Math 412-501
Theory of Partial Differential Equations

Lecture 2-6: Heat and wave equations
in box-shaped regions.



Heat conduction in a rectangle

Initial-boundary value problem:

2 2
%:k(%—f—g—;) (0<x<L 0<y<H),
u(x,y,0)=f(x,y) (0<x<L 0<y<H),
u(0,y,t)=u(L,y,t)=0 (0<y<H),
u(x,0,t) =u(x,H,t) =0 (0 <x<L).

We are looking for solutions to the boundary value
problem with separated variables.



Separation of variables: u(x,y,t) = ¢(x)h(y)G(t).
Substitute this into the heat equation:

SN %G =k (G5H0)6(0) + 0L 76(1) )

Divide both sides by
k- o(x)h(y)G(t) = k- u(x,y, t):
146 1 P61 o
kG dt ¢ dx2  h dy?
1 d2q§ 1 d?h
It follows that 5 . W = —A, B . W = — U,
i E = —\— here \ and 1 are separation
kG dt i “ P
constants.



The variables have been separated:
9o — — (X + p)kG,

d? 2h
29 = -\, 98 = —ph.

Proposition Suppose G, ¢, and h are solutions of
the above ODEs for the same values of A and pu.
Then u(x,y, t) = ¢(x)h(y)G(t) is a solution of the
heat equation.

Boundary conditions u(0, y, t) = u(L, y, t) = 0 hold
if $(0) = ¢(L) =0.
Boundary conditions u(x,0,t) = u(x, H,t) = 0 hold
if h(0) = h(H) = 0.



1st eigenvalue problem: ¢ = —\¢, ¢(0) = ¢(L) = 0.
Eigenvalues: A\, = (2£)?, n=1,2,...

Eigenfunctions: ¢,(x) = sin 7=

2nd eigenvalue problem: h’ = —uh, h(0) = h(H) = 0.
Eigenvalues: i, = (37)%, m=1,2,...
mmy

Eigenfunctions: h,(y) = sin 7%

Dependence on t:
G'(t) = —(A+ p)kG(t) = G(t) = e~ +mkt

Solution of the boundary value problem:
u(x,y, t) = e” Utk () hy(y)

= exp(—((5F)% + (ZF)?)kt) - sin 7% - sin 2L



We are looking for the solution of the
initial-boundary value problem as a superposition of
solutions with separated variables.

X y’ Zn lzm 1 nme ”+/J’"" kt¢ ( ) m(_y)
= Z Z Comexp(—((Z5)? + (57)%)kt) - sin 22 - sin 22

n=1 m=1

How do we find coefficients C, ,?
From the initial condition u(x y,0) = f(x,y).

f(x,y) = E E Co,m sin T sin 722

(double Fourier sine series)



How do we solve the heat conduction problem?
ou 0’u  0%u

— =kl=—+ — 0 L,0 H),
ot (8X2+8y) O<x<L0<y<H)
u(x,y,0)="f(x,y) (0<x<L 0<y<H),
u(0,y,t)=u(L,y,t)=0 (0<y < H),

u(x,0,t) =u(x,H,t)=0 (0<x<L).

e Expand f into the double Fourier sine series:

f(x,y)= Z Z by, m sin 7% sin 77X

e Write the solution: u(x,y,t) =

z b exp(— ()2 + (2 J2)ke) sin 25 sin =72



How do we expand f into the double Fourier sine series?

nmx mmny
E E 1 mSIn—SlnT

For simplicity, assume that f is smooth and vanishes
on the boundary of the rectangle [0, L] x [0, H].

Fix any y € [0, H]. Then g(x) = f(x,y) is a
smooth function on [0, L] and g(0) = g(L) = 0.
Hence g(x) can be expanded into the Fourier sine
series on [0, L]:

g(x) = Z B, sanLX

Note that each B, depends on y; B, = B,(y).



fiey) = Baly)sin ==

Can we expand B,(y) into the Fourier sine series on [0, H]?

2 nmwx

L
B.(y) = z/o f(x,y)sin - dx
It follows that B,(y) is smooth and B,(0) = B,(H) = 0.

00 . mmy
B.(y) = Zm:l bn,msin v

f(x,y) Zn 1Zm_ msm X sin m;_lry




> [H
b m:ﬁ/o B,,(y)sinm
:_/ ( / f(x, y)sinnLLde) sin m;ydy

// (x, y)sin 7szi m;_lrydxdy




How do we solve the heat conduction problem?
ou 0%u  0%u

— =k|l— +— 0 L,0 H),
ot (8X2+8y> (O<x<L0<y<H)
u(x,y,0)="f(x,y) (0<x<L 0<y<H),
u(0,y,t)=u(L,y,t)=0 (0<y<H),

u(x,0,t) =u(x,H,t)=0 (0<x<L).

Solution: u(x,y,t) =

=3 bumexp(—((%F)? + (ZF)2)kt) sin 2 sin T2,

n=1 m=1

where

4 L prH
bom = 775 /0 /0 f(x,y)sin ”7LTX sin m;;y dx dy.




Vibrating rectangular membrane

Initial-boundary value problem:

0’u _ C2<82u O%u

- R L H
52 8x2+8y2) (0<x<L 0<y<H),
g(x,y, 0) = f(x,y),

(X, y,0)=glxy) (0<x<L 0<y<H)
u(0,y,t)=u(L,y,t)=0 (0<y <H),
u(x,0,t) =u(x,H,t)=0 (0<x<L).

We are looking for solutions to the boundary value
problem with separated variables.



Separation of variables: u(x,y,t) = ¢(x)h(y)G(t).
Substitute this into the wave equation:

4G &2 d2h
SN G = ¢ (GG + o G360
Divide both sides by c?¢(x)h(y)G(t) = c?u(x,y, t):
P26 1 d 1 d*h

1
3G dE 6 e Th a2

1 d?% 1 d%h
It fO“OWS that 5 . W —A, E . W = — U,
1 d°G
2C a2 - —\—pu, where A and y are separation

constants.



The variables have been separated:
6 — (M + p)c3G,

d? 2
29 = -\, 98 = —ph.

Proposition Suppose G, ¢, and h are solutions of
the above ODEs for the same values of A and pu.
Then u(x,y, t) = ¢(x)h(y)G(t) is a solution of the
heat equation.

Boundary conditions u(0, y, t) = u(L, y, t) = 0 hold
if $(0) = ¢(L) =0.
Boundary conditions u(x,0,t) = u(x, H,t) = 0 hold
if h(0) = h(H) = 0.



Lst eigenvalue problem: ¢ = —\¢, ¢(0) = ¢(L) =
Eigenvalues: A\, = (2£)?, n=1,2,...

Eigenfunctions: ¢,(x) = sin 7=

2nd eigenvalue problem: W’ = —uh, h(0) = h(H) = 0.
Eigenvalues: i, = (37), m=1,2,...
mmy

Eigenfunctions: h,(y) = sin 7%

Dependence on t:  G"(t) = —(\ + u)c*G(t)
= G(t) = Geos(v/ A+ - ct) + Gsin(v/ A+ p - ct)

Solution of the boundary value problem:

u(x,y,t) =

= (Grcos(v/An + pm ct) + Gosin(v/ Ay + fim ct)) @n(X) hm(y ).



We are looking for the solution of the
initial-boundary value problem as a superposition of
solutions with separated variables.

u(x,y,t Z Z Co.mcos(/ An + fim ct)
+ D,,,m sin(v/An + fim Ct)) sin 7% sin 77X

How do we find coefficients C,, , and D, p,?
From initial conditions u(x,y,0) = f(x, y) and
2(x,y,0) = g(x, ).

f(x,y)= g E Co,m sin 7% sin 722
= E > E > V An =+ tim €Dp m sin T sin T
n=1 m=1 ’



How do we solve the initial-boundary value problem?
0%u 0%u  Ou

W— (6x2+8_y2) (0<x<L,O<y<H),
u(x,y,0) = f(x,y),

‘g‘t’(x y,0)=g(x,y) (0<x<L 0<y<H),
u(0,y,t)=u(L,y,t)=0 (0<y < H),

u(x,0,t) =u(x,H,t)=0 (0<x<L).

e Expand f and g into the double Fourier sine series:

= E > E > @ sin X gjpn 7Y

n=1 m— n,m L H

nwx mry

g(x,y) = E - E ,,msm—sm—H



o \Write the solution'

u(x,y,t :Z (anmcos V An + fim Ct)

n=1 m=

+ bn,m

sin(v/An + tm Ct)) . nTX . mmy
sin sin :
VAn+ m €

L H
where A\, + iy, = ("TW)2 + (%)2

4 L rH . nmx . mmy
an7m—m// f(x,y)sm sin — dx dy,

bnm = // xy)sm X s m7Ty dx dy.




