MATH 311 Section 501  Spring 2013 P. Yasskin
Final - Solutions

1. (20 points) Hams Duet is flying the Millenium Eagle through a region of intergalactic space

containing a deadly hyperon vector field which is a function of position,
H = (Hi(X,y,2),H2(x,y,2),Hs(X,y,z)). Of course, its magnitude is
M = |[H| = J(H1)?+ (H2)? + (Hs)?. Atstardate time t = 21437.439 years, Hams is located
at the point (x,y,2) = (5,-3,2) millilightyears and has velocity V = (3,-2,1)
millilightyears/year. At that instant, he measures the hyperon density is

H = (12 x 104, -3 x 10% 4 x 10%) hyperons/millilightyear?
the gradients of its components are

VH: = (2,-1,3) VHz=(4,0,-1) VHs3 = (-2,1,3) hyperons/millilightyear?.

Find the current hyperon magnitude M and its current rate of change dd_l\t/l as seen by
Hams?

_ . . D(M) D(H1,H2,H3)
HINT: Compute M and then the Jacobian matrices , and
. P D(H1,Hz, Hs) D(X.Y,2)

XY,z : am
D() and combine them to get at
SOLUTION:
M = J(H1)Z+ (H2)? + (Hs)? = /(12 x 10%) + (-3 x 10*)* + (4 x 10%)* = 13 x 10*
D(M) _ ( oM oM oM )
D(H1,Hz, H3) OH1 ' 0H, ' OH3
_ [ 4 2H1 1 2H> 1 2H3
2 JH)Z+ (H)Z+ (Ha)? 2 [J(H)?+ (Ho)?+ (Hs)® 2 J(H)Z+ (H2)” + (H3)?
-1 — 1 4 _ 4 4y _ (12 =3 4
= 7 (Hi,Hz,Ha) PR (12 x 104, -3 x 10%,4 x 10%) 513
OH1 oH; 0OH;
oX oy 0z 2 _1 3
D(Hy,Ha,Hs) _ oH, 0H, 0oH, _ 4 0 1
D(X,Y,2) OX oy 0z
OHs 0OHs 0Hs -2 1 3
OX oy 0z
DY) dx/dt 3
X.Y.2) _ _ ~
O dy/dt 2
dzdt 1
dMm _ D(M) D(H1,H2,H3) D(X,Y,2)
dt ~ D(Hi,Hz,Hs) D(x,2) D(t)
2 -1 3 3 11
_ (12 3 4 _ _ _ (12 3 4 _ 19
(13’1313 4 0 -1 2 131313/ 1 13
2 1 3 1 -5



2. (20 points) Consider the vector space (P3)? = P3 x Pz of ordered 2pairs of polymonials of
degree less than 3. For example, (2 + 3x + 4x?,5 - 4x — 3x?) € (P3)“. We take the "standard"
basis to be:
é =(1,0), ©&=(0), €=x,0, €-=(01), 6-=(0x), & =(0x3
and the alternate basis to be:
E; = (1,0), Ez=(1+x0), Es=(1+x%0), E4=(0,1), Es=(0,1+X), Es=(0,1+x?)
a. Find the change of basis matrices C and C . Be sure to say which is which.

E—e e—E
Ei= & /111000 )
Ey= 8 +& 010000
SOLUTION: ES 1t & c_| 0091000
E4=_é4 e—E 000111
Be— 8 +8 000010
Bo = @48 \ 000001 )

Invert this matrix using row operations, or solve for the €’s.

&= E /1-1-100 0 \
&= E;-Ei 01 0O0O0 O
83 = E3_E1 C O 01 00 O
&= B Ee | 00 0 1-1-1
& - B._B 00 001 O
- BB \\ 00 000 1
b. Find the components (V), of the vector V = (2 + 3x + 4x?,5 — 4x — 3x?) relative to the
e-basis.

SOLUTION: V = 28, + 38, + 483 + 568, - 485 - 38 (V), = (2,3,4,5,-4,-3)"
c. Use a change of basis matrix to find the components (V) of the vector V relative to the

E-basis.
/112200 0\ 2\ [ -5)
01 000 O 3 3
SOLUTION: (V) = g g (1) 2_01 _01 : - 142
00 001 O —4 —4
\ 00000 1 )\ 8/ \ -3)

d. Check your answer to (c) by hooking the components (V). onto the E-basis vectors and
simplifying.
SOLUTION:
V = —5E; + 3B + 4E3 + 12E, — 4E5 — 3B
= -5(1,0) + 3(1 +x,0) + 4(1 + x2,0) + 12(0,1) — 4(0,1 + x) — 3(0,1 + x?)
= (=5,0) + (3+3x,0) + (4 + 4x2,0) + (0,12) + (0,-4 — 4x) + (0,-3 — 3x?)
= (2+ 3x+ 4x?,5 - 4x — 3x?)



3. (20 points) Consider the subspace V = Span{Vi, V,, V3} of R* withthe

inner product (B,d) = PG4 where T means transpose and

1 1 1 22 0 O

0 1 1 23 0 O
V]_ = Vz = Vg = and G =

0 0 1 00 1 -1

0 0 1 00 -1 3

Find an orthonormal basis for V by applying the Gram-Schmidt procedure to the
vectors Vi, V., and V.

SOLUTION:
1 22 0 O 1
Wi =Vy = (W1, W1) = WIGW1 = ( 1000 ) =2
0 00 1 -1 0
0 00 -1 3 0
1 vJ/2
Uy = —\Zvl 1 0 = 0 —
Wil /2| 0 0
0 0
22 0 O 1
23 0 O 0
— ST A~
Vo,W)=V,Gwi=( 1100 =4
C21>21( >001—1 0
00 -1 3 0
1 1 -1
1 1
(W1, Wy) 0 21 0 0
0 0 0
22 0 O -1
23 0 O 1
- o T~ _
(W2, W2) = W, GWp = ( 1100 ) 00 1 -1 =1
00 -1 3 0
-1 -1
Yy 1 1
Up= Wo _ 1 _ = CONTINUED
w2l /1 0 0
0 0



Ns,\m):v;ewl:(l 11 1)

Ns,wz>=v§(3\7v2:(1 11 1)

1
— — 1
Wy = V- Nal) g VaWe) o _4
(W1, W1) (W2, W2) 1 2
1
22 0 O
23 0 O
- o T~
<W3,w3>—w3(3w3—(0 01 1) o1
00 -1 3
0 0
Us = —\ZV3 - L 0 = 0 —
ws| V2| 1 12
1 /2

(220 0\

(220 0\
\0013/£

\00—13/

O O O -

= = O O

= O O



(25 points) Verify Stokes’ Theorem ”_V' xF.dS= § F.dd

C oC

for the slice of the cone C givenby z= /x?+y? for 1<z<3.

oriented down and out, and the vector field F= (-yz,xz,7%).
Note: The boundary of the cone has 2 pieces:
the top circle, x2 + y? = 9, and the bottom circle, x? + y? = 1.

Be sure to check the orientations. Use the following steps:

a. The cone may be parametrized as ﬁ(r,@) = (rcosé,rsind,r)

Compute the surface integral by successively finding:

R(r0)’ .”6 xF . dS
c

—

&, 8, N, VxF, VxF

i j k N =8 x8
& =| (cos® sng, 1) = T(=rcosf) — j(rsinf) + k(r cos20 + r sin29)
€ = | (-rsinfd, rcosh, 0) = (-rcosf,-rsing,r)

Reverse N = (rcosé,rsinf,—r) so it points down and out.

ik

VxF=| 2 & & | _50-x)-j(0--y)+k@z--2) = (-X-Y,22)
ax ay az .] y ’ yy
-yz, Xz, 72

V x |3|4 = (—rcosf,-rsing, 2r)
R(r,0)

”_V' xF.dS= ”_V' x F «Ndrdo = IZ I:(—rzcosze— r2sin?g — 2r2)drdd

C C

_ IZ”I:(—er)drde - 2n[—r3]j — 521

CONTINUED



b. The top circle T may be parametrized as r(0) = (3cosé, 3sing,3).
Compute the line integral over the top circle by successively finding:

= (-3sinf,3c0sh,0) Reverse V = (3sinf,-3cosb,0)

o) (-yzxz,z?) = (-9sing,9cos0,9)

N P N 2r
§F .dg= [T F.vde = j (—27sin%0 — 27c0s20) d§ = —54x
0

c. Compute the line integral over the bottom circle by successively finding:

7o), v, Fl,. §F -8
B

r(0) = (cosh,sinh,1) V= (-sinh,cosh,0) Oriented correctly

oy = (-yz Xz z?) = (-sinf,cosb, 1)

N 2 2r
fF-d%:j F-Vd@:j (sin%0 + cos?0) ) = 21
5 0 0

d. Combine the results from (b) and (c) to get j; F.dd
oC

§F-dé= [F.d8+§F.dé= 54z + 21 = -52r
oC T B



5. (15 points) Compute ” F . dSfor the vector field F = (xy2,yx2,x2 + y2) over the hemisphere H

given by x? + y? + z2 = 25 with z > 0 oriented upward.

HINT: Use Gauss’ Theorem to convert this surface integral into a volume integral over a solid
hemisphere V and a surface integral over a disk D. Then add or subtract the answers to get
the required integral. Be careful with the orientations.

SOLUTION:  Gauss’ Theorem says:
[[[v-Fav=[[F-dS=[[F.dS+[[F-dS= [[F-dS-[[F.dS
\Y ov H1 D} Ht Dt

where H is oriented upward and D is initially oriented downward, but reversing its orientation,
flips the sign. Then we solve for the desired integral:

Hﬁ-dé:ﬂﬁ’-ﬁdV+ﬂﬁ-d§
H1 v Dt

We compute the volume integral in spherical coordinates:

- o

V.F=y?+x2+0 = p2sin?ps€in?0 + p2sin®p cos?0 = p2sinp dV = p2sinpdpdpdd

”IV FdV = IZEIE/ZI (p?sin?p)p?sinpdpdpdd = 27r|: :| Iﬂlz(l cos?p) sing do

3 3

To compute the surface integral over the disk, we parametrize the disk as:
R(r 0) = (rcosf,rsing,0).

/2 7l2
= 27r54J‘ sing — cos?psinpdyp = 1250n[—cos<o + cos’¢ } = 12507r ( 1+ = )} 2500m.
0

A

) J k
é = | ( cosd snd O0) N = (0,0,1) Oriented upward which is correct.
é (-rsinf rcosf 0)

|§(r9) = (r3cosfsin?g,r3singcos?0,r?) F-N=r3

[[F-d3- jz”jzﬁdrde: 27:[%}2 - 6252
D1

Combining the integrals, we have:

[[7-ds= [[[V-Fave [[F -ds- 2500 , 625r _ &8T5

CONTINUED



SOLUTION 2:  To compute the integral directly, we parametrize the hemisphere as

R(p,0) = (5singcosh,5sngsing, 5cose)

i j k .
— 2qn2 2qn2 i 2q
8, = | (5cospcosf 5cospsing —5sing) N = (5°9n“p cosh,5°sin“p Sinf,5“sing cose)

& = | (-55npsind 5singcoso 0) which is correctly oriented upward.

IE|§( ), = 0V X +y?) = (8°sin®psin®9cosf, 5% sin®p sinf cos*), 5% sin’p)
P,

F . N = 55sin5p sin20.cos?0 + 5° sin%p sin20 cos?) + 5% sin®p cosg
= 2. 5%s8in%p sin?0 cos?0 + 5*sin®p cosg
N N 2n prl2
” F.dS= I I (2 - 5%sin®p sin?0 cos?d + 5*sinp cose) dp df = 68% after lots of work
0 0
Ht

integrating.



