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MATH 311 Exam 2 Fall 2002
Section 200 Solutions P. Yasskin 2 120 | 4 145
3 0
1. (10 points) Alinear map f: R” > R’ hasmatrix4 =| 2 -1 |and
0 3

2 01
alinearmap g : R? - R” hasmatrixB( 03 2 )

a. (4) Whatarepand g ?
Ais3x2. Sog=3andp = 2.

b. (2) Inthe composition gof: R” - R”, whatisn ?
In g o f, the map facts first. Son = p = 2.

c. (4) What is the matrix of go f?

y=(goHE) = g(fxX)) means y=g(Z) =Bz where 7Z=fX) =A%

3 0
5 5 N ) ) 2 01 6 3
SOyBzBAx.ThusthematrlxofgoflsBA( 03 o ) 2 -1 ( )
0

2. (20 points) Consider the vector space ¥ = Span{pi, p>, ps, ps} Where

p1=1+2x—x3,

pr=2+4x+x* p3=3+6x—x>+x* pg=2x+x*
Pare <{pi, p2, ps, psy down to a basis for V. (Don’t bother proving the final set is a basis.)

What is dimV ?

Are pi, p2, p3, ps linearly independent? Assume api + bpa + cps +dpas = 0.
a(l+2x—=x)+bQ2+4x+x*)+cB+6x—x> +x*) +dQ2x* +x*) =0

a+2b+3c=0 1 2 3 010
2a+4b+6¢c =0 2 4 6 010 Ry — 2R,
— —
—a—-c+2d=0 -1 0 -1 210 R; + R,
b+c+d=0 0 1 1 110
1 23010 Ry — 2R, 1 01 =20 a=—s+2t
000O0]O0 000 O 0 b=-s—t
022210 R3 — 2R, 000 O 0 - c=s
0111710 01 1 1 0 d=t
¢ and d are free variables. So p; and p4 can be solved for, leaving p; and p, as the basis.

dimV = 2.



3. (30 points) Consider the curvilinear coordinate system (x,y) = R(u,v) = (uv, L), ie.
X =uy y= %
a. (5) Describe the u-coordinate curve for which v = 2.
(Give an xy-equation and describe the shape in words.)

Ifv=2,then x = 2u, y:%. So u= and y =

X X
2 4

This is the line thru the origin with slope% :

b. (6) Find ¢,, the vector tangent to the u-curve at the point (u,v) = (1,2).

oo (22) () En- ()

c. (5) Describe the v-coordinate curve for which u = 1.
(Give an xy-equation and describe the shape in words.)

Ifu=1,then x=v, yz%. So y:%.

This is a hyperbola in the first and third quadrants.

d. (6) Find ¢,, the vector tangent to the v-curve at the point (u,v) = (1,2).

- _ [ ox 8_)/ _( —_T/l) 2 — =1
ev_(ﬁv’ﬁv)_ 2 ev|(1’2)_(’4)
e. (8) Let P be the pressure in a gas.

Let VP = (‘g—f %—i) be its gradient in rectangular coordinates and

I o(P-R) (PR
let V(POR) = ( (éu ) , (8\; ) ) be its gradient in the u, v-curvilinear coordinates.

If VP = (16,20, find V(PoR) HINT: Use the chain rule.

()=(2,1/2) (w)=(1,2)"
ox  Ox
. (PR _vup i [0OP oP ou Ov
By the chain rule: V(P R) VP JR ( ox by ) &y
ou ov

Note: The columns of the Jacobian are the vectors ¢, and e,.
Further, when (u,v) = (1,2), we have (x,y) = (uv, &) = (2%) So

_V'(Po?e)

1

—

(u,v)=(1,2) -

—

= (16,20)

= = (42,11
(uv)=(1,2) (42,11)

D=

_ -1
(x)=(2,1/2) —_1
4



4. (40 points + 5 Extra Credit) Consider the vector spaces V = Span{sinhx,coshx} and
M2,2) = {2 x 2 matrices}. Consider two bases on V':

{h\ = sinhx, hy = coshx} and {e;=¢e', ey =¢e"}
Consider two bases on M(2,2) :

telee) = o) =) =0y
v} eelon) (05 ) =(07))

Consider the linearmap L : V — M(2,2) given by

0 (0
- O SO
fln2) f'(In2)
Note: e =2, 2= % sinh(In2) = %, cosh(In2) = %
a. (2) ldentify the domain of L and its dimension.
Dom(L) =V dimDom(L) = 2

and

b. (2) Identify the codomain of L and its dimension.
Codom(L) = M(2,2) dim Codom(L) = 4

c. (4) Is the function L one-to-one? Why?  HINT: Let f=ae*+be™ and g = ce*+de™.

a+b a-b c+d c-d
L(f) = b b L(g) = d d
2a+3 20—3 2C+§ 26_?
a+b c+d
a->b c—d g
L(f):L(g) = 2a+% 26‘+% = b=d = f:g
_b _d
2a 5 2c 5

So L is one-to-one.

d. (2 +5E.C. ) Find the Image of L. Then express it as the Span of some matrices (with
constant entries). What is its dimension?

a+b a—->b

b _b
2a+2 2a 7

11 o 1 -1 < 11
= a = an b
) %—‘21 P )

dim Im(L) = 2

Im(L) = {L()} =



e. (4) Is the function L onto? Why?
Easy Way: Lisnotonto because dimCodom(L) = 4 but dim Im(L) = 2

P 9
ros

Hard Way:  Given M = ( ) € M(2,2), is there an f'= ae* + be™ € V such that

a+b a—->b
L(f) = M? Given p,q,r,s, solve b for a,b.
2a+— 20 — =
2
11 /1()p2
1 -1 |g¢q 0 1 %
2 = |r 3 5
2 0 0|r 4q il
2 == _5,_3

No solution for general p,q,r,s. L is not onto.
f. (4) Find the matrix of L from the % basis to the m basis. (Callit 4 .)

m<h
0 1 3 5 0
L(hy) = L(sinhx) = 3 5 =my+ =ms3 + =my
3 5 4 4 0
4 4
= 4 = 3 5
10 meh 4 4
L(hy) = L(coshx) = | s 3 | =mi+2ms+3m, 5 3
4 4

g. (4) Find the matrix of L from the e basis to the » basis. (Callit B .)

nee

Use the definitions of L and B, not the change of basis matrices.

11
L(e)) = L(e*) = =ny+2n4 0 1
2 2
1 0
- B = 1
1 -1 1 nee 0 5
L(ey) = L(e™) = 1 -1 =i+ 57
2 2 2 0

h. (6) Find the change of basis matrices between the ¢ and / bases. (Callthem C and C.)

hee e<h

Be sure to identify which is which!

— _e—er _ 1, 1 1 1
]’ll = sinhx = 5 2@1 262 _ c - 3 3
- _e+e™ _ 1 1 e _1 1
hy = coshx = 5 yeit e h > 5
1 _1
= C = C' = 1 2 2 = b
hee e<h l—i—l l l 1 1
4 4 2 2



i. (0) The change of basis matrices between the m and » bases are:

I 1.0 0 I -1
-11 0 O I 1

c = and ¢ = c' =1

men 0O 0 1 1 nem men 2 0 1 -1
0 0 -1 1 0 I 1

These are given. Do not compute them!

j- (4) Recompute B, the matrix of L from the e basis to the » basis by using the change of

n<e

basis matrices.

—_

B =C 4 C =

nee nem  gmeh  hee

I 1

N
f—
|
L
~
Il
Il
N O —
o N o

[\)|._
o (a») —_ —_
[E—
|
—_
Blw Bl o

3
4
S
4

k. (2) For the function f'= 6e* + 4¢™*, compute L(f) from the definition of L.

Lm( £0) 10 )( 10 2 )
fin2) f(In2) 14 10

I. (3) For the function f'= 6e* + 4e™, compute (f), and (f), which are the components of f
relative to the e and / bases, respectively. Check (f), by hooking the components onto the
basis.

o-(8) weeo(11)(4)(0)

f=2hy + 10k, = 2sinhx + 10coshx = 2( c oo ) + 10(%) = 6e* +de

m. (3) For the function f'= 6e* + 4e™*, compute [L(f)], and check by hooking the components
onto the basis.

0 1 4

1 0 6 6
L =B = -
g ol g (4)] S

2 0 12

1 -1 11 0 0 00
L(f) = 4ny + 6mn2 + 2n3 + 12n4 = 4 +6 +2 + 12
0 0 00 1 -1 11



