Name

MATH 311
Section 200

Exam 1
Solutions

1. (15 points) Consider the three points
P=(1,2,3 Q=(,39%

a. (5 pts) Find parametric equations of the plane containing P, Q and R.

b. (5 pts) Find a non-parametric equation of the plane containing P, Q and R.
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PR=R-P=(1,1,0)

X = P+sPQ+tPR
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4 /10 /10
R=(2,3,3

= T(1) - T¢1) + K1) = (-1,1,-1)

c. (5 pts) Find an equation of the line through P perpendicular to the plane containing P, Q and R.
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2. (30 points) Consider the equations

2X+ 4y

+62=4

V+y=2

wW+z=Db

V+WH+X+4y+4z=3

a. (5 pts) Write out the augmented matrix for this system.

00246
10010
01001
21144

w T N b

b. (10 pts) For what value(s) of b do there exist solutions?

2

iRl and reorder rows :

Ri—2Ri—-Ry,—-R3; —» Ry :

©C 0o kF MO O R

So there are solutions only if b = -3.

c. (10 pts) For those value(s) of b, find all solutions.

For b = -3, the equations reduce to

So y and z are arbitrary and the solution is
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d. (5 pts) Circle the geometric description of the solution set:

point,

line,

2-plane |,

3-plane,

4-plane,

R5



3. (5 points) In R® with coordinates (v,w,x,y,z), write out an equation of the 3-plane through the point
P = (5,4,3,2,] with tangent vectors

3-(2,1304 b=(1-12-23 ¢&=(213-1,0)

[ v [ s [ 2 (1 [ 2
w 4 1 -1 1
X = 3 +r| 3 +s| 2 +t 3
y 2 0 -2 -1

\ ?Z L 4 \ 3 0

4. (10 points) Duke Skywater is flying the Millennium Eagle along the curve
T(t) = (2cog, 3sint, t)
Att = % he releases a garbage pod which travels along his tangent line with constant velocity (equal
to his velocity at the time of release). Where is the garbage pod att = z?

T(t) = (2cog, 3sint, t) ?(
V(t) = (-2sint,3cog, 1) V(

The tangent line is
4 2 —
(X,¥,2) = ran(t) = r(j) +v(
S

) - (200s3.3505.5) - (03.5)

— in 7t T —
= (—23m7,30057,1) =(-2,0,1

)
J(t-%) = (035)« (t-%)20
)

Y,2) = Tan(m)(0,3% ) + (£ )(-2,0,9) = (-7,3,7)



5. (10 points) Duke Skywater is flying the Millennium Eagle through the galactic polaron field. Att = 20,
Duke’s position is T = (20, 10, 30 lightyears and his velocity isv = (.1,.3,.2 %. At that time, he
measures the density of polarons to be p = 15x 106 % and the gradient of this density to be
. ightyear
Vp = (2x10°%,-1 x 10°,3 x 10°) .pola—rons;l_

lightyear

a. What does he measure as the time rate of change the polaron density, dp,

dt

% = §p «V=(2x10%-1x10%3x10°)-(.1,.3,.2 = (.2-.3+.6) x10° = .5x 10° = 5x 10°

b. Using a linear approximation, what would he expect the polaron density to be at the point
X = (21,12,29?

pan(X) = p(F) +Vp -« (X-T)
Pan(21,12,29 = 15x 10° + (2 x 10%,-1 x 10%,3x 10%) - (1,2,-1)
— 15% 100 + (2—2—3) x 10° = 12 x 10°

6. (10 points) Duke Skywater is flying the Millennium Eagle through the galactic hyperon field. Att = 20,
Duke’s position is T = (20, 10, 30 lightyears and his velocity isv = (.1,.3,.2 %. At that time, he

measures the hyperon field and its Jacobian to be

200 30 -10 20
0o 0o Hans
H= 150 |Hans DH = -40 10 5 Tightyear
300 -10 0 10
a. What does he measure as the time rate of change the hyperon field, %—T?
. 30 -10 20 A 3-3+4 4
%—tzDHV= 40 10 5 3 |=| 4+3+1 |=| o0
-10 0 10 2 -1+0+2 1

b. Using a linear approximation, what would he expect the hyperon field to be at t = 22?

Hen(t) = H(@) + %—T(t —a)

200 4 208
Han(22) =| 150 |+| 0 [(22-20)=| 150
300 1 302

9R Tan(22) = T1an(20) +Vg20)(22— 20) = (20,10,30 +2(.1,.3,.2 = (20.2,10.6,30.%
Hian(Tan(t)) = H(F(@)) + DH{T(t) -T(a))

200 30 -10 20 2 208
Han(Twn(22)) = | 150 |+| —40 10 5 6 |=| 150
300 10 0 10 4 302



7. (10 points) Consider the vector space R* of all positive real numbers with the operations of
Vector Addition: X@PYy=Xy (real number addition)
Scalar Multiplication: a®X=Xx" (real number exponentiation)
Translate each of the following statements into ordinary arithmetic.

a. Forallxwe have 0o x = 6

For all x we have x° = 1.

—

b. For all awe have a®5 = 0.

For all awe have 12 = 1.

C. Ifa®x=6then either a = Oorx=6.
If X2 = 1then eithera=0or x = 1.

8. (10 points) Consider the linear function L : R® — R? given by

1
_[ (U1 + UgX + U3Xx?) dx
Lay=| °°

i(u + UpX + U3X?)
dx 1 2 3

x=1

Find the matrix A of the linear function, so that you can rewrite it as

L(U) = AU
L/é\:/ Jlaax \(1)
o) Ll ) Mo
[0 /Il(x)dx\ 1 111
Ly |=| °° =1 2 A= .
o) Lol ) T
(o) [ [ o) dx 1
Ll o |=| =° = 3
\ 1 j \ %(Xz) x=1 ’
OR
. Il(ul + UpX + UgXx?) dx _ [u1x+ u2x72 + U3X?3 };
%(ul + UpX + UgX?) . (U2 + 2U3X) |y
_ u1+u2%+u3% _ 1 % % Ei A= 1 % %
Uz + 2U3 01 2 01 2



