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1. (10 points) Let P§ be the subset of P, consisting of those polynomials of degree 2 or less whose

constant term is zero. In particular
PY = {p = ax+bx?}

a. (8) Show PJis a subspace of P,.

Letp,q € PS. Then p = ax+bx?and g =cx+dx2. Sop+q= (a+c)x+(b+d)x? € PS. Further
kp = (ka)x + (kb)x? € PJ. So PY is closed under addition and scalar multiplication and so is a

subspace.
b. (2) What is the dimension of P3? Why?

dimPd = 2 because a basis is {x,x?} which has 2 vectors.




2. (20points) Again let P3 be the subset of P, consisting of those polynomials of degree 2 or less
whose constant term is zero. Consider the function (x,*) of two polynomials given by

14
pay = | “FHdx

a. (5) Show the function (x,*) is aninner product on PS.

_ . 1 14

i. symmetric: (Q,p) = _[0 %dx = _[0 %dx =(p,q)

i. bilinear:  (p,aq+br) = I“W%;br)dx= ajl%dwr bjl%dx= ap, gy +p,r)
0 0 0

1 2
iii. positive definite:  (p,p) = _[ %dxz 0 because the integral of a non-negative quantity is
0
non-negative.
R 4p* _ _
If {p,p) = I07dx— 0, then gvale 0,orp=0.

b. (10) Apply the Gram Schmidt procedure to the basis p; = X, p2 = x> to produce an
orthogonal basis qi1,q2 and an orthonormal basis ri,r».

1 = P1 =X ,

B (e [T e VRS Y I
(01,01) = _[0 2 dx = _[0 2 dx = jo4dx— Xy =4
|Q1|:§
o= - X
P Tl 2

1 4 1 py2 1
(P2,01) = _[0 —Fz(zqu dx = _[0 —4;((2)( dx = _[04de= 2x2| = 2

o = P — <pz,ql>qlzxz_;xzxz_1

(91,01) 4 2 .
2 x\? 1)3
e, pAX-3) v A3 1 g
Qo) = [ SFdx=[ ——z2dx=[ a(x-F) dx= =52 ] =5 =1
1 0
|Q2|=E
_ 92 _ 2_ X
r, =—"==J3(x°-%
°7 el ‘/_( 2)
Summary:
_ _y2_ X _ X — 2_ X
c. (5) Find the change of basis matrices C and C .
r—p p—r
r = X =ip1+0p2
2 2 1 43
3 pgr— 2 2
= 3(x-%) =-p,+/3p, 0 V3
2 2
/3 43 21
cC = ct :% 2 = o 1
rp per 3 1 s
2% 2 3



3. (20points) Again let P3 be the subset of P, consisting of those polynomials of degree 2 or less
whose constant term is zero. Consider the function L : P — P, given by

d
L(P) = P g

a. (4) Show the function L is linear.

L(ap+ba) = (@p+ bay - SEREED. _ a(p B, p(q— 99 — a1 (p) + biia)

b. (6) Find the kernel of L. Give a basis.

Let p = ax+ bx2. Then L(p) = O says
d(ax+ bx?)
dx

This impliesa=b =0,and sop = 0.
Therefore Ker(L) = {0}.  There is no basis.

(ax+ bx?) — = (ax+bx?) — (a+2bx) = (-a) + (@a— 2b)x+ bx? = 0.

c. (6) Find the image of L. Give a basis.

L(p) = (ax+bx?) — d(a+xbx2) = (ax+bx?) — (a+2bx) = a(x— 1) + b(x? — 2x)

Therefore Im(L) = {a(x— 1) + b(Xx*> — 2x)} = Spanx — 1,x? — 2x)
Basis is {x— 1,x? — 2x}.

d. (2) Is L onto? Why?
L is not onto because CodongL) = P, while Im(L) = Spanx— 1,x?> — 2x) # P,
e. (2) Is L one-to-one? Why?

L is one-to-one because Ker(L) = {0}.



4. (20points) Again let P§ be the subset of P, consisting of those polynomials of degree 2 or less
whose constant term is zero. Again consider the function L : P — P, given by

d
L(P) = p- -
a. (10) Find the matrix of L relative to the bases
pr=X% p2=x> forP§ and e =1, e =% e3=x> forP,.
Callit A
L(pl)zL(x)=x—ﬂ=x—1=—e1+e2 -1.0
dx A-| 1 -2
dx? 2 -
L(pg)ZL(XZ)ZXZ—WZX —2X = 26 + €3 e—p 0 1

b. (5) Find the matrix of L relative to the bases
ri,ro forP§ and e =1, e =x,

is the orthonormal basis you found in problem 2. Callit B.

e; =x% forP,

where rq,r>

1 43
I e | i 2 2
e—r a e—p  pr a L -2 2 2 l _5‘/§
0 1 0 V3 2 2
0o J3
c. (5) Recompute B by another method.
aX
Xy_.x_ 2 _x_1__1 1
L =L(3) =3 -G =3 -3=3a+3® -1 @
dﬁ(xz—i) _
_ 2 X _ 2 X\ _ 2 B=
L(I’z) = L(\/§(X 2) = 1/§(X 2) dx et % _#
_ 2_ X 1)_ 43, 53
—J§(x —2)—J§(2x—2) > €1 - % e+ J3e;3 0 J3



5. (30 points) Do this problem, if you did the Volume of Desserts or Planet X Project.

Find the z-component of the center of mass of the apple
whose surface is given in spherical coordinates by
p =1-cosp
and whose density is 1.
HINT: The ¢-integrals can be done using the substitution

u=1-cosp.
X = pSing cos U=1_cosp
y = psingsing dV = p?singpdp de do du = sing do
Z= pcosp
B g pmoplocosp B r ,03 I-cosp
M —”jldV—Io Iojo pesingdpdepdo = 27[J.0|:T:|0 sing do
_ 2t [T 35 _ 2 (A-cosp)* | _ 20 % _ &r
= & | (@ cosp)?singdp = 22— -
2 o pl- Pis 4 —Cosp
Z— mom= ”jde=j _[ _[ CoS{ppcos<pp2sinq)dpd(pde=27[_[ ['DT] cosy sing de
0 JoJdo 0 0
T 2 5 6 12 5 6
- _ 4 - A T _n|lw _w|T_z|l2_ 2
=5 jo(l cosp)* cosp sing do 5 Iou (1-u)du 2[ = 6 }O 2[ = 6 }
_ 221 _ 17_904.3-5__ 32
T2 [5 3} T 15

y—Z-—mom_ _32t 3 _ _4
M 15 8n 5




6. (30 points) Do this problem, if you did the Interpretation of Div and Curl Project.
Find the divergence of the vector field F= (xz2,yz?,0) atthe point (x,y,z) = (0,0,c).
a. by using the derivative defintion:

VeF=22+72=2722 V.F = 2¢?
(0.0¢)

b. by using the integral definition:
HINTS: For a sphere of radius p centered at (a,b, c), if you use standard spherical coordinates,
the normal vector is
N = (p?sinfe cosd, p? sin*e sing, p2 cosp sing )

The ¢-integral can be done using the substitution u = cose.
You can ignore terms in the integral proportional to p" with n > 3 since they drop out of the limit.
V.-F = m -3 [[F-dsS
|(0,0,c) pIﬂO 4rp3 -”
where the integral is over the sphere of radius p centered at (0,0,c).

Z1 0l

(¢,0) = (pSing cosd, pSing sind,c + p cosy)
= (p?sinfpcosh, p? sifp sing, p?cospsing)  (Given)

= (x22,yZ%,0) = (psing cosd(C + pcosp)?, p sing sinf(c + p cosp)?,0)
«N = p2sin?p cosdp Sing cosA(C + p Cosp)2 + p2 sinp Sindp Sing SiNA(C + p Cosp )2
= p3sindp(c+ pcosp)?

T T

”T: .dS= IZ Izﬂ F.Ndode = IZ Izﬂ plsintp(c+ pcosp)?ddde = 2rp3 IZ sin*p(c+ pcosp)?de

Drop terms of order greater than p3 :

”T: . dS~ 2np3_[z c?sintpdp = 2ﬂp302j2(1— coSg) sing de u=cosp du=—singdp
[[F -8 2oy | {0 -uriu= 2epicu £ < 2o 3]s 2mpec[ 3] - 4
6 .E|(Oop) _ gmo 47303 ( 87[/:)33(:2 ) — 22



7. (30 points) Do this problem, if you did the Gauss’ and Ampere’s Laws Project.
Find the total charge in the cylinder  x? +y? < a2, 0<z<1l ifthe electric field is
E:i:i:( x __ Y ,0)
r r2 X2+y2 X2 +y2
where T = (x,y,0) and r = /x?+y?.
a. using the derivative form of Gauss’ Law.

p:%V.E:%[%(#yZ)+8@y(xzzyz)}
_ 1 [ (@ +Y°) =X2X) (P +y?) - y(2y) J
L ey’ (2 +y?)*
:L|:2(x2+y2)—2x2—2y2:|20

4 (¢ +y%)°
Q- Jjfoav-o
C

b. using the integral form of Gauss’ Law.

Q- [[B-dS- [[E-dd+ [[ E-dd+ [[E-d

oC top bottom sides
On the ends of the cylinder, the normal is N = +k while E is horizontal. So E-N = 0 and
[[E-dd= ][ B-d8-0

top bottom
The sides are parametrized by R(8,z) = (acos8,asing, z).

Ro = (—asing,acoss, 0) S o _
N = Ry x R, = (acosh,asing, 0)

R, =( 0, 0, 1
e~ (Pt o) - (80 2800) - (- 50)
E.N = cosd +sinfg = 1
47rQ=IIE-d_é:IIE-NdOdeI:IZﬂldOdZ=2n Q-1

sides

c. What do these results tell you about the location of the electric charge? Why?

Part (a) says p = 0. So there is no charge wherever Eand V - E are defined which is everywhere

but r = 0 which is the z-axis. However, part (b) says Q = % So there must be charge along the

Z-axis.



