Math 412-501
Theory of Partial Differential Equations

Lecture 2-2:
Higher-dimensional wave equation.
Complex-valued functions and
Laplace’s equation.



One-dimensional heat equation

Describes heat conduction in a rod:

ou 0 ou
CPE = a <K05> + Q@

Ko = Ko(x), ¢ = c(x), p = p(x), Q@ = Q(x, t).

Assuming Kj, c, p are constant (uniform rod) and
Q = 0 (no heat sources), we obtain

ou p 0%u
ot Ox?

where k = Ky(cp)~L.



Higher-dimensional heat equation

0
cp(?—LtI:V-(KOVu)JrQ

Assuming K, = const, we have

Ju

hor = Ko VZu+ Q,
WhereV2u:V-(Vu):%+giyg+%_
Assuming Kj, ¢, p = const (uniform medium) and
Q = 0 (no heat sources), we obtain
ou

L — k2
ot Vi,

where k = Ky(cp)~! is called the thermal diffusivity.




Notation
Each function f : R® — R is assigned the gradient (a vector
field) and the Laplacian (a function). Each vector field

¢ : R? — R3 is assigned the divergence (a function).

“physical” notation: V = (%, %, %)

gradient: Vf = (%,g—; ofy

divergence: V- ¢ = %= ¢ 8¢y + oo

Laplacian: V3f = (Vf) cal + ay2 + 2
mathematical” notation:

gradient: grad f = (9, 97, 9T)

divergence: divp = % + a¢y + 8.

Laplacian: Af = div(grad f) 3X2 + 3;’; %



More notation

Each vector field ¢ : R3 — R3 is assigned the curl (another

vector field).

If ¢ = (¢, @y, ¢-) then
O,

09, 0bx 09, 08, 0o,

Cur|¢:(8y 9z’ 9z  Ox Ox

“physical” notation:
X y z
_ | o o 0

Ox Oy Oz

dy

where x = (1,0,0), y =(0,1,0), z= (0,0, 1).

)



Vibration of a stretched membrane

u(x,y, t) = vertical displacement
Newton’s law: mass x acceleration = force
p(x,y) = mass density

T(x,y, t) = magnitude of tensile force
Q(x,y, t) = other (vertical) forces on a unit mass



tensile force
=T(x,y,t)t xn
vertical component



mass X acceleration'

/[ ol )52 de dy = // 74 4a

tensile force = }{ F.zds= ]{ T(txn)-zds
oD oD

other forces = // pQ dA
D

Newton's law:

2
/ %dA ngT(txn)-zds%—//DdeA



Since ( t><n) z=(nx2z)-t,

// —dA j{ (nxz)-tds+//DdeA.

For any vector field B,

/ (vXé)-ndA:j{ B-tds
D oD

(Stokes’ theorem)

// —dA //D(VXT(nxz))-ndA—l—//DdeA




Since D is an arbitrary domain,

0%u

Por

perfectly elastic membrane: we assume that
T(x,y,t) =~ Ty = const.

= (VxT(nx2z)) n+pQ

Equation of membrane: H(x,y, z,t) = 0, where
H(x,y,z,t) =z — u(x,y,t).
Normal vector n is proportional to

VH = (-5, -5 1).

We assume that |VH| ~ 1 so that n ~ VH.



0%u

X y z
_ ou ou du ou
VHxz=| -2 —3 1 —a, Xt oY
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Vx(VHxz)=| 352 3 oz (tha—yz)z
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dy Ox
82
=7 = ToV2u+pQ



0%u
p(x:¥)5z = To V2u+ p(x,y)Q(x,y, t)

Assuming p = const and @ = 0, we obtain

0%u

—— =’V

where ¢ = Ty/p.
This is two-dimensional wave equation.



Complex numbers

C: complex numbers.

z=x+iy, where x,y € R and i = —1
(thatis, i = +/—1).

x is the real part of z,

iy is the imaginary part of z.

z = x + iy is identified with the vector (x, y) € R2.

z = r(cos ¢ + isin ¢), where r > 0 is the modulus
of z (r =|z|) and ¢ € R is the argument of z
(determined up to adding a multiple of 27).

Ix + iy| = /X% + y2.



z=x+1Iy z = r(cos ¢ + isin ¢).



If z1 = x; + 1y1 and 2z, = x» + 1y> then
721+ 2= (X +x)+ily+ y),

2120 = (x1x0 — y1yo) + i(x1y2 + xoy1).

If zz = r(cos ¢y + isin¢y) and
Zy = rp(cos ¢y + isin ¢y), then

712y = nr(cos(pr + ¢o) + isin(p1 + ¢2)).

e'¥ = cos¢ + isin ¢ for any ¢ € R.
Then ei(¢1+¢2) — e’.¢1e"¢2, Cbl; ¢2 c R.

z = re'?, where r is the modulus, ¢ is the argument.



Given z = x + iy, the complex conjugate of z is
zZ=x-—1y.
The conjugacy z — Z is the reflection of C in the
real line.
ntzn=21+2n zin = Z12.

1 z

zZ = |z|?, hence z 7' = 2P
z

The set C of complex numbers is a field.



Analytic functions

Suppose D C C is a domain and consider a function
f:D— C.

The function f is called complex differentiable at
a point zy € D if

- f(2) = f(z)

Z—2 Z — 2

exists.

The limit value is the derivative f'(z).

The function f is called analytic at a point

zo € D if it is complex differentiable in a
neighborhood of z,. f is called analytic in D if it is
complex differentiable at every point of D.



To a complex function f : D — C we associate a
real vector-function (u,v) : D — R? defined by

f(x+iy)=u(x,y) +iv(x,y).

Theorem The function f is analytic if and only if

: : : : ou Ou Ov
u, v have continuous partial derivatives ax' Oy’ Ox’
g" and, moreover, the Cauchy-Riemann equations
are satisfied:

ou_ov o oy
ox Oy’ dy  Ox’



(

Sketch of the proof: f is complex differentiable at
20 if

f(z) =f(z)+p-(z—2)+ a(z),
where p € C (p = f'(z)) and |a(2)|/|z — 2| — 0
as Zz — Zp.

(u, v) is differentiable at (xg, yo) if
o) = (o) 4G 2n) + (e

u  Qdu
where A is a 2 X 2 matrix, A = g’\j gﬁ), and
Ox QJy
(6(x,y),7(x,y)) is small when compared with

(x — X0,y — y0)-



ou ou
When A = g)\i gﬁ is the matrix of multiplication?
ax 9y
Let p=qg+ir. Thenp-1=q+ir, p-i=—r+iq.
It follows that A = ( ¢ —qr :

du  Ov du  Ov
ox dy’  dy  Ox
The CR equations imply that
0%u B % 0%u B 0%v
ox2  Ox0y’ dy? ~ Oydx
It follows that V?u = 0. Similarly, V?v = 0.
Real and imaginary components of a complex
analytic function are harmonic.




