) = L(1) = 2j (v = [20] = 20-2 = 22E, +2E,
! ! A= 2 0
E—e
0 1

X2—1 = —1E1 +E3

Les) = L(x) = 2J.T(x)dx - [#]

f. Find the null space of 4. What is its dimension?

1 00

-2 -110
Solve Ax = 0: -2 0 0 = 0110 - X=0
0 1 0 0010

Equivalently, Ker(L) = {0} = Null(4) = {0}

Null(4) = {6}
dim Null(4) = 0




g. Find the column space of 4. What is its dimension?

It is spanned by the columns of A. Col(4) = Span 2 0

dim Col(4) = 2

h. Find the row space of 4. What is its dimension?

It is spanned by the rows of 4.
Row(4) = Span((2,0),(0,1))

Row(A4) = Span((-2,-1),(2,0),(0,1))

dim Row(4) = 2

but (=2,-1) = —(2,0) — (0,1)

3. (15 points) Consider the polynomial vector space V = Span(x,x*) with the inner product
' /g
g =] Fd
{.8) JO X dx

a. Find the angle between v, =x and v, = x2.

o= [ 3 [ [$ -4
2

0 2 Jo N ﬁ
1 (xz) 1 2 Tt 1_ 1 1
<“”>I de=fae=[3p] =4 wi=
1
(v1,v2) 322 27
cosf = vi|[vz] 11 3 0 = arccos ‘é_
ﬁ 2

b. Start with the basis v =x and v, = x> and use the Gram-Schmidt procedure to produce
an orthogonal basis w; and w, and an orthonormal basis u; and u:.

w1 = Vi wip =X
1 1

Wi, Wi) =(V1,V1) = ¥ Wi = —(——

iw) =) =5 il = —

Uy = Wi

L] = 2x

(v2,w1) = (v2,m1) = 5

1
o Sv2w) 5 3 > 2
W2 = V2 <w1’w1>W1 X %x Wy =X —gx
4 3, 4 2
1 X X"+ =X 1
_ ( ) 3 9 3 4.2, 4
(W, wa) = J. x jo = dx jo<x ERARE )dx
x4 iﬁT:i_i.;:tﬁ_i_ _ 1
[4 33 Y95 ), T4 9% 9" 36 ~ 36 M=%
_ wa 2
1/12—ﬁ—6 x2—?x> u2:6x2—4x




4. (35points) Consider the matrix 4 = <

a. Find the eigenvalues of 4. List them in ascending order.
4-1 2 =@A-AMD1-1)+2=212-51+6
4 -] = @=Hl-+ " =2 =3
-1 1-4 =(A-2)1-3)=0
b. Find the eigenvectors of A.
2 210 1 110
A =2: = = a+b=0
-1 -1 ]0 0 0]0
R a —r -1 -1
= X = = =r el =
b r 1 1
1 210 1 210
A =3 = = a+2b=0
-1 =210 0 0]0

4 2
11 )

- (0)-(C)C)

c. Find a diagonal matrix D and an invertible matrix X sothat 4 = XDX'.

A is a matrix relative to standard basis 1. 20
D is a matrix relative to the eigenbasis e whose diagonal £g: 0 3
entries are the eigenvalues.

A =C D C =XDXx'! So X = C which

i—i —e e—e eI i—e -1 =2

X:
is the matrix whose columns are the eigenvectors. 1
d. Find X'

-
a c B 1 d —c
b d S ad-be\ _p 4

e[ 12
-1 -1

)
1 _ 1
e. Compute cos(zA).
HNT:f o= % ) then ap=[ " °
0 p 0 pr

). What is cos(zD)?

cos(2m) 0 1 0
cos(nD) = =
0 cos(3m) 0 -1
-1 =2 1 0 1 2
cos(nd) = cos(XrDX ') = Xcos(nD) X! =
1 1 0 -1 -1 -1

-1 2 12\ [ -1-2 2-2
1 -1 -1 -1 1+1 241




