MATH 304
Linear Algebra

Lecture 21:
General linear equations.
Matrix transformations.
Matrix of a linear transformation.



Linear transformation

Definition. Given vector spaces V; and V,, a
mapping L: Vi — V, is linear if

L(x +y) = L(x) + L(y),
L(rx) = rL(x)
for any x,y € V4 and r € R.

Basic properties of linear mappings:
o L(nvi+ -+ nvy)=nl(v)+ -+ rnl(vg)
forall k>1, vy,...,vp e Vq, and ..., € R.

e [(0;) =0, where 0; and 0, are zero vectors in
Vi and V,, respectively.

o [(—v)=—L(v) forany v e V.



Range and kernel

Let V., W be vector spaces and L:V — W be a
linear mapping.

Definition. The range (or image) of L is the set
of all vectors w € W such that w = L(v) for some
v € V. The range of L is denoted L(V).

The kernel of L, denoted ker L, is the set of all
vectors v € V such that L(v) = 0.

Theorem (i) The range of L is a subspace of W.
(i) The kernel of L is a subspace of V.



General linear equations

Definition. A linear equation is an equation of the form
L(x) = b,

where L:V — W is a linear mapping, b is a given vector
from W, and x is an unknown vector from V.

The range of L is the set of all vectors b € W such that the
equation L(x) = b has a solution.

The kernel of L is the solution set of the homogeneous linear
equation L(x) = 0.
Theorem |If the linear equation L(x) = b is solvable then the
general solution is

Xo + tiV1 + - BV,

where Xq is a particular solution, vq,...,v, is a basis for the
kernel of L, and ty,...,t, are arbitrary scalars.
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Example. u"(x) + u(x) = e**.
Linear operator L : C*(R) — C(R), Lu=u"+ u.
Linear equation: Lu = b, where b(x) = e?*.

It can be shown that the range of L is the entire
space C(R) while the kernel of L is spanned by the
functions sinx and cos x.

Particular solution: up = ze*.
Thus the general solution is

u(x) = ze¥ + tysinx + tr cos x.



Matrix transformations

Any mxn matrix A gives rise to a transformation
L:R" — R™ given by L(x) = Ax, where x € R”
and L(x) € R™ are regarded as column vectors.
This transformation is linear.
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Let e, = (1,0,0), e, = (0,1,0), e; = (0,0,1) be the
standard basis for R3. We have that L(e;) = (1,3,0),

L(ep) = (0,4,5), L(es)=(2,7,8). Thus L(e;), L(ez),L(e3)
are columns of the matrix.



Problem. Find a linear mapping L : R3® — R?
such that L(e;) = (1,1), L(ez) = (0,—2),
L(e3) = (3,0), where e;, e;, e; is the standard
basis for R3.

L(x,y,2) = L(xe1 + ye; + ze3)
= xL(e1) + yL(ez) + zL(e3)
=x(1,1) + y(0,—-2) + 2(3,0) = (x + 3z, x — 2y)

Ly z)= (XH32) (1 03 x
Yo 2) = x—2y) \1 =20 }Z/

Columns of the matrix are vectors L(ej), L(ez), L(e3).



Theorem Suppose L:R" — R™ is a linear map. Then
there exists an mxn matrix A such that L(x) = Ax for all

x € R". Columns of A are vectors L(e;), L(ez),...,L(e,),
where e, e,, ..., e, is the standard basis for R".
Y1 a1 d12 ... Adip X1
Y2 d1 dx» ... d2p X2

y=Ax <<— _ =

n an a2 ain
Y2 asy a azp
= =X + X2 + o+ Xp

Ym dm1 am?2 Amn



Change of coordinates (revisited)

Let V' be a vector space.
Let vq,vo,...,v, bea basis for V and g; : V — R” be the
coordinate mapping corresponding to this basis.

Let uy,uy,...,u, be another basis for V and g : V — R”
be the coordinate mapping corresponding to this basis.
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The composition gog; * is a linear mapping of R” to itself.
It is represented as x — Ux, where U is an nxXn matrix.

U is called the transition matrix from vq,v,...,v, to
up,Uy...,u,. Columns of U are coordinates of the vectors
Vi,Vo,...,V, with respect to the basis ui,u,,..., u,.



Matrix of a linear transformation

Let V, W be vector spaces and f : V — W be a linear map.
Let vi,v,,...,v, beabasis for V and g3 : V — R” be the
coordinate mapping corresponding to this basis.
Let wi,wy,...,w,, be a basis for W and g : W — R"”
be the coordinate mapping corresponding to this basis.
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The composition gyofog; ! is a linear mapping of R” to R™.
It is represented as x — Ax, where A is an mxn matrix.

A is called the matrix of f with respect to bases vy,...,v,
and wy,...,w,. Columns of A are coordinates of vectors
f(v1),...,f(v,) with respect to the basis wi, ..., wpy,.



Examples. o D :P; — P,, (Dp)(x) = p'(x).

Let Ap be the matrix of D with respect to the bases
1,x,x* and 1,x. Columns of Ap are coordinates
of polynomials D1, Dx, Dx?® w.r.t. the basis 1, x.
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o L:P3—P3, (Lp)(x)=p(x+1).

Let A; be the matrix of L w.r.t. the basis 1, x, x°.

[1=1,Lx=1+x, Lx>=(x+1)>=1+2x+ x°.
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