MATH 304
Linear Algebra

Lecture 28:
Inner product spaces.



Norm

The notion of norm generalizes the notion of length
of a vector in R".

Definition. Let V be a vector space. A function
a:V — Ris called a norm on V if it has the
following properties:

(i) a(x) >0, a(x) =0only forx =0 (positivity)
(i) a(rx) =|r|a(x) forall r € R (homogeneity)
(i) a(x+y) <a(x)+aly) (triangle inequality)
Notation. The norm of a vector x € V is usually

denoted ||x||. Different norms on V are
distinguished by subscripts, e.g., [|x||1 and ||x||..




Examples. V =R", x = (x1,x2,...,X,) € R".

o ||X||oc = max(|x|, [x2|, ..., |Xn])-

1
o xlp= (palP + [xlP + -+ |xal?) ",

In particular, |[x||2 = |x|.

p>1.

Examples. V = Cla,b], f:[a, b] — R,

o [l = max F(x)]

b 1/p
s W= ([ reopar) ez



Inner product

The notion of inner product generalizes the notion
of dot product of vectors in R”".

Definition. Let V be a vector space. A function
B:V xV —R, usually denoted 5(x,y) = (x,y), is
called an inner product on V if it is positive,
symmetric, and bilinear. That is, if

(i) (x,x) >0, (x,x) =0 only for x = 0 (positivity)
(i) (x,y) ={y,x) (symmetry)
(i) (rx,y) = r(x,y) (homogeneity)
(iv) (x+y,z) =(x,z) + (y,z) (distributive law)
An inner product space is a vector space endowed
with an inner product.



Examples. V =R".

o (X,y) =Xy =xiy1+ Xyt + XY
d <Xa Y> = dixiy1 + doxays + - -+ + dpXpYa,
where di, d»,...,d, > 0.

Example. V = P,, polynomials of degree < n.

o (p,q) = p(x1)q(x1) + p(x2)q(x2) + - + p(xa)q(xn),
where xq, X, ..., X, are distinct points on R.

We have (p,p) =0 = p = 0 since a nonzero
polynomial of degree less than n cannot have n
roots.



Examples. 'V = C|a, b].

b
o (Fg) = [ Fg(x) o

b
. (fg)= / F(x)g(x)wix) d,

where w is bounded, piecewise continuous, and
w > 0 everywhere on [a, b].

w is called the weight function.



Theorem Suppose (x,y) is an inner product on a
vector space V. Then

(x,y) < (x,x){y,y) forall x,y€ V.

Proof: Forany t€ R let vi =x+ty. Then
(ve, ve) = (x,x) +2t(x,y) + t3(y, y).
The right-hand side is a quadratic polynomial in t

(provided that y # 0). Since (v;,v¢) >0 for all t,
the discriminant D is nonpositive. But

D = 4(x,y)> — 4(x,x)(y.y).

Cauchy-Schwarz Inequality:

(%, ¥)] < /(% %) \/(y, ).




Cauchy-Schwarz Inequality:

[, ¥)] < /(% %) \/(y, y).

Corollary 1 |x-y| < |x||y| forall x,y € R".

Equivalently, for all x;,y; € R,
s+ Fxyn)? <O+ +x)0f+ -+ y2).

Corollary 2 For any f, g € C|a, b],

</ab fx)gx) dX) / [F(x)[* - / g(x)P dx.



Norms induced by inner products

Theorem Suppose (x,y) is an inner product on a
vector space V. Then ||x|| = /(x,x) is a norm.

Proof: Positivity is obvious. Homogeneity:

[rx|| = 1/ {rx, rx) = \/r2(x,x) = |r| /(x,x).
Triangle inequality (follows from Cauchy-Schwarz's):
Ix+y[* = (x+y,x+y)
= (%,%) + (X, y) +{y, %) + {y, ¥)
< (%) + [, )| + [{y, )|+ {y, y)
< (%[> + 2l ly [l + llyll* = (=]l + Iy l})>.




Examples. e The length of a vector in R”,
X[ = Vg 3+ X
is the norm induced by the dot product

XYy =X1y1 +Xo¥o + -+ XpVn-

1/2

b
e The norm ||f]j, = (/ ]f(x)]zdx) on the

vector space C|a, b] is induced by the inner product

(F,g) = / F(x)g(x) dx.



Angle

Since [(x,y)| < ||x|| |ly|l, we can define the angle
between nonzero vectors in any vector space with
an inner product (and induced norm):

(x,y)
1| {ly[l

Z(x,y) = arccos

Then {x,y) = [|x]| [ly[| cos Z(x, y).

In particular, vectors x and y are orthogonal
(denoted x L y) if (x,y) =0.



Problem. Find the angle between functions
fi(x) = x and f(x) = x? in the inner space C|0, 1]
with the inner product

(Frg) = / F(x)g(x) dx.

1
X - —_=

(fi, f2)

=
! 1
(i, f) /x2dx 3 fz,f2>:/(x2)2dx:—.
0 0

_ (hh) 14 VIS
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sin Z(f, h) = /1 —cos? Z(f1, ) = 1/4
£(f, ) = arcsin 1




—

Pythagorean Theorem:

xLy = |[x+y|]>= x>+ |yl
Proof: |x+y[?= (x+y,x+y)
- <X,X> + <X

Y)Y, %) + (Y, y)
= (x,x) + {y,y) = [|x]|* + [ly[|*.



Parallelogram Identity:
I+ ylI? + [Ix = yI* = 2[[x]|* + 2[ly ||

Proof: ||x+y||* = (x+y,x+y) = (x,x) + (x,y) + {y,x) + (y,y).

Similarly, [[x—y|*> = (x,x) — (x,y) — (y,x) + {y,y).
Then [[x+y|* + [[x=y[|> = 2(x,x) + 2(y,y) = 2[|x[|* + 2||y||>.



Example. Norms on R", n > 2:
o |[[x[[c = max(|x1], [xal, ... [xa]),
1
o [[x|,= (\Xl\p + |xo|P 4+ - + !anp) /p, p>1.

Theorem The norms ||x||s and ||x]||,, p # 2 do
not satisfy the Parallelogram ldentity. Hence they
are not induced by any inner product on R”.

Proof: A counterexample to the Parallelogram ldentity is
provided by vectors e; = (1,0,0,...,0) and e; = (0,1,0,...,0).

lerlloc = [le2llc = 1. |lesll, = [le2fl, =1 for any p > 1.

le1 + ezl = [ler — ezl = 1,

lex + el = [[e1 — e[, = 21/7 for any p > 1.

Thus 2[|eq||3, + 2[le2[l3, = 2[les]; + 2/le2]|5 = 4.

On the other hand, ||e; +ez|% + |le; — e2]|%, =2 # 4 and

ler + 2|2 + [ler — ez||2 = 2(21/P)? = 21+2/P £ 4 unless p = 2.



