Math 412-501
Theory of Partial Differential Equations

Lecture 2-4:
Laplace’s equation in polar coordinates.



Laplace’s equation in a rectangle
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Chunk of an annulus
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In polar coordinates: n <r<n, 0<0<3



Laplace’s equation in polar coordinates

In Cartesian coordinates (x, y),
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Polar coordinates (r, ). Transition formulas:

x=rcosfl, y=rsinf.
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Inverse matrix:
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Laplace’s equation in polar coordinates:
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Separation of variables: u(r,8) = h(r)¢(0).
Substitute this into Laplace’s equation:
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Divide both sides by r=2h(r)¢(0) = r=2u(r, 6):
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The variables have been separated:
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Proposition Suppose h and ¢ are solutions of the
above ODEs for the same value of \. Then

u(r,0) = h(r)o(0) is a solution of Laplace's
equation.



Euler’s (or equidimensional) equation
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Suppose h(r) = rP, p € R. Then
W(r)=pret, H(r) = p(p — )2

A>0 = h(r)=GrP+ Gr* (A=p? p>0)

A=0 = r’h'(r)+rh(r)=0 = r(rh') =0
= rh'(r)=CG = h(r)= G + Glogr.



Chunk of an annulus




Boundary value problem

1 1 02
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u(r,0) =u(r,L)=0 (n<r<n)
u(r,0) =0, u(r,0)=Ff0O) (0<0<0L).

It is assumed that b > 0, L < 27.
If 1 = 0 then the chunk (annular sector) becomes a

wedge (circular sector).

We are looking for a solution u(r,8) = h(r)¢(6)
to Laplace's equation that satisfies the three
homogeneous boundary conditions.



PDE holds if
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for the same constant \.
Boundary conditions u(r,0) = u(r L) =0 hold if
5(0) = o(L) =
Boundary condition u(ry,6) = 0 holds if
h(ry) = 0.



Eigenvalue problem: ¢ = —\¢, ¢(0) = ¢(L) = 0.
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Eigenvalues: A\, = (%£)%, n=1,2,...
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Eigenfunctions: ¢,(0) = sin 7=

Dependence on r:
r’h" +rh = Xh, h(r) =0.
= h(r) = G((5)" = (2)°) (p=V})
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Solution of Laplace's equation:
u(r,0) = ((r—rl)’”f/L — (2)™/ysin2e p=1,2,...



We are looking for the solution of the reduced
boundary value problem as a superposition of
solutions with separated variables.
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Boundary condition u(r,, 0) = f(6) is satisfied if
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How do we solve the boundary value problem?
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e Expand f into the Fourier sine series:

f(0) = Z:O_l apsin 222,

e \Write the solution:
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