Math 311 Exam 3 Spring 2002
Section 503 Solutions P. Yasskin
Multiple Choice (8 points each.)

. If F=(xy,yzx2 then V.-F=
y—Z+X

(_yi Z!_X)

X+y+z CORRECT
(_y!_zi_x)

—X+y-2

® 20 T

V.F= Ox(Xy) +0y(Y2) + 0,(X2) = Y+ 2+ X

. If F=(xy,yzx2 then VxF =

a. y—-z+x

b. (-y,z—x)

C. X+y+2z

d. (~y,-z—Xx) CORRECT

e. X+y-z
7Ok

VxF=1|08, 8y 8, | =10-y)~](z-0)+K(O0-X) = (-Y,-2,X)
Xy yz Xz

. If f(xy,2) = xsin(yz) — ycogxz) + ztan(xy) then V x Vf =
a. zsin(yz)T) + zcos(xz)T + xysec?(xy)_k)

b. sin(yz)T) - cos(xz)T + tar(xy)TZ

c. cogyz) 1 +sinx2)] + sec?(xy)TZ

d. 0 CORRECT

e. Does not exist.

VxVi==0 for any twice differentiable functioh

. Compute the line integraljydx—xdy counterclockwise around the semicirclg? +y?> = 4 from (2,0)
to (-2,0). (HINT: Parametrize the curve.)
a. -4n CORRECT
b. —2r
C. 7
d. 2z
e. 4rx
T(0) = (2c09,2si¥) V() = (-2sind, 2 coF)
F(x,y) = (,~X) F(T(6)) = (25sind, -2 cosd)
[ydx—xdy=[F.ds= IZT:(?(Q)) . V(0)do = jz—4(sin29+cosz9)de _—



5. Compute the line integral_[r: .d& for the vector field F = (% %) along the curve
7(t) = (e°%),e5) foro<t< Jx. (HINT: Find a potentiaf so thatF = Vf.)

a. -2 CORRECT

b. 0
2
C. €
d 1
e.n
v 11y _(df ﬂ) _
F =i (X’y)_(dx’dy f=Inx+ Iny
A = ?(O) _ (eco;{O),esir(O)) _ (e, 1) B = ?(ﬁ) — (ecofw),esir(ﬂ)) — (e—l’ 1)

jT: .dg= ji%’f . dg = f(B) — f(A) = f((e’1,1)) - f((e 1)) = (net +In1) — (Ine+Inl) = -2

6. Compute §(5x+ 3y)dx+ (x—2y)dy counterclockwise around the edge of the rectangle< X1< 5,
3<y<6. (HINT: Use Green'’s Theorem.)

36

24

12

-24  CORRECT

-36

® 20 T

P = (5x+ 3y) Q=X-2y)

ipdm@dy: IJ(%_(E‘%F;) dxdy= [ ["(1-3) dxdy= -2(5-1)(6-3) = 24

7. Compute ” F.dS forthe vector field F = (28,2y%,22(x2 +y?))  over the total surface of the solid
aC
cylinder C = {(x, V,2) | X2+y?><4,0<z< 3} with outward normal. (HINT: Use Gauss’ Theorem.)

a. 360r

b. 180r CORRECT
c. 90r
d. 60z
e. 30r

F = 320¢ + 3z + 2z(x? + y?) = 5z(x? + y?) = 5zr?

V.-F
!Cﬁ .dS= ”C.J._V) -FdV = J.Zj.zﬂ jz5zr2rdrd0dz= 5[%}2[27[][%}2 = 5(%)27[(4) = 180r



(20 points) Compute ” x2y dxdy over the N
R
diamond shaped regidgdbounded by

_ 1 _ 2 _ 2 _ 4 w0+
Y= Y= y_F’ Y—F

For full credit you must use curvilinear coordies.
Half credit for rectangular coordinates. : . ~ —

U= X u=1u=2
y } = Boundaries are 5 4 Solve forx andy:

vV = X%y v=2 v=
X2y
U= %y =X R x= ~
2 NGYA 2
G-y y= 4
X7y
oX OX v 1
R AN R COR OGRS
a(u,v) oy oy 2u _u* u? V2 uj\v Y v
ou  ov v v
ian: _|oxy) | _ 1 N N
Jacobian: J= 2y |~V Integrand: x°y =v

” X2y dxdy= I:Iiv % dudv= (4-2)2-1) =2
R



9. (24 points) Stokes’ Theorem states tha®if a nice surfacg iR® andéSis its boundary curve traversed
counterclockwise as seen from the tip of the norma tndF is a nice vector field orSthen

”_V)xl_:)-d_éz §I_:)d—s’
S as

Verify Stokes’ Theorem if F = (—yx?,xy?,x?> +y?) andS s the part of the conez = /x?> +y?> below
z =2 with normal pointing up and in.

9a. (4 points) Compute VxF. (HINT: Use rectangular coordinates.)
T T k
VxF=| & 4 8 |=1@y-0)-Tx-0)+ kY- ) = (2~ +y?)

Yy xR X2 +y?

9b. (10 points) Compute [[ VxF-.dS
S

(HINT: Here is the parametrization of the cone and the steps you should use. Remember to check the orientatic
of the surface.)

ﬁ(r,e) = (rcosé,rsing,r)
R: = (cosd, sing, 1)
Ry = (-rsiné,r cosp, 0)

N = T(-rcosd) — J(rsin@) + K(r) = (-rcosd,—rsind,r)  Points up and in.

—

VxF) (Rr,0)) = (2rsing,—2r co, r2)
)

VxF)«N=-2r2sindcosd + 2r2cosdsing + r3 = r3

(
(x?

jg%’xﬁ-dé: [ [irdrae—2r[ L] - 8r

9c. (10 points) Compute § F.d3. Recall F = (—yx?,xy?,x?+y?).

s
(HINT: Parametrize of the boundary circle. Remember to check the orientation of the curve.)

(CHECK the answers to 9b and 9c agree.)
T(8) = (2co9,2sind, 2)

V() = (-25sind, 2 cos, 0) Counterclockwise fromz-axis.
F(T(9)) = (~25sind - 4co0, 2 cod) - 4sirt, 4co + 4sirtd) = (~8sind coso, 8 coPsin?0, 4)

E.V = 165sirf9cos0 + 16 co20sincd = 32 sirf0 coso

§F-as- jz” 325sirf0 coLOdo Izﬂ8sirF(20)d0 -8-3(20-0) - 8r
oS



10. (10 points Extra Credit) Compute the line integrél XZX dx— —=X > dy counterclockwise around the

y? X2 +y

boundary of the plus sign shown below.
Be sure to justify any theorem you use.  (Hint: The answer is not zero.)

2-1-15-28)P506.09.75.. 25 25
-0.5
-0.7

-1
-1.2!
-1.§
-1.7

P= Wyyz Q= ﬁxyZ P andQ are defined everywhere except the origin.
OC+Y)(ED) = (X)2X  C+Y)(A) -2y —xE -y + 2 — X2 —y? + 2y?
0xQ—-0yP = 5 — > = . -0
O +y?) O +y?) O +y?)

By Green’s Theorem, the path may be continuously deformed without changing the value of the integral provide
the region between the curves does not contain the origin. So integrate counterclockwise around the unit circle.

X = C0Y, y = siné, dx = —sin@do, dy = cosfdo
Note: x>+y?>=1 So P=y=sind Q= -x=-codb

y X . . o B o 2n o
§X2+y2 a2 dy = §sing (~sing)do — cosy cosodd = [ "do = ~2x




