On Matching Point Configurations
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Abstract

We present an algorithm that verifies if two unlabeled configurations of NV points
in R% are or are not an orthogonal transformation of one another, and if applicable,
explicitly compute that transformation. We also give a formula for the orthogonal
transformation in the case of noisy measurements.
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1 Introduction

In computer vision applications it is often necessary to match an unidentified image to an
image from a library of known images such as fingerprints, faces and others. This process is
often done by identifying points (landmarks) on the incoming image and checking whether
they match the point configuration from an already indexed image in an existing collec-
tion. An image does not change under rigid motions (translations, rotations, reflections and
compositions of those), which are called isometric affine transformations.

If we denote by O(d) the group of the d x d orthogonal matrices, and by Sy the group
of all permutations of {1,2,..., N}, a rigid motion R in R? is defined by

Rx = Ax+b, xeR‘ (1.1)

where A € O(d) is a fixed matrix , and b € R? is a fixed vector . The problem of matching
two images can be formulated in the following way: given two collections of N points P =
{p1,...,pn}tand @ = {qi,...,qy} in R? is there an orthogonal matrix A € O(d), a vector
b € R¢, and a permutation 7 € Sy, such that in the Euclidean norm || - ||, the rigid motion
defined by (1.1), satisfies
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for a sufficiently small €7 A positive answer to this question would mean that we have found
a match, namely the two images whose representatives are the two collections of points
are the same. The presence of € in (1.2) reflects the presence of noise due to numerical or
measurement errors.

The problem of matching two collections of points has been vastly studied using different
approaches. For example, in [3, 4, 5], the authors investigate a point set via the set of
distances between each possible pair of points in the configuration, which is called distance
distribution. The main result of this approach, see [3, 4], is that the set of point configurations
in R? that are not uniquely determined from their distance distribution is contained in the
zero set of a non-zero polynomial, and thus has Lebesgue measure zero in its respective
space. However, the degree of this polynomial grows exponentially in the number of points
N which makes its evaluation unfeasible even for moderate values of N. In addition, there
is no theorem investigating the problem in the presence of noise. On the other hand, even if
we have a noiseless distance distribution that uniquely, up to a rigid motion, determines a
point configuration, the best known algorithms to match such configurations, according to
[4] and the references therein, are of the order O(N®+34+1),

Other approaches to matching point collections are based on the Gramians of the point
configurations. These methods have the advantage that they retain the information about
the labeling (indexing) of the points in the configuration. For example, it is a well known
fact that given two point configurations P = {py,...,py} and @ = {qi,...,qn} in R?,
there exists a rigid motion R such that Rp; = q;, ¢ = 1,..., N, if and only if the Gramians
PTP = Q"Q, where P and () are the matrices with columns p; — p and q; — q, respectively,

1 N _ N
with @ = % Yl q; and p = % > isi Di

In this paper, we first investigate the matching and registration of unlabeled point con-
figuration in the absence of noise using the Gramian approach. We propose and test a new
algorithm that verifies whether two unlabeled configurations of N points in R? are or are
not an orthogonal transformation of one another, and if applicable, explicitly compute that
transformation. The algorithm is based on ideas used in variable decorrelation, which is rou-
tinely solved by principal component analysis (PCA). Compared to the (sz ) numbers used
in the distance distribution approach, our algorithm uses at most d(1 + d + 2N) numbers
to process a point configuration, which reduces the memory cost and the data access time.
Existing algorithms for matching unlabeled point clouds are based on iterative closest point
methods, see [14, 17], and deal with the registration of unlabeled point clouds of different
sizes in the presence of noise. Although quite useful in practice, these methods often assume
certain additional information about the point cloud. For example, they assume that the
rigid motion R is a small perturbation or it is roughly known, or that the nature of the cloud
is such that there is a fast procedure to label a reasonably large subcloud and thus compute
the rigid motion based on that labeled subcollection. In contrast to these techniques, our al-
gorithm does not require any information about the geometry of the cloud or the the nature
of the rigid motion, but is applicable only to noiseless same size point clouds.

Here, we also present and test a theoretical result, see Theorem 4.2, where we explicitly
compute the orthogonal matrix A, see (1.1), for labeled point clouds in the presence of noise.



More precisely, we show that if € is small enough, and
PTP=Q"Q +¢eM, (1.3)

where the entries of the matrix M are bounded, there is an orthogonal matrix A = A(e)
(which we construct), such that ||[AP — Q| < e¢N?, with explicitly computed constant c.
The converse is not true and we show it by constructing a counterexample.

Our result is closely related to the stability of the orthogonal Procrustes problem for the
matrices P and (). The latter is the problem of finding an orthogonal matrix A, such that
the Frobenius norm ||AP — Q|| is minimized. In the case when both P and @) have full row
rank, the problem was solved in [10]. The solution of the general problem can be found in
[11, 15], and is given by the matrix A = UVT, where U and V come form the singular value
decomposition of Z = QPT, QPT = UX,VT. For further details on the problem and its
solution, we refer the reader to [9, 12] and the references therein.

The stability of A and how noise in the data affects the computed rigid body motion
is an important issue in practical applications. In [7], an explicit expression of the error
in A, to first order, is given in terms of the errors in P and () when d = 3. While this
result is much more specific than general error bounds that have been established before, it
requires the exact values of the matrices P, ) and A. Our result from Theorem 4.2 does
not require such knowledge and is in the spirit of the work in [16], where supremum bounds
for the perturbation error in the solution A of the orthogonal Procrustes problem with the
additional restriction that A has a positive determinant, see [11], are derived.

2 Preliminaries

This section contains well known facts from linear algebra that will be used throughout the
paper, as well as certain Procrustes analysis results, stated for self containment. Some of
the proofs are included for clarity, while the basic results are only stated.

2.1 Matrices

Let m € Sy be a permutation of {1,2,..., N}. Then the N x N matrix E, with columns
{eﬂ(l), . ,eW(N)}, where e; is the j-th element of the canonical basis of RY is called the
permutation matrix associated to w. Multiplying a matrix A on the right by E, permutes
the columns of A by .

Lemma 2.1 Let E, be the permutation matriz associated to m € Sy. Let A and B be two
positive semidefinite symmetric matrices such that B = E,AET. Then the set of eigenvalues

of A and B are identical, including their algebraic multiplicity, and there exist eigenvalue
decompositions of A = UAAUX and B = UBAUg, such that B, = UBUE.



It is important to notice that Lemma 2.1 is an existence result since the eigenvalue
decomposition of a matrix is not unique. In general, given arbitrary decompositions A =
UsAUT and B = UgAUY for the positive semidefinite symmetric matrices A and B, the

matrix UzU% 4 need not be a permutation matrix.

Lemma 2.2 Let P and Q be two d x N matrices. Then PTP = QTQ if and only if there
is a d x d orthogonal matriz A such that AP = Q. We call such a matrix A an equivalence
matriz.

Proof. If AP = Q, where A is orthogonal matrix, we have QTQ = (AP)TAP = PT(ATA)P =
PTP. Conversely, if PTP = QTQ, then P and ) have the same singular values, and the
same right singular vectors. Then, by singular value decomposition, there are d x d or-
thogonal matrices Up and Ug such that P = UpXV7T and Q = UgXV7T, where V is the
N x N orthogonal matrix containing the eigenvectors of PTP. Therefore Q = UgXV7T =
(UgUE)UpXVT = AP, where A = UgU}. O

Finally, in this paper, unless stated otherwise, we use the Euclidean norm of a vector
x € RY and the corresponding induced matrix norm of a d x N matrix A,

41l = max [ Ax].

Note, that the induced matrix Euclidean norm is also the spectral norm of A, namely

1Al = v Amax(ATA) =/ Anax (AAT) = | AT,

where Apax(ATA) is the maximal eigenvalue of AT A, and it is submultiplicative, that is
[AB] < [[A[[ - |B]]-

2.2 Labeled point configurations

We fix a coordinate system in R? and denote by P := {py,...,py} and Q := {qi,...,pn}
two collections of N points in R¢, where p; is the coordinate vector of the i-th point from P
with respect to this coordinate system. Let p = %(m +---+py)and q = %(‘h +---+qn)
be the center of mass of P and Q, respectively, P and Q be the new (centered) collections
P={p—D,....,pn —Prand Q :=={q, — q,...,qn — q}, and P and Q be the d x N
matrices with columns p; — p and q; — q, respectively.

If there is a rigid motion R such that Rp;, = q;, ¢ = 1,..., N, we say that P and Q
are identically equivalent. The following theorem, based on techniques more extensively
discussed in [13], provides a tool to find R if it exists.

Theorem 2.3 The following statements are equivalent.

(i) P and Q are identically equivalent.



(i) PTP=Q7Q.
(iii) There is an orthogonal matriz A such that AP = Q.

Proof. The equivalence for (ii) and (iii) has been proven in Lemma 2.2.

If there is a rigid motion R, Rx = Ax + b with an orthogonal matrix A and a vector
b, such that Rp; = q;, 2 = 1,..., N, it is easy to verify that Rp = q. Therefore, q; — q =
Rp; — Rp = A(p; — p) for every i = 1,..., N, and thus AP = @Q. Conversely, if AP = () for
an orthogonal matrix A, then q; — q@ = A(p; — p) and therefore q; = Ap; + (@ — p) = Rps,
with b=q—p, ¢ =1,..., N. This establishes the equivalence between (i) and (iii). O

Note, that given PTP = QT(Q, the matrix A can be computed directly if P has rank d.
In this case PPT is invertible, and it can be shown that A = Q(PPT)~*PT.

In some applications, it is often needed to compare point clouds that are captured at
different resolutions where the conversion factor is not necessarily available. In this case, in
addition to the rigid motion R, one has to find the dilation factor s, such that q; = sRp;,
or equivalently Rp; = s 'q;, i = 1,..., N. By Theorem 2.3, there is an orthogonal matrix
A such that A(p; — p) = s '(q; — q). Note that since A is an orthogonal matrix, we have
| Ax||? = ||x]|? for any x € R, and therefore s> S~ | [|[p; — p||*> = SN, |la; — @||> Hence, s

is given by
1
N RN
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where || - || 7 is the Frobenius norm. The choice of computing the dilation factor by the use of
the entire point collection, instead of just one of the samples has two goals. First, it can be
applied even in the unlabeled case, and second, it provides robustness to noise, as explored
in [13].

3 Unlabeled point configurations

Often, when landmarks are extracted from an image to generate a point configuration P, it
is not possible to a priori enumerate the points in a manner consistent with the enumeration
of an existing point collection Q in our library. In this case, there exist a rigid motion R
and a permutation 7 € Sy, such that Rp; = qr¢), 2 = 1,..., N, and we call the collections
P and Q equivalent. This section explores how, given two point configurations, we decide
whether they are equivalent.

Theorem 3.1 Let P = {p1,...,pn} and Q = {qu,...,ax} be two collections of N points
in RY. The following statements are equivalent.

(i) P and Q are equivalent.



(ii) There is a permutation matriz E,, such that PTP = ETQTQE,.

(iii) There is an orthogonal matriz A, completely determined in Lemma 2.2 and a permu-
tation matriz E., such that AP = QFE,.

Moreover, E, = UgUL, where Up and Ug are orthogonal matrices from an eigenvalue de-
composition of PTP and QT(Q, respectively. Note that one does not know which particular
eigenvalue decomposition will provide the matrices Up and Ug.

Proof. Let m € Sy be the permutation from the definition of equivalence of the two
collections P and Q. We consider the permutation matrix F,, associated with 7. We
denote by O, the re-enumerated collection of points Q with corresponding matrix (), with
columns qr; — q. Note, that Qr = QE;. Then, P and Q are equivalent if and only
if P and Q, are identically equivalent, which using Theorem 2.3, is true if and only if
PTP =E'Q"QE, = E,-1QTQE_",. By Lemma 2.1, there are orthogonal matrices Up and
Ug such that PTP = UpAUL and QTQ = UQAUg, such that F,-1 = U’pUg, and therefore
E, = UoUL.

Relation (ii) can be written as PTP = (QE;)TQE,. By Lemma 2.2 this is true if and
only if there is an orthogonal matrix A, described in this lemma, such that AP = QF,. U

Notice, that the matrix QQ7 does not depend on the permutation of the columns of Q,
since Q,QL = QE,ETQT = QQT. The next lemma provides some insight on whether a
suitable matrix A, related to the rigid motion R exists and if it does, gives another way of
its explicit construction.

Lemma 3.2 Let P = {p1,...,pn} and Q = {qi,...,qn} be two equivalent collections
of N points in R%. Then the d x d matrices PPT and QQT have the same eigenvalues
0 <\ < ... < Ay, including their algebraic multiplicities. Let v; and w; be the orthonormal
eigenvectors of PPT and QQT corresponding to \;, i = 1,...,d, respectively. Let V and W
be the orthogonal matrices with columns {v;} and {w;}. If the eigenvalues {\;} are distinct,
then there are integers ¢, = +1, 1 = 1,...,d, and a permutation © € Sy, determined from
Q. = AP, such that

<Pt —DP,Vi >=€ < Qrr) — q, W; >, k=1,....,N, +=1,...,d. (34)
Moreover, if E := diag(ey, ..., €q), then the equivalence matriz A can be written as A =

WEVT.

Proof. It follows from Theorem 3.1 that if P and O are equivalent, then there is an
orthogonal matrix A, such that AP = QFE, for some permutation 7 € Sy, with 7 = id if
the points are identically equivalent. Then we have

QQT = APETE PTAT = A(PPT)A”.



Since PPT is a real symmetric matrix, and v;, i = 1,...,d, are orthonormal eigenvectors
of PPT corresponding to the eigenvalues \; < ... < )4, we have PPT = VApVT, with
Ap = diag(A1, ..., Aq), and therefore

QQ" = (AV)Ap(AV)T.

Clearly, AV is an orthogonal matrix as a product of two orthogonal matrices. Also, QQT
and PPT have the same eigenvalues, including their algebraic multiplicities, and AV is a
matrix whose columns {Av;} are eigenvectors of QQT.

Let us consider now the case when PPT and QQ7 have d distinct eigenvalues );. Then
the dimension of the corresponding eigenspaces Ker(PPT — \;I) will be one, and therefore
if {w;} is an orthonormal system of eigenvectors for QQT, then e;w; = Av; with ¢, = +1.
The latter can be written as WE = AV, namely A = WEVT. Since Q. = AP and A is
orthogonal matrix, we have

<Ppr—DP,Vi >=< A(Pr — D), Av; >=€; < Qrr) — q, W; >,
and the proof is completed. O

Note that if < pr — p,v; >= 0, for every k = 1,..., N, ¢ cannot be determined from
(3.4). If this happens, then PTv; = 0, and therefore PP?v; = 0. This means that v; is
the eigenvector that corresponds to the eigenvalue 0, namely ¢ = 1 and Ay = 0. Thus, if
0 < A1 < ...< Ag, which happens if rank(P) = d, then there is at least one k which may
depend on i, such that < pr — p,v; ># 0, and we have

€ — <pk_p7vi>
<) — QWi >

In this case the matrix £ = diag(ey, ..., €q), and A = WEVT is completely determined if 7
is known.

Since the point collections are not labeled, we do not know 7 and could not use the
above formula unless we go through all possible V! choices for 7. But that would be just
an application of the well known PCA for each of the N! choices of 7, which is not compu-
tationally efficient. Our goal is to find F, and therefore A, without an apriori knowledge of
the permutation 7, under the assumption that all eigenvalues of PPT are distinct.

Let L; (P) == {|[{px—DP, V)| : 1 <k < N,(pr—p, Vi) <0},i=1,...,d, be the collection
of the absolute values of all negative scalar products, and L] (P) := {{px — p,vs) : 1 <
k < N,(px — P, Vi) > 0}, be the collection of all positive scalar products, including their
repetitions. We similarly define L; (Q) and L (Q). If rank(P) = d, at least one of L; (P)
or L (P) will have at least one element. The same holds for L; (Q) and L] (Q). Let P be
equivalent to Q. Then for any fixed i = 1,...,d, if L] (P) # L; (P), it follows from (3.4)
that only one of the two cases happens:

e cither L] (P) = L (Q) and L; (P) = L; (Q), and thus ¢; = 1, or



o L{(P)=L;(Q) and L; (P) = L(Q), and thus ¢ = —1.

If there is iy such that Lj (P) = L; (P), we cannot make the decision whether L (P) =
LI(Q) or Li(P) = L; (Q), and therefore determine whether ¢, = 1 or ¢, = —1. In this
case, we should consider both cases. In general, we can have m < d indices 1, i1, ..., %, for
which L7 (P) = L;,(P), £ = 1,...,m, and we have to consider 2™ matrices E, Ei, ..., Eym,
corresponding to the various cases of £1 located at the positions described by these m
indices. If Q # WELVTP, for k =1,...,2™, then Q is not equivalent to P. Otherwise, if
there is k, such that Q = WE, VTP, they are equivalent, and A = WE,V7 is the matrix of
equivalence.

Let us denote by £ := {P} a library of collections of N points in R?. Let R be the subset
of £ that contains all collections P for which the eigenvalues 0 < \; < ... < \g of PPT are
distinct. Let Q be a configuration of N points in R? that we need to match to a collection
from the library £. The algorithm, described below, is based on the above observations
and always determines whether Q is equivalent to a collection from R and may or may not
determine whether Q is equivalent to a collection from £\ R.

We have performed several numerical experiments to test our algorithm. In our im-
plementation, as it is usually done in practice, the equality in lines 1, 7, 9, 11 and 23 in
Algorithm 1 has been substituted by e-distance. For example, Q = WEVTP has been
substituted by ||Q — WEVTP|| < ¢, with e ranging from 1076 to 10719,

Test 1: For each pair (d,N), d € {2,3,4}, N € {2" : 3 < n < 10}, we have generated
in random a library £ = L(d, N) of 4000 collections of N points in R? uniformly distributed
inside the unit sphere. We next build a set 7 = T (d, N) of point collections by first choosing
(in random) 2000 collections from L, each of which is subsequently shuffled and rotated (in
random). For each collection Q € T, we apply Algorithm 1 with P exhausting all elements
from £ until a match is found. The algorithm was able to match each Q from T to its
respective collection in L.

Test 2: For each pair (d,N), d € {2,3,4}, N € {2" : 3 < n < 10}, we generate in
random a library £ = L(d, N) of 4000 collections of N points in R? uniformly distributed
inside the unit sphere. We next generate the same way a set T = T (d, N) of 2000 point
collections, and for each collection Q € T apply Algorithm 1 with P exhausting all elements
from £ until a match is found. As expected, the algorithm was not able to find a match.

Note that the eigenvalues of the matrix PP’ cannot be computed exactly, as they are
roots of a degree d polynomial. However, there are high precision algorithms with complexity
O(d?) to compute the eigenvalue decomposition for Gramians [6]. The proposed algorithm
requires the computation of PPT, (complexity O(d?N)), its eigenvalue decomposition (com-
plexity O(d?)), the computation of d sequences (< p; — p,Vv; >,...,< py — P, V; >) and
(<qr—q,w; >,...,< qv — q,w; >) (complexity O(dN?)), the computation of at most
2™ matrices A, each with complexity of at most O(d?), and the computation of at most 2™
matrices AP, each with complexity O(d?N). Therefore, for large values of N ~ d2¢, our
algorithm has complexity of O(dN?). Note that for every collection P € L the algorithm
needs only the d eigenvalues of PPT, and when they are distinct, the d x N matrix P, the
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Algorithm 1 Decision and Orthogonal Matrix Computation

Input:
PN vk LT (P} AL (P))
Q, {7}, {wi}, {LF(Q)} {L7 (@)}
% The eigenvalues should be given in increasing order.
Output:
res % Decision value. It may be true, false or inconclusive.
A% Orthogonal transformation, if res is true.

1 if {\;} # {v:} then

2:  return res < false

3: elseif \; < --- < \; then

4: f+1,1+0

5. whilei < dand f=1do

6: 1+ 1+1

7. if {L;7(P)}={L; (P)} ={L/(Q)} ={L; (Q)} then
8: € = *1

9: else if {L(P)} ={L(Q)} and {L; (P)} = {L; (Q)} then
10: € =+1

11: else if {L}(P)} ={L;(Q)} and {L; (P)} = {L(Q)} then
12: € =—1

13: else

14: f+0

15: end if

16:  end while

17. if f =0 then

18: return res < false

19: else
20: W [wy,...,wy)
21: V= [vi,..., v
22: E « diag(ey, ..., €q)
23: if Q = WEVTP then
24: return res < true, A < WEVT
25: else
26: return res < false
27: end if
28:  end if
29: else
30: return res < inconclusive
31: end if




d x d matrix V', and the d sequences (< p; — p,Vv; >,...,< py — P, V; >) which in total is
at most d(1 + d + 2N) numbers.

4 Robustness

In this section, we investigate the problem of matching two labeled point configurations P
and @ in R? in the presence of noise. We say that P = {p1,...,pny} and @ = {qi,...,qn}
are e- identically equivalent, if |[|p; — pjl|* — lai — qjl|?| < e forall 4,5 = 1,...,N. The
following statement, whose proof we omit, holds.

Lemma 4.1

(i) If P and Q are e- identically equivalent, then

|<pz_f)apy_f)>_<(h_(_l>%_(_l>|§25m \V/lg'l,jSN (45)

(ii) If the Gramians for P and Q satisfy
| <Pi—PPj—P>—-<@q—qQq;—q>[<e, VI<ij<N, (46
then P and Q are 4e-identically equivalent.
Lemma 4.1 shows that if P and Q are Ce- identically equivalent with C being a fixed

constant, then their Gramians are close, namely PTP = QTQ + M, where the entries m;;
of M are bounded, |m;;| < ¢o, by some positive constant ¢y, and vice versa.

Next, we investigate whether an equivalent of Lemma 2.2 holds in the presence of noise,
that is whether two point configurations P and Q are Ce-equivalent if and only if there is
an orthogonal matrix A for which AP is close to (). The answer to this question is given in
Theorem 4.2 and Theorem 4.3.

Theorem 4.2 Let P = {p1,...,pn} and Q = {qi,...,ax} be two collections of N points
in R, such that rank(P) =d, ||p; —p|| <cand ||q; —q|| < ¢, i=1,...,N, ¢ = const. Let
PTP=0Q"Q +¢eM, (4.7)

where M = (my;) is a matriz with bounded entries, |m;j| < ¢o, co = const, and
0<e<(1-6)(|(PP) | Ne) ", (4.8)

for some 0 < § < 1. Then, there exists an orthogonal matriz A = A(e), such that || AP—Q)|| <
eEN?, with a constant ¢,

&= ccol (PPT)7| (2 + || (PPT) Y| V2671/2)
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Proof. First, we derive upper bounds for the norms of some matrices that we shall need
later in the proof. Let us observe that

N
|PIP = Auax(P"P) < trace(P"P) = 3 ||p; — I < &N,
i=1

and similarly, ||Q| < ¢v/ N, where we have used the fact that the trace of any matrix is equal
to the sum of its eigenvalues. We also derive a bound for the spectral norm of M. For every
x € RY with ||x|| = 1 we have

i=1 \j= i=1 j=1 i=1 j=1

and thus || M| < ¢N.

Note, that PPT is invertible since d = rank(P) = rank(PPT), and we can consider the
matrices PT(PPT)~! and (PPT)~'P. We have (PPT)"'P = (PT(PPT)~Y)T  and thus
|(PPT)~'P| = ||[PT(PPT)7|. Clearly, (PT(PPT)")T(PT(PPT)™") = (PPT)~!, and
therefore we have ||PT(PPT)7!||> = Apax [(PPT)7!]. This result, combined with the fact
that

[PPTY I = A [(PP) (PP ] = A [(PPT) Y
= ()‘max [(PPT)_l} )2’

gives

I(PPT)= P = [PE(PPT)~ | = VII(PPT) . (4.9)

In what follows, we give an explicit construction of the equivalence matrix A. We multiply
(4.7) on the right by P and on the left by P to derive

PPTPPT = PQTQPT + ePMPT.
This equation can be written as
[ = (PPT)'PQTQP"(PPT)' +e(PPT)"'PMPT(PPT)".
As it was done in Lemma 2.2, we construct the matrix B := QPT(PPT)~!, denote
L:=(PP")y"'PMP"(PPT)"",

and rewrite the last equation as
I =B"B+¢L. (4.10)

Using the bounds for the norms of @ and M and (4.9), we obtain

1Bl < QI - IPT(PPT)7H| < eV N|[(PPT)H|I, (4.11)
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and
ILI| < [PT(PPT)7? - [[M]| < coN|[(PPT)7!. (4.12)

Notice, that B is not an orthogonal matrix, and thus cannot be a candidate for an equivalence
matrix. However, we can modify B in order to obtain an orthogonal matrix. Let 0 < g <
.. < 5 be the eigenvalues of BT B and Up be the orthogonal matrix such that

UpB"BUy = diag (55, . .., B3)
If x € RY, ||x|| = 1 is the eigenvector, corresponding to /35, then
B = IB"Bx| = |lx — eLx|| > ||x[| — [leLx]| > )| — e[| L] - [Ix]
IR _
= L—¢|[Z] 21~ (1=0) (coNI[[(PP")7H|) " - coN[[(PPT)7!]| =4,

where we have used (4.12) and the inequality for . This fact allows us to construct

1
A—A()—dzag<\/7 \/672)’

A = A(e) :== BU3AU}. (4.13)

and consider the matrix

Clearly, A is orthogonal since
ATA = UgAUL BT BUgAU} = UgAdiag(5, ..., B5)AUL = 1.

Moreover, we will show that ||AP — Q|| < e¢N? for the constant ¢ defined in the theorem.
We write

AP —Q=(A— B)P+ (BP — Q)= BUg(A — DULP + (BP — Q),  (4.14)
and compute the difference BP — ). Multiplication of (4.7) on the right by PT leads
to PTPPT = QTQPT + eMPT, which gives PT = Q'B + eMPT(PPT)~!, and we have

P = BTQ + ¢(PPT)"'PMT. We multiply the last equation on the left by B to derive
BP = BBTQ +eB(PPT)"'PM™, and therefore

BP —Q = (BB" —1)Q +eB(PP") 'PM" = ¢(B(PP")'PMT — LQ), (4.15)
where in the last equality we have used (4.10). It follows from (4.14) and (4.15) that
IAP = Q|| < [|BUs(A — DU P| + | B(PP")"' PM" — LQ). (4.16)

We next estimate each of the norms on the right hand side. Using the lower bound for /;
and (4.12), we have

1 11— V5
— = - 1l = vl - = _ e
A =1 max N ‘ nax, NG max [1— /5]
1 1—5; 1
= —— - max =5 ‘ max. |1 —f5 |1 — BT B

VB N S VA 1575

Vo
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The last inequality, the bounds for the norms of B and P and the fact that |Ug|| = ||[U]| = 1
give

|BUs(A — I)ULP| < |B|l|A—I||||P] (4.17)
1
C\/NH(PPT)‘1||1/QC\/N\75500N||(PPT)‘1||

A

€ 2 A72 T\—113/2
= —cyc"N7||(PP

The second norm in (4.16) is evaluated, using (4.9), (4.11), (4.12) and the bounds for the
norms of M and @), as follows:

IB(PPT)'PMT —LQ| < |[B(PPT)"'PMT| + | LQ| (4.18)
< IBIIEPPHT P + L]
<

2ccoNVN||(PPT)7Y| < 2ecoN?||(PPT)7Y.
Substitution of (4.17) and (4.18) in (4.16) results in
IAP — Q|| < eceol|(PPT) M| (5 2(|(PPT) Y| +2) N2,
and the proof is completed. O

Unfortunately, the converse of this theorem is in general false, and the following theorem
holds.

Theorem 4.3 For any positive constants ¢, cy, ¢, and for any 0 < ¢ < 50200_1, we can find

d, N, two collections of N points P = {p1,...,pn} and @ = {ai,...,qn} in R? and an
orthogonal matriz A, such that rank(P) =d, |p; —p| < c and ||q; —q|| <¢,i=1,...,N,
|AP — Q| < eeN?, but PTP = QTQ + eM, where M is a matrix for which for at least one
entry |m;;| > co.

Proof. Consider any constants ¢, ¢g, ¢, d a positive integer, and N = 2d. Let {ey,...,e4}
be the canonical basis for R?, and let P = {py,...,pny} be the collections of points, where
Poi_1 = %ei and po; = —%ei fori=1,...,d, and Q@ = {qi,...,qn} be such that q; =

q2 =0 and q; = p;, j = 2,...,N. A simple computation verifies that p = q = 0, and
therefore, ||p; — p|| = ||pi|]| = ¢/v2 < c. Similarly, ||q; — q|| = ||ai|| < ¢. If A = I, then
AP —-Q =P —Q,

1 -10 -0

[ -1 100
(P-QP-Q=5| 0 0001

0 00 0
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N|d=2 d=3 d=4

8 10.9468 0.7066 0.5333

16 | 0.8403 0.6470 0.4670
321 0.6114 0.5323 0.3984
64 | 0.4622 0.4595 0.3724
128 1 0.3829 0.3626 0.2839
256 | 0.2709 0.2327 0.2128
512 | 0.2002 0.1760 0.1566
1024 | 0.1415 0.1295 0.1182

Table 1: Simulation results.

and therefore Apax (P — Q)" (P — Q)) = ¢?, which gives that ||P — Q[ = ¢. We compute
directly that

1 -1 0 0

B S T NV PP
pr_QTQ:% 0 00 0 | ==,

0o o000 ---0

For any € < 1c?c;!, we have that |mq,| = 2 > co, but if 2d = N is large enough, namely
y 2 0 2¢e

2d=N> /<,
ec

we have that ecN? > ¢ = ||[AP — Q||, and the proof is completed. O

Finally, we verify the theoretical results from Theorem 4.2 by performing a series of
numerical experiments. For each pair (d,N), d € {2,3,4}, N € {2" : 3 < n < 10},
we choose in random 1000 collections P of N uniformly distributed points inside the unit
sphere and 1000 collections P of N uniformly distributed points on the unit sphere. We
select & = 0.9, ¢ = 1, e = 3(1 = 8) (J(PPT)"|[Neo) ™ = 0.05 ((PPT)|N)™". The
matrix () is then generated so that (4.7) holds, A is computed according to (4.13), and

c = ‘_IrllaxN{Hp,- —pll; lla: — q|}. For each pair (d, N) the biggest ratio |AP — Q||/(scN?)

(among the 2000 choices) is recorded in Table 1. It is clearly seen that the empirical results
confirm our theoretical bound.
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