Math 412-501
Theory of Partial Differential Equations

Lecture 4-4:
Green’s function for the wave equation.



Green’s function for the heat equation

Green's function G(x, t; xp, tp) for the heat equation
on the infinite interval satisfies

0G 0°G
E = kw—f—é(X—Xo)(S(t— to)

subject to the causality principle:
G(x,t;x0,t) =0 for t < to.

For t > t; we have that
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General nonhomogeneous problem

Initial value problem:

ou 0%u
a_kW_FQ(X t) (—oo<x<oo, t>D0),
u(x,0) = f(x).

Solution: u(x,t) =

/ / G X t; xo, to Q(Xo7 to) dxp dty

+ / G(X, t; Xo, O) f(Xo) dxg.



General nonhomogeneous problem

Initial value problem:

ou 0%u
E_kﬁ_FQ(X’t) (oo < x < o0, t>0),
u(x,0) = F(x).

Solution: u(x,t) =
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+/ e_( 4’“) f(Xo) dxg.
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Green’s function for the wave equation

Green's function G(x, t; xo, to) for the infinite
interval describes vibrations of an infinite string
caused by an instant unit force which is applied at
time tp to the point xp.

Formally, G solves the equation

0?G , 0°G
61‘2 = ¢? 87 + 5(X — Xo) (S(t — to)
subject to the condition
G(x,t;x0,t) =0 for t < to.

(causality principle)



Apply the Fourier transform (relative to x) to both
sides of the equation:

Fx [%2—5] = 2 F, [?;ﬂ + Fu[o(x — x0)] 6(t — o).

Let G(w, t; X0, t) denote the Fourier transform of G
relative to x:

@(w t; xo0, to) = / G(x, t; xo, to)e "™ dx.
PGl 96 RG], ,a .
fx|:at2]—at2, fxlﬁ}—(IW)G——w G,
1

Fdb(x = xo)l(w) = 5 e .



— WX
e 0

26
ot?

~

Besides, G(w,t;xp,t9) =0 for t < tp.

= —c2w2/G\' +

o(t — to).

It follows that

R 0 for t < ty,
G(W, t; xo, tO) - icwt —jcwt
e + be for t > tp,

where a = a(w, xg, tp), b = b(w, xg, to);
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G‘ — ’CWto + be—icwto —0
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at t=to+ 27T
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Then a— e— e_iCWto’ b= — € : eicwtol
4micw Aricw
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Hence G=— (e’CW(f*to) _ e—lcw(t—to))
4micw
e % sin(cw(t — to _
- ( ( )) if t> to.
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e if Ix— x| < c(t - to)
2c )
G(x,t; xo, tp) =

0 if |x—x|>c(t— to).
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X =Xg _C(t_fo)w=xo +telt—tg)
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X =Xq

G(x, t; xo, tp) as a function of x



Nonhomogeneous problems
Initial value problem #1:
Pu 2 0%u
a2 ox?
ou
0)=0, —(x,0)=0.
u(x,0) =0, (x,0)

+ Q(x,t) (-0 < x< o0, t>0),

Solution: u(x,t) = / / G(x, t; xo, to) Q(x0, to) dxp dty
0 J—oo

1
S tg) dxo dt
QC/DX,t Q(xo, to) dxo dty,

where Dy, = {(x0, %) :0 <ty <t—c lx—xl}.



Domain of influence Dj ;



Nonhomogeneous problems
Initial value problem #2:
OPu 2 0%u
o2~ ox?

u(x,0) =0, E(X, 0) = g(x).

(—o0 < x < o0, t>0),

Solution: u(x,t) =

/ G(x,t; x0,0) g(x0) dxo

X—+ct

d
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Nonhomogeneous problems
Initial value problem #3:

%u , 0%u

W:Cﬁ (—OO<X<OO,t>O),
u(x,0) = f(x) @(X 0)=0
Tl oot T

Solution: u(x,t) :/ Gi1(x, t; x0,0) f(x0) dxo,

where Gi(x, t; xp, to) is the solution of the equation
PG 2 0?Gy
o2~ Ox?

subject to the causality principle.

+ 5(X — Xo) (5,(1.' — to)
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Since 2= ¢ 5a +0(x — xo) 0(t — to),
. 0G
it follows that G; = —a—to.

Let H denote the Heaviside function: H(z) = 0 for
z<0and H(z) =1 for z> 0. Then

1
G(X7 t;X07 tO) — Z(H(X — X0 + C(t — to)) _

— H(x —xp — c(t — to))>,
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a—tO(X, t; Xo, 1.'0) = —5 (5(X — Xo + C(t — 1.'0)) —

1
— 55(X—X0 — ¢(t — tp)).



Nonhomogeneous problems

Initial value problem #3:
0? 0?u
at;’_ 2(‘92 (—o0 < x < o0, t > 0),

X

u(x, 0) = f(x), g: (x,0) = 0.

Solution: u(x,t) =

= —/ %(X t; x0,0) f(x0) dxo
_ Oty

_ f(xHct) +f(x —ct)
— 5 .



General nonhomogeneous problem

Initial value problem:

o%u 282
52 = ¢ 82+Q(Xt) (—oo < x < o0, t>0),

u(x, 0) = f(x), g"t’ (x,0) = g(x).
Solution: u(x,t) =

= / / G(X, t; Xo, tO) Q(X07 tO) dXO dtO
0 J—oo

> 0G
_ 8to(x t; x0,0) f(x0) dx0+/ G(x,t; x0,0) g(x0) dxo.



General nonhomogeneous problem
Initial value problem:

Pu 2 0%u

= + Q(x,t —oc0o < x<oo, t>0),

= Q) )

u(x, 0) = f(x), g;j(x 0) = g(x).

Solution: u(x,t) =

1
= — ty) dxo dt;
2C/Dx,t Q(xo, to) dxo dto

f + ct +f — ct 1 X+ct
+ (X C)2 (X C)+2_C/ g(Xo)dXO-

—ct



