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MATH 311 Exam 3 Spring 2001
Section 200 Solutions P. Yasskin 2 /10 | 4 140

1. (20 points) Let V be the vector space of functions spanned by v; =t and v, = t2 with the inner
product

1
.9 = | fogwoa

a. (10) Find cosf where 6 is the angle between v; and v,.

(Ttotdr= L _("2.egre L Y L Y
<v1,v1>_j0t tdt = 3 1<v2,v2>_j0t 2dt= 4 - <v1,v2>_j0t 2dt = 1
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b. (10) Apply the Gram-Schmidt procedure to {vi,v,} to produce an orthonormal basis {us,uz}.

Vi
Up = = J/3t
LT T /—;
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(V2,Up) = I:tzﬁtdt =

(W, W) = j:(tz - %t)zdt - %
Up = —2 =,/%(t2——) J5 (42 - 3t)

@ Wa> =V2—<V2,U1>U1 =t2 ‘/_ J_t—tz

2. (10 points) In R® find the volume of the parallepiped with edges

—

a=(1,0,2,0,)
b = (0,2,1,0,1)
¢=(-1,0,0,2,%
(10 4
1 0201 1 0201 02 0 6 1 0
A=l 0 2102 AAT=| 0 2 10-1 21 0 |=| 16 1
10021 10021 00 2 0 -1 6
\ 111

IAAT| = 6°-6-6=204 V= []AAT| = /204



3. (30 points) A paraboloid in R* with coordinates (w, x,y, z), may be parametrized by
(W, X,Y,2Z) = ﬁ(r,e) = (rcosd,rsing,r?,r?)

foroO<r<J/3and0<6<2r.
a. (10) Find the area of the surface.

A:(E’ )Z(cose sin@  2r 2r>

€ —rsind rcos® 0 0O

AAT — ( € 8 6.6 ) _ ( C20 + 520 + 4r2 + 4r2  —rcH + rsochd ) _ ( 1+82 0 )
€€ € -6 —rcosh + rsfch r2s20 + r2c2e 0 r2

J= JdetAAT = [(1+8r2)(r?) =ry1+8r2

Area = ” 1dS= jj jf ry1+8r2drdo = 2n jf ry1+8r2dr= 27[[%(14—8!‘2)3/2}:?

_ 11 31z
= 12[125 1] 3

b. (10) Compute P = ” J1+8w? + 8x? dSover the surface.

J1+8w2 +8x2 = y/1+8r2cos0 +8r2sin?d = 1+ 8r2
2n 43 J3 J3

P=[" [ Ji+arr/I+8r7 droo = 2r | r(1+8r2)dr=27r[ﬁ+2r4} =2z 3 +18] = 30
0 0 0 0
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c. (10) Compute | = ”(xydwdz— wz dx dy over the surface.
w=rcosd, Xx=rsind, y=r? z=r?

sing rcosh
2r 0

cosf —rsind
2r 0

ow,z)

_ o2 oxy) _
a1.0) = = 2r<sin@

or,0)

‘ = —2r?cosd

i|J§

2r ¢J3 2 #J3
| = _[ _[ (r3sind(2r?sing) —r3cosd(—2r2cosh))drdd = _[ _[ 2r5drdo = 27[[ﬁ
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4. (40 points) The solid paraboloid V at the right
isgivenby x?+y?<z<4
It's boundary (denoted by 6V) has two parts:
The paraboloid P given by z = x? + y? for z < 4.
The disk D given by x? +y? < 4 with z = 4.
Let G = (XZ2,yZ2,2(X% + y?)).

a. (5) Compute V.G

TG O 2yt O 2y i O a2 2NN — D72 1 w2 2
V.-G aX(xz)+ ay(yz)+ az(z(x +y9)) =22+ x4y



b. (10) Compute ”j% .GdV over the solid paraboloid V.

HINT: Use cylindrical coordinates.

- =

In cylindrical coordinates: V-G =2z2+r2  dV = rdrdddz
JI§%-Bav= [ [ ' @ oyrazaren - 20 [ 22 s 2] o

3
=2nj0([264+r24 ~[25 +r4] ) rdr = 2r[ 128 2+r4—;ﬁ—ﬁ}2
3
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256 64 2 416
= 2n( 236 2 +16————)
c. (15) Compute ” G - dSover the paraboloid P with normal pointing DOWN and OUT.
Pl

HINT: Parametrize the paraboloid with coordinates (r,8).

The paraboloid may be parametrized by ﬁ(r,e) = (rcosd,rsing,r?)

8 = (cosh,sing,2r) & = (rsind,rcosd,0) N =& x & = (~2r2cosd,~2r2sind,r)

ThIS normal points UP and IN. So reverse it: N = (2r cosd, 2r?sing, —r)

= (XZ%,YZ%,Z(X? + y?)) = (r®cosh,r®sing,r*) G-N=2r"—r5

”é-dézIzﬂjz(2r7—r5)drd9=Zn[%—%} =2 (64—2) - 320,

d. (5) Compute ” G - dSover the disk D with normal pointing UP.
Dt
HINT: Parametrize the disk with coordinates (r,0).

The disk may be parametrized by R(r 0) =(r cosB r sing, 4)
er = (cos8,sing,0) € = (-rsind,rcosh, 0) N = er X 69 = (0,0,r) which points UP.
= (XZ2,¥Z%,Z(X? + y?)) = (16r cosh, 16r sing, 4r?) G-N=4r?

”é . dS— jz jz(4r3)drde = 2nfr*)? = 321

e. (5)Compute”G .dS= ”G dS+”G .dS
Dt
(Note: By Gauss Theorem, the answers to (b) and (e) should be equal.)

”(_é-d_é= 3T207r+327r = 4Tl67r



