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1. (30 points) Let S(2,2) be the set of 2 x 2 symmetric matrices, i.e. 2 x 2 matrices M satisfying MT = M.
Consider the function L : M(2,2) — 2,2) given by L(X) = X+ XT.
a. (5) Show that 5(2,2) is a subspace of M(2, 2), the vector space of 2 x 2 matrices.

ABeS = AT=AB"=B = (SA+tB)T =sAT+tBT =sA+tB = sA+tBeS

b. (5) Find a basis for §2,2). What is the dimension of §2,2)?

(ab>eS<: b=c

cd

M — ab :alo erOlerOO
b d 00 10 01

Basis is 10 , 01 , 00 ) Dimension = 3
00 10 01

c. (5) Show L is linear.

M

Recall L(X) = X+ XT. So
L(sA+1B) = (SA+1tB) + (SA+tB)T = (SA+1tB) + (SAT +tBT) = s(A+ AT) +t(B+BT) = sL(A) +tL(B)

d. (15) For the linear function L, identify
« (1) DomL) = M(2,2)
dimDom(L) = 4
* (1) CoDomlL) = §2,2)
dimCoDomlL) = 3

- (3) KerL) = {Mst.L(M) =0} = {Mst. M+ MT =0} = {Ms.t. MT = -M}
= antisymmetric matrices

Ale)e e ) (2% )
s (%5 )}

dimKer(L) =1



. ) ) . a b ac _ 2a  b+c
(3) RanlL) = {L(M)} = {M+MT} {(cd)+(bd>} {( b+c 2d )}
:{Za(10)+(b+c)(o1>+2d(00>}
00 10 01
10 01 00
=Span{( 0 0 )( 10 )( 0 1 )}25(2,2)

dimRanlL) = 3

« (3 1-1? Circle: Yes No

Why?  dimKer(L) =1+ 0

* (3) ontd?  Circle: Yes No

Why? RanlL) = CoDomL) = §2,2)
* (1) Verify the Nullity-Rank Theorem for L.

dimKer(L) + dimRanL) = 1+ 3 = 4 = dimM(2,2) = dimDom(L)

2. (10 points) Consider the function of two matrices X = ( a 2 ) and Y = ( Pq ) given by
c rs

(X,Y) = tr(XY)
L e . . w X
where tr means "trace” which is the sum of the principle diagonal entries, i.e. tr( ) =W+z
y z

Explain why < , > is an inner product on 2, 2), but is not an inner product on M(2, 2).

XY) = tr(XY) = tr ab P9 =tr ap+br aq+bs =ap+br+cq+ds
c d r-s cp+dr cq+ds

Y, X) = tr(YX) = tr P9 ab =tr ap+cq pb+ad = ap+cq+br+ds=(XY)
r-s c d ra+sc br+ds

So (, ) is symmetric.
(IX+ZY) =tr((IX+2)Y) = tr(dXY + ZY) = tr(rXY) + tr(ZY) = r « tr(XY) + tr(ZY) = r « (X, Y) +(Z,Y)
So (, )islinear.

24+b b+ bd
X, X) = tr(XX) = tr ab ab e = a2+ 2bc+d?
c d c d ca+dc bc+d?

If X € §2,2)thenb = cand (X,X) = a?+2b?+d? > 0and=0onlyifa=b=d =0, sothat X = 0.
So ( , ) is positive definite on §(2,2).

If X € M(2,2) then a? + 2bc+ d? may not be positive, e.g. if X = ( 0

1
0 ) then (X, X) = -2.

So (, ) is NOT positive definite on M(2,2).



3. (15 points) Consider the linear map L : P, — R3given by L(p) =

p(-1)

a. (5) Find the matrix of L relative to the bases e = {e; = 1,e, = t,e3 = t?} for P, and

b. (5) Find the matrix of L relative to the bases q = {q; = 1 +1t?,g, = t+t?,qs = t?} for P, and

1 [ o
i=<ii=| 0 |i2=| 1
0 \_ 0
(ecy \ (1
L(er) = e1(0) = 1
\e@ /1
(e \ [
L(ez) = e2(0) = 0
\e@ /1
(e \ [ 1
L(es) = | e3(0) =| 0
Le®m ) 1
0 1
V=< Vi = 0 [|\Vo= 0
1 1
(queny Y (20
L@) = | a:1(0) = 1
L@ )\ 2 )
( q2(-1) \ (o \
L(Qz2) = 02(0) = 0
L@ )\ 2 )
(gn ) (1)
L(gs) = g3(0) = 0
L@ )\ 1)

p(0)
p(1)
0
Jdz=1] 0 for R3. Callit A.
1
=T)1+T2+T3
1 11
=—li1+i3 _A— 1 00
cl1 11
=T)1+T3

2
Va=| 1 for R3. CallitB.
2
020
=2V1 = 001
veq
1 00



c. (5) Find the matrix B by a second method.

B = C A C
v—(@ v—i  i—e ©&Q
100
q1=1+t2=§1+§3, q2=t+t2=§2+§3, q3=t2=_é3 C= 010
e—q
111
0 -1 0 1
V1=i3, VZ=i1+i3, V3=2i1+i2+2i3 -CZ 001 C-Z 1 20
IV V<—I O 1 O
-1 0 1 1 -11 100 020
B = C A C = 1 20 1 0O 010 = 001
v—(@ i  i—e ©&(Q
0O 1 0 1 11 111 100

4. (20 points) Consider the helix H parametrized by r(t) = (4cog, 4sint, 3t) between A = (4,0,0)and
B =(-4,0,3r).
a. (10) Compute the line integral jj F . d3of the vector field F = (yz—xz z) along the helix H.
H
<t<m V=(4sint4cod,3) F = (yz-xz2) = (12sint,~12cost, 3t)
= —48tsin’t — 48tco’t + 9t = —48t + 9t = 3%

- dd= IZ—BQtdtz—BQ%‘Z o

b. (10) Find the total mass of the helix H if the linear mass density is p = z2.

N| = V/16sirft+ 16cogt+9 =5  p = 72 = 9t2
_ _ _ [T o2 _ a3 " 3
M _jpds_jpmdt_jogt 5dt = 454 | = 15n
5. (10 points) Compute §x dx+ z dy-y dzaround the boundary of the triangle with vertices (0,0, 0),

(0,1,0) and (0,0, 1), traversed in this order of the vertices.
HINT: The yzplane may be parametrized as R(u,v) = (0,u,V).

By Stokes therorm _[ F.dd= ”6 x F - dSwhere Tis the triangle and &T is its boundary. From the
aT T

direction the boundary is traversed, the normal to T must point in the positive x-direction.
8,=(0,1,00 & =(0,01 N=8x8 =(1,0,0
i j k
VxF=|08, 8y 8, | =(-20,00 VxF-N=-2
X z -y
The triangle satisfies0<y<land0<z<1l-y,orO<u<land0<v<1l-u So

[[VxF-ds= I;I;_u(—Z)dvdu= j:(—le—u)duz —2[u—u72}: _ 1
;



6. (15 points) Gauss’ Theorem states
[[[¥-Fav-ffF-dd
\V; oV
where 6V is the total boundary of V with OUTWARD normal.

Let V be the solid cone Jx? +y? <z<2.

Let C be the conical surface z = /x2 +y? forz < 2
with UPWARD normal.
Let D be the disk x? +y? < 4withz = 2
with UPWARD normal.
Compute ” F.dSforF = (Xy?,yx?,z%) in two ways.
C

a. (5) Method I: Parametrize C and compute ” F. dgexplicitly.

C

C: Polar coordinates:
Rc(r,0) = (rcosd,rsind,r) F = (xy?,yx2,2%) = (ricosdsing,r3sinfcosd,rs)
8 = (cosh,sing, 1) & = (-rsind,rcosd,0) N =& x8& = (-rcosd,—rsind,r)  UP, correct
— — — — 2r 2
” F- dS=” F-Ndrdo = _[ _[ (—r*cog0sin?0 — r*sinfgcosd + r*) drdo
0 0

D

D
[% K Izﬂ(—z sinffcosd + 1) do = 32 J.Zﬂ(l - % SinZ(zg)) do

5 Jo
[ g - B3] - £

b. (10) Method II: Parametrize D and V, compute ” F.dSand ”j V - F dVand solve for ” F.dS

D \% C
Be very careful with the orientation of the surfaces.

D: Polar coordinates:
Rp(r,0) = (rcosh,rsind, 2) F = (xy?,yx%,2%) = (récosdsing,r3sinfcosd, 8)
8 = (cosh,sing,0) & = (-rsind,rcosd,0) N =8 x8& = (0,0r) UP, correct
— — — — 2r 2
. = . = = 2 2 =
[[ F-ds=[] F-Ndrdo jo josmrde 2n[4r?)? = 32z

D D
V: Cylindrical coordinates:

Rv(r,8,z) = (rcosd,rsing, z) J=r VeF=y?2+x2+322=r2+32
- = 2 p21 02 2 2
IIIV-FdV=I _[ _[ (r2+322)rdzd9dr=27rj [r?z+2%] rdr
0Y0 r 0
\%

2 2 2
_ 2 rr3 4¢3 _ 3 _op4 _ 1.4 2 2.5
_Zn_[o([r 2+86] [r +r2])rdr —Zn_[o(Zr +8r—2r*)dr Zn[—zr +4r U }0
— 4\ _ 11
- 2r(8+16-84) - L2,

5
Since C s oriented upward, ”j%-ﬁ dv = ”E-dé— | F.dS
v D c
So[[F-dS= [[F-ds- [[[v-Fdv=32r- 112, 48,
c D v



