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MATH 311 Exam 3 Spring 2003
Section 200 Solutions P. Yasskin

1. (15 points) Consider the "diamond shaped" region D
bounded by thelines y=x and y = 3x
and the parabolas y =x?> and y = 2x2.

Compute ” % dA over the diamond.
D

Here are some steps to follow:

@ Let uz% and v=l2. Solve for x and y.

@® Find the Jacobian factor.
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® Express the integrand interms of « and v.

y _ u*ly
X ulv

@® Express the boundary curves interms of « and v.

y=x and y=3x become u=1 and u = 3.

y=x> and y=2x> become v=1 and v=2.

® Compute ”%dA.
D
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2. (25 points) Consider the parametric curve r(¢) = (21, 1, %ﬁ) for 0<r<2.

(4,4,8/3)
a. (15 pts) Compute I (xy +3z)ds along this curve
(0,0,0)

V=(2.262)  Pl=A+42+F = JQ+2) =247

xy+3z =26+ =3P

(4,4,8/3) 2 2 2
[y +32yds = [ 30@+2ydi= [ (68 +36)dr = [6—’4 + ﬂ} — 24432 =56
(0,0,0) 0 0 4 6 Jo
(4,4,8/3) - _ N
b. (10 pts) Compute I F+ds along this curve where F = (3z,2y,x).
(0,0,0)

-

v=(2,2t,?) F=(3z2y,x)=(22t)

(4,4,8/3) 5 25 5 2 2 b
j F~d§:jF-vdt=j(213+4t3+2t3)dl:j 83 dt = 21*| =32
(0,0,0) 0 0 0 0

3. (30 points) Consider the parametric surface

R(p.,q) = (0,q.p* +q*)

for -1<p<1 and -1<¢g<1.

a. (15 pts) Find the total mass M = J.J.édS on this surface if the surface density is
§=4Jaz+1,
iy ok
¢, = (1 0 2p) N=¢,x¢ =(2p,2q,1) |N|=Jap>+45>+1
é;= (0 1 29) Onthe surface &= [4(p? +¢°) + |

M= [[sds=[[s|N]dpdg = jil J‘i](4p2+4q2+1)dpdq E jil|:7+4q

:Ill[%+8q2+211dq= |:83_q+873+2q:|1 = [13—6+%+4} = 43—4

q=—1

b. (15 pts) Find the flux ”I? dS of the vector field F = (3x,3y,3z) through this surface
with normal pointing down.

Reverse the normal: N = (2p,2q,-1) ?‘(?e(p,q)) = (3p,39,3(p* + ¢°))
RN NN 5 1 el
[[F-ds = [[F(Rp.9)) - Nelpdg j_l j_l 6p2 + 692 — 3(p? +¢*)dpdg

1 1 5 5 1 1 5 1 1 5 | 391 | 391
= I_l I_l 3p” +3q~dpdq = I_l L 3p dpdq+f_1 L 3q7dpdq = [q],[P°], +[P)L[g7], = 8



(30 points) Use 2 methods to compute ”17“ .dS for F= (5xz,5yz,2°)
C

over the conical surface C givenby z= /x>+y? <3

with normal pointing down and out.

a. (15 pts) METHOD 1:  Compute ”I? . dS directly as a surface integral using the
C

parametrization fé(r,@) = (rcos6,rsinf,r).

HINT:Find 2. ¢, N and F on the cone.

f ik
¢, = (cosh sinf 1) N =3, x 8 = (-rcosf,—rsin6,7) N is up and in.
ég = (-rsin@ rcosf 0) Reverse it N = (rcos6,rsin,—r)

Onthe cone, F = (5xz, 5yz,z?) = (5r? cos0,5r% sin0, r?)

jcjz? . dS = Izﬁj:ﬁ-ﬁdrde _ jzﬁjZ(sﬁ 0520 + 513 sin260 — 1) dr d) — jzjz 43 drdb
= 27|} = 1627

b. (15 pts) METHOD 2:  Compute ”17“ . dS by applying Gauss’ Theorem
C

”j% CFdV = ”77 .dS to the solid cone ¥ whose boundaryis oV =C+D
V oV
where C is the conical surface and D is the disk at the top of the cone.
For the volume use cylindrical coordinates. dV = rdrdfdz VeF=5+5242z =12z

j{ﬁ’ CEdV = jzjz f 12zrdedrdd = 21 IZ[6zz]frdr =21 j2(54 —6r2) rdr

3 3
= [ Gar—6r3)dr = 27[ 272 — 6L | = 2x(35 = 32} = 357 = 2431
4 2
0 0

Parametrize the disk as I_é(r,H) = (rcos6,rsinf,3).

A~

i J k
é, = (cos® sinf 0) N = é, x ég = (0,0,7) N is up as required.
eg = (-rsinf rcosf 0)

Onthe disk, F = (5xz,5yz,22) = (15rcos8, 15rsin6,9)

Lﬁ.d?s*: jj”ﬁﬁ.ﬁdrde - jjjz 9rdrdy = 22~ Z ~ 8ln

Apply Gauss’ Theorem: ”77 .dS = ”J_V) CEdV - ”17“ . dS = 2437 - 811 = 1627
C 14 D



