Math 412-501
Theory of Partial Differential Equations

Lecture 10: Fourier series (continued).
Gibbs’ phenomenon.



Fourier series

ao—|—Za,,cos —|—Zb sm

To each mtegrable function f : [—L7 L] — R we
associate a Fourier series such that

1 fL
=— [ f
=57 » (x) dx
and for n > 1,
1 /L
a,,:z/_Lf( )cosniLxdx
1 [L
b,,:z/_Lf( )sinniLde



Convergence theorem

Suppose f : [-L,L] — R is a piecewise smooth
function.

Let F : R — R be the 2L-periodic extension of f.

Theorem The Fourier series of the function f
converges everywhere. The sum at a point x is
equal to F(x) if F is continuous at x. Otherwise
the sum is equal to
F(x—=) + F(x+)
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Function and its Fourier series



Fourier sine and cosine series

Suppose f(x) is an integrable function on [0, L].
The Fourier sine series of f

and the Fourier cosine series of f
0
Ao + g A, cos 1%
n=1

are defined as follows:

L
B, = %/0 f(x) sin 7 dx;

L L
Aoz%/ f(x) dx, An:%/ f(x)cos " dx, n>1.
0 0



Proposition (i) The Fourier series of an odd
function f : [—L, L] — R coincides with its Fourier
sine series on [0, L].

(ii) The Fourier series of an even function
f :[—L, L] — R coincides with its Fourier cosine
series on [0, L].

Conversely, the Fourier sine series of a function
f [0, L] — R is the Fourier series of its odd
extension to [—L, L].

The Fourier cosine series of f is the Fourier series
of its even extension to [—L, L].



Example

f(x) = x
e Fourier series (—L < x < L)

L L
_ 1 _ 1 nmwx _
aO_2L/LXdX_O' an—L/Lxcos—L dx = 0.

L L
b, = %/ xsin % dx = 7TL2/ X sin 27X d(TX)
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Fourier series of f(x) = x



Forany —L < x < L,

2L o (—1)"t1
_ 2L (—1) in nmwx

X
T n=1 n L

For x = L/2 we obtain:

L 2L~ (=1)"'  nr
= — sin —.
2 s n=1 n 2

T 1+1 1+
4 7 3 5 7
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f(x) = x
e Fourier sine series (0 < x < L) is the same as
the Fourier series on —L < x < L.

e Fourier cosine series (0 < x < L)

1 [t 1 2 L
Ay = = dx = = — = —.
0 /OXX L' 22

L
For n > 1,
2 [t 2L
A”:Z/O xcosnLLde: (mT)2(cosn7r—1).

A,=01if n > 0 is even; An:—#ifnisodd.
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Fourier cosine series of f(x) = x



Forany 0 < x < L,

L 4L > 1 (2m — 1)7wx

X==——= Cos

2 72 Lem=1(2m — 1) L

For x = L we obtain:

L 4L 00 1
L = 5 — ﬁ 1 (2rn—_1)2COS(2m — 1)7T
2 1 1 1
= —l4 GG+t

8 32 72



Another example

f(x) =100
e Fourier series (—L < x < L) coincides with f(x).

e Fourier cosine series (0 < x < L) also coincides
with f(x).

e Fourier sine series (0 < x < L)

2 [t 2
B, = —/ 100sin "™ g = 221 _ cos ).
0 L nm

B,=0if niseven; B, = % if nis odd.
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Fourier sine series of f(x)



Forany 0 < x < L,

100==""2  iom—1°" L

400 Zoo 1 . (2m—1)nx

Partial sums:

p1(x) = *Psin X,

400 X 3mx
p2(x) = (sm X 4 $sin 3T )

400 X 3mx 1 5mx
p3(x) = (sm 2X 4 Tsin 37X 4 Lgin 22 >

lim p,(x) =100 for 0 < x < L, 2L < x < 3L, ...

lim p,(x) = =100 for —L < x <0, L <x<2L, ..

n—oo
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Gibbs’ phenomenon

The partial sum p,(x) attains its maximal value v,
on the interval 0 < x < L at two points x,", x,
such that x© — L and x, — 0 as n — oo,

-_ L A4+ _g_ L
Actually, x,” = 5e0 Xy = L T

The maximal overshoot v, = p,(xF) satisfies
vi > Vo > vz > ... and lim v, = v> 100.
n—oo

200
Actually, vs, = / SINY 4y ~ 117.898

The Gibbs phenomenon occurs for any piecewise
smooth function at any discontinuity. The ultimate
overshoot rate of ~ 9% of the jump is universal.



Term-by-term differentiation

Fourier cosine series of fi(x) = x:

L AL 1 (2m — 1)mx
cos
2 w2 4=m=1(2m — 1)? L

Fourier sine series of f(x) = 1:

4 Zoo 1 . (2m—1)mx
— sin
T m=12m —1 L

The second series can be obtained by term-by-term
differentiation of the first series.
And, by the way, f{/(x) = f(x).




Theorem Suppose that a function f : [-L, L] = R
is continuous, piecewise smooth, and f(—L) = f(L).
Then the Fourier series of f’ (on [—L, L]) can be
obtained via term-by-term differentiation of the

Fourier series of f.

Let f: [0, L] — R be a continuous function and

F :[—L, L] — R be its even extension. Then F is
also continuous and F(—L) = F(L). If fis
piecewise smooth, so is F. Moreover, F’ is the odd
extension of f' to [—L, L].

Corollary Let f : [0, L] — R be a continuous,
piecewise smooth function. Then the term-by-term
differentiation of the Fourier cosine series of f yields
the Fourier sine series of f'.



Example. Find the Fourier series of f(x) = x2.

n7TX mrx
x% ~ ap + Z,,f a,cos X + an b, sin 7=
Term-by-term differentiation y|eIds

oo
— E apsin 7% + E by cos 7.
n=1 n=1

By the theorem, this should be the Fourier series of
f'(x) = 2x, which is

(6.9] -1 n+1
2x ~ AL g D™ gin ’”TTX
T n=1

n

Hence b, =0 and a, = (—1)"= 4L for n > 1.

L
. . 2
It remains to find ag = 2—1L/ x?dx = L.



Term-by-term integration

Theorem Suppose that a piecewise continuous
function f : [—L, L] — R has the Fourier series

o0 Nx o . NIx
ao + E a, cos 7= + g by sin 77,
n=1 n=1

Then N N
/f(y)dy=/ ao dy
+Z/ ancos’”TTyderZ/ b, sin 77X dy.
n=1v¢ n=1v¢

for any interval [c, x] C [-L, L].

Term-by-term integration is always possible
but the result need not be a Fourier series.



