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1. (35 points) Compute ” F.dS overthe complete surface of the box
aC
0<x<2 0<y<3 0<z<4

where F = (x2y?Z3,xy3z8, xy?Z*).
Vo F = V. (X228, X323, Xy2Z%) = 2Xy2Z8 + 3xy2Z° + AXy?Z® = Oxy?Z°
By Gauss’ Theorem

JJE-d8= [[]V-rav-['[" [ oorpaxayaz- o[ 2 [ L | [2 ]

ac c
=9.2-9.64=10368




(35 points) Consider the cone C given by

z=J[x2+y? forz<4 ‘
and the vector field F = (—yzxz-xy). \\\\‘;\—!!_"'//
\\‘\E"'II"

We want to compute ” VxF-dS with
C

normal pointing up and into the cone.

a. (5 Compute V xF.

o~ o~ o~

i j k
VX (-yzxzxy) = | 6y 6y 6, |=(2x0,2)
-yzZ Xz —Xy

b. (10) Parametrize the cone using cylindrical coordinates r and 8 as the parameters

and give the range of the parameters. Then explicitly compute ”6 x F-dS
C
ﬁ(r,e) = (rcosfd,rsing,r) with0O<r <4, 0<0<2r

o~ o~ ~

i j k
ﬁ, =( cosd, sing, 1)
_R)e =( -rsing, rcosd, 0 )

N = ﬁ, x Ry = (-rcosf,—rsind,r) which points up and in.
VxF = (=2%0,2) = (-2rcosh, 0, )
— — — — — —) 4
_[ VxF-.d =”V xF-. drdezj _[ (2r2cos’d + 2r2)drdo
0 0

3

.
_23

4 27
‘ j (co$0+1)do = 128(x + 2) = 1280
0



RECALL: Cisthecone z= J/x?+y? forz< 4 with normal pointing up and into
the cone and F = (-yz Xz —xy).

c. (10) Describe 2 other ways to compute ”6 xF-dS Be sure to name or guote
C

any Theorem you use and discuss the orientation of any curves or surfaces.

i. By Stokes’ Theorem, ”6 xF.dS= _[ F.d$ where 8Cis the circle
C aC

x? +y? = 16 and z = 4 traversed counterclockwise.

ii. By Stokes’ Theorem again, _[ F.dd= ”6 x F-dS where D is the disk
aCc D

x? +y? < 16and z = 4 with normal pointing up.

— —

d. (10) Recompute ”6 x F +dS by one of these two methods.
C

i. T(t) = (4co9,4sind, 4)
V(t) = (-4sind, 4cod, 0)
F = (Lyzxz-xy) = (~165ir9, 16 cod, 16 Sinf cosd)

= 2 — 2r
[Fed8=["F-vdo - [ (64sirto+64co80) do - 128r
0 0
oC

OR

ii. We parametrize the disk D.
ﬁ(r,e) = (rcosf,rsing,4) with0O<r <4, 0<0<2r
i ik
cosd, sing, 0 )
0)
N = ﬁ, X ﬁg = (0,0,r) which points up.

—rsind, rcosh,

—

VxF = (-2x,0,2) = (-2r cos, 0, 8)

jﬁxﬁ.d§= ”%xfz.ﬁdrde: Izﬂj:(Sr)drdez 27[[4r2]2 ~ 128
D D



3. (30 points) A hypersurface Sin R* with coordinates (w, x,y,z), may be parametrized by
(W, X,Y,2) = ﬁ(r,e,q)) = (rcosf,rsind,r cosp,rsing)
for0<r<3 0<60<2rand0<¢ < 2.

a. (15) Find the tangent vectors, the normal vector and length of the normal vector.

o~ o~ ~

i i K T
ﬁ, =( cosd, sing, cosp, Sing )
ﬁg = ( —rsing, rcos, 0, 0o )
ﬁq, = ( 0, 0, -rsing, rcosp )
siné cosp  sing cos®  cosp  Sing
N =7 rcoss 0 0 —jA —r siné 0 0
0, -rsing rcosp 0 —rsing rcosp
cosf sin@  sing cosf sin@  cosp
+k| —rsind rcos® 0 ~T| —rsin@ rcosd 0
0 0 rcosp 0 0 -rsing

i[-rcosd(rcogep +rsinfp) ] [rsing(rcose +rsinfp) ]
+k[rcosp(rcosd +rsinf) J—1[—rsing (rcos’d + rsinfg) ]

= (-r2cosd,—r2sind,r?cosp,r?sing)

|N| = J(—r20089)2+ (—r2sing)* + (r2cosp)® + (r2sing)® = J2r* =r2J2
b. (5) Find the hyperarea of the hypersurface.

A- j£j|ﬁ|drded<p - jz” jz” Izrzﬁdrdedq) - (&)Zﬁg‘z _ 361242



RECALL: Sis the hypersurface parametrized by
(W, X,Y,2) = ﬁ(r,e,q)) = (rcosh,rsind,r cosp,rsing)
forO0<r<3 0<6<2rand0<¢ < 2r.

. (5) Compute P = _”_[ J2w? + 2x? dSover the hypersurface.

S
p- jjj,/T|N|drded<p jZ”IZ"j 2rdrdodp = (2r)°25" | = 16207
. (5) Compute Q = j”(wdydxdz— 5z dwdxdy over the hypersurface.

S

Q= m[(rws@) 00.%2) —5(rSin<p)M}drd0d<p

o(r.0,9) o(r,0,9)
ByxD | B0wD oy
or,0,9)  o(r.0,0) Ny = r*cosd ar6,0) —Ng = —r?sing

Q= mKrCOS@XfZCOS@) — 5(r sing)(-r2sing)]drdd dp

_[ _[ _[ [r3cos6 + 5r3sinfe drdode = 27rr ‘ U 00329d9+5_[ sin (pd(p:|
= 7[—(7[+57r) = 24372



