MATH 311 Exam 2 Fall 2000
Section 502 Solutions P. Yasskin

1. (20 points) Consider the vector space P, of polynomials of degree < 2.
Consider the function of two polynomials
1
Py = [ poodoodx
a. (10 pts) Show (p,q) is an inner product.

(@) = J acope)dx = | pxacodx = (p.a)
P,p) = _[; p(x)2dx > 0 and = 0 only when p(x) = 0 for all x.

(p.aq+bry = [ poo (aa+bryxydx = a [ poyadx+b | peroxdx = alp,ay + bp.r)

b. (10 pts) Find cosf where 6 isthe angle between the polynomials
p=5x2+3 and q=3x

P, Q) = _[1 p(X) q(x) dx = I1(5x2 +3)(BXx)dx = J.l(15x3 +9x)dx = [M L9 } '
0 0 0
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p,p) = I; pP(X)?dx = I;(sz +3)%dx = I;(25x4 +30x? + 9)dx = [SX5 +10x3 + 9X]

(9,q) = I; q(x)%dx = I;(Bx)deZ |:3X2]; =3
_ o _ 33 _ 11
s = - _
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2. (40 points) Consider the vector space P, of polynomials of degree < 2.
Consider the bases

e1=1 e =x & = X2
fi=1+x fp=x f3=-—x+x2
Consider the function L : P, - P, given by
L(p) = 2p(0) +p(1)x
a. (5pts) Show L is linear.

L(ap+ba) = 2(ap+ ba)(0) + (@p-+ ba)(1)x = a2p(0) + p(1)x) + b2q(0) + g(1)x)
= aL(p) + bL(q)

b. (5 pts) Find the matrix of L relative to the e-basis. Callit A.
e-e
Ler) =L(1) =2+x =2e1+€
L(ex) =LX) =X =e A =
L(es) =L(x?) =X =e



c. (10 pts) Find the change of basis matrices
« C from the f-basis to the e-basis, and

ef
fi =1+x =e +e 10 O
f, =X =e C = 11 -1

ef

fs =—X+x% =-e+e3 00 1
+ C from the e-basis to the f-basis.

f—e
(10 0100 )

111010

R2-R1+R3

\ 00 1]/00 1]
(100] 100 ) 100

010|]-111 C = -1 11
\oo1| 001 ) 001

d. (10 pts) Find the matrix of L relative to the f-basis. Callit B.
ff

100 200 10 O 200
B = C A C = -1 11 111 11-1 (= 010
' ' e-e
o e 001 000 0 1 000

e. (5pts) Find B by a second method.
ff

Recall L(p) = 2p(0) + p(1)x
L(fi) =LA+x) =2+2x =2f; 200
L(f2) =LX) =X =f, B = 010
L(f3) = L(-x+x3) =0 =0 - 000

f. (5 pts Extra Credit) What are the eigenvalues and corresponding eigenpolynomials of L?
(This required no computations.)

Since L(f1) = 2f1, we conclude f; is an eigenvector with eigenvalue 2.
Since L(f,) = f2, we conclude f; is an eigenvector with eigenvalue 1.
Since L(f3) = 0, we conclude f3 is an eigenvector with eigenvalue O.



3. (40 points) Consider the matrix A = ( - -8 )

a.

4 6
(15 pts) Find the eigenvalues and eigenvectors of A.

—-6-1 -8
4 6-1

e (1) - () - ()00
= (130) - (G5) - G)()-0

detA—21) = = (6-A)(6-1)+32=12-4 =  A=2-2

A

. (10 pts) Find the diagonalizing matrix X sothat A= XDX! where D is diagonal.

Whatare D and X1?

(1) e (52) e (20)

(5 pts) Find Al°,

Ao ypoxt _ [ L 2 210 0 1 2\ _(2° o
11 0 2 11 0 2

. (5pts) Find e.

-1 -2 et 0 1 2
Ml = XePX L =
1 1 0 e -1 -1
[ 1 -2 et 2e% B e 4+ 2ed 22 4 22
1 1 et _g2 et g2 2e% — g2

(5 pts Extra Credit) Find sin(%A).

. 3
HINT: smx=x—%+>é_j’_>;_7!+

sin(%A) :XSin(%D)X_l :( _i _i ) sin(%z) n 0 ( _i _f )

()i



Notice that V is a subspace of R°®.
a. (6 pts) Find V* the orthogonal subspaceto V.

4. (10 points) Let V= Span{Vi,V>} where

[ 1

0

1
0
1

\

Vi ={XeR®|VieX=0andV,+X=0}
VZOQZb-I-d:O

Viex=a+c+e=0

101
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P

Vi = <

~

010
100
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. (2 pts) What is a basis for V*?

[ _

o O r O Bk

\

[ o
1
0
1

\ O

[ _

\

R O O O Bk

[ _

+1t

. (2 pts) What is the dimension of V*+?

dimVv* =3

R O O O Bk

and Vv, =

kO R

Let X = (ab,cd,e)’

[ a [ -t

b -S

c |=] r
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