Math 311-504
Topics in Applied Mathematics
Lecture 2:

Orthogonal projection.
Lines and planes.



Vectors

n-dimensional vector is an element of R”, that is,
an ordered n-tuple (xi, xo, ..., X,) of real numbers.

Elements of R" are regarded either as vectors or as
points. If a,b € R” are points, then the directed
segment EW) represents the vector b — a.

In particular, each point a € R” heEthe same
coordinates as its position vector 0a.



a=(21), b=(-3,2), b—a=(-51)



Let x = (x1, %2, ..., X%,) and y = (y1,¥2, ..., ¥n) be
n-dimensional vectors.

Addition: x4y = (x1 4+ y1,% + Yo, ..., X0 + Vn).

Scalar multiplication: rx = (rxy, rxo, . .., X,).

Length: |x| = \/x? +x3+ -+ x2.

Dot product: x-y = x1y1 + X0y + - + Xp V.
X-y

x| ly|

Angle: /(x,y) = arccos



Problem. Find the angle 6 between vectors
x=(2,—-1)andy = (3,1).

x-y =5, [x|=V5 |y|=v10.
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Problem. Find the angle ¢ between vectors
v=(-2,1,3) and w = (4,5,1).

v-w=0 — vlw = ¢=090°



Orthogonal projection

Let x,y € R”, with y # 0.
Then there exists a unique decomposition x =p+o0
such that p is parallel to y and o is orthogonal to y.

p = orthogonal projection of x onto y



Orthogonal projection

Let x,y € R”, with y # 0.
Then there exists a unique decomposition x = p+o0
such that p is parallel to y and o is orthogonal to y.
Namely, p = au, where u is the unit vector of the
same direction as y, and a = x - u.
Indeed, p-u=(au)-u=a(u-u)=aluf=a=x-u.
Hence ocu=(x—p)-u=x-u—p-u=0 = o L u
— o ly.

p is called the vector projection of x onto y,
a = +|p| is called the scalar projection of x onto y.
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Lines
A line is specified by one point and a direction.
The direction is specified by a nonzero vector.
Definition. A line is a set of all points tu + v,
where u # 0 and v are fixed vectors while t ranges
over all real numbers.
Here v is a point on the line, u is the direction.
tu + v is a parametric representation of the line.

Example. t(1,3,1) +(—2,0,3) is a line in R3,
If (x,y,z) is a point on the line, then
xX=1t—2,
y = 3t, for some t € R.
z=1t+3



Line tu + v



Problem. Let ¢ denote a line tu + v.
(i) Find the distance from a point x to /.
(ii) Find the point on the line ¢ that is closest to x.
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p = orthogonal projection of x — v onto u.
The distance equals |o|. The closest point is v + p.



Alternatively, a line is specified by two distinct
points @ and b. Then the vector b — a is parallel to
the line, hence t(b —a) + a is a parametric
representation.

Let x = t(b — a) + a.
Then x lies between aand b if 0 < t < 1.

If t > 1 then b lies between a and x.
If t < 0 then a lies between x and b.

Definition. The segment joining points a and b is
the set of all points t(b —a) + a, where 0 <t < 1.

Note that t(b—a)+a = (1— t)a+ tb.



Line through a and b



Xo

Xy

In R?, a line can also be specified by one point and
an orthogonal direction.



yA

Line through xo orthogonal to p
x ison line <= p-(x—xp) =0

Xy



Proposition Let ¢ C R? be the line passing
through a point xo and orthogonal to a vector
p # 0. Then a point x € R? is on £ if and only if

p-(x—x0)=0.

Suppose p = (a, b), x = (x,y), and xo = (X0, y0)-
Then the equation of the line £ becomes
a(x — x0) + by — y) =0
or
ax + by = ¢, where ¢ = axy+ byp.



Distance to a line in a plane

Proposition Suppose ¢ is a line in R? given by the
equation ax + by = c. Then

(i) the distance from a point (xi, y1) to the line ¢

equals
laxi + by1 — ¢|

(i) two points (x1,y1) and (xo, y») are on the same
side of £ if and only if the numbers ax; 4+ by; — ¢
and ax; + by, — ¢ have the same sign.



yvA
p=(a,b)

\ ax+ by =c

Xy

Distance from x; to ¢ is equal to |[x; — Xg|

Vector x; — Xq is parallel to p



Proof of (i)

The vector p = (a, b) is orthogonal to the line /.
The equation ax + by = ¢ can be rewritten as
p-Xx=c, where x =(x,y).

Given a point x; = (x1, y1), let x¢ be its orthogonal
projection on ¢. Then the distance dist(x1, ¢) is
equal to |x; — Xg|.

Since vectors x; — Xg and p are parallel,

P - (x1 —Xo) = £[p|[x1 — |-

S(xq — Xi— - by —
dist — P (X1 =X0)| _ |P-x1—p-Xo| _ |axi+ by —¢|

p| p| Va2 + b2




Planes

A plane is specified by two intersecting lines.

Definition. A plane is a set of all points

tu + sw + v, where u, w, and v are fixed vectors
such that u and w are not parallel, while t and s
range over all real numbers.

The plane tu + sw + v contains lines tu 4 v and
sw + v that intersect at the point v.

tu + sw + v is a parametric representation.



Planes

V |+ sw vV + tu 4+ sw




Alternatively, a plane is specified by a line tu + v
and a point a outside it. Then a parametric
representation is tu + s(a — v) + v.

Alternatively, a plane is specified by three points a,
b, and c that are not on the same line. Then a
parametric representation is

t(b—a)+s(c—a)+a
=(1—t—s)a+ tb+ sc.



In R3, a plane can also be specified by one point xg
and an orthogonal direction p # 0. Then the plane
is given by the equation p-(x — x¢) = 0.

Let p=(a,b,c), x=(x,y, z), and xg = (X0, Yo, 20)-
Then the equation of the plane becomes
a(x —x0) + by —wo) + c(z—2)=0
or
ax + by + cz = d, where d = axy + byy + xz.



Distance to a plane in space

Proposition Suppose I is a plane in R3 given by
the equation ax + by + cz = d. Then
(i) the distance from a point (xy, y1, z1) to the plane

1 equals
laxi + by1 + czi — d|

Va2 + b + 2

(i) two points (x1, y1,z1) and (xo, y», z2) are on the
same side of [1 if and only if the numbers

axy + by; +cz; —d and axy + by, + czo — d have
the same sign.



