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Resultants

A method for solving systems of polynomial equations

f1(x, y, z, . . . , a, b, . . .) = 0

f2(x, y, z, . . . , a, b, . . .) = 0

f3(x, y, z, . . . , a, b, . . .) = 0

. . . . . .

We do not assume homogeneity. Thus, we have n + 1 equations in n

variables.

A resultant is a single polynomial derived from a system of poly-

nomial equations that encapsulates the solution (common zero) to the

system.
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• The Sylvester Matrix is the best known way to compute a resultant.

However, it is often not realistic for more than one variable.

• Better: Bezout, Cayley, and Dixon, via Kapur, Saxena, and Yang

As refined and expanded below to avoid the spurious factor prob-

lem, this method has succeeded in solving many polynomial systems that

others have found intractible.

We will discuss:

• The Cayley-Dixon-Bezout-KSY Resultant Method

• The spurious factor problem

• Problem I: the Selesnick-Burrus Equations

• Problem II: the Recognition Problem for Six Lines

• Problem III: Generalized Apollonius Problems

• How we attack the spurious factor problem
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The Cayley-Dixon-Bezout-KSY Resultant Method

Here is a brief description. More details are in [KSY].

To decide if there is a common root of n polynomial equations in n − 1

variables x, y, z, . . . and k parameters a, b, ...

f1(x, y, z, . . . , a, b, . . .) = 0

f2(x, y, z, . . . , a, b, . . .) = 0

f3(x, y, z, . . . , a, b, . . .) = 0

. . . . . .

• Create the Cayley-Dixon matrix, n×n, by substituting some new vari-

ables t1, . . . , tn−1 into the equations in a certain way.

• Compute cd = determinant of the Cayley-Dixon matrix (a function of

the new variables, variables, and parameters).

• Form a second matrix by extracting the coefficients of cd relative to the

variables and new variables. This matrix can be large; its size depends

on the degrees of the polynomials fi.

• Ideally, let dx = the determinant of the second matrix. If the system

has a common solution, then dx = 0. dx involves only the parameters.

• Problem: the second matrix need not be square, or might have det = 0

identically. Then the method appears to fail.

• However, we may continue [KSY], [BEM]: Find any maximal rank sub-

matrix; let ksy = its determinant. Existence of a common solution implies

ksy = 0.
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• ksy = 0 is a sufficient equation, but one must be aware of spurious

factors, i.e., the true resultant is usually a small factor of ksy. Indeed,

finding the small factor without actually computing ksy is very desirable.

The Spurious Factor Problem:

To emphasize the last point above: The solution we want is a (usu-

ally) small factor of the determinant of the Dixon-KSY matrix as de-

scribed above. Usually we want at all costs to avoid computing the entire

determinant because

(1) it is gigantic, sometimes too large to even be stored in RAM.

(2) even if we had it, we would have to factor it.

All computations below were done with the author’s

computer algebra system Fermat [Lew], which excels as

polynomial and matrix computations of this sort.
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Problem I. The Selesnick-Burrus Equations

Selesnick and Burrus [SB] pose the following problem: given a low-

pass filter H, with magnitude response and group delay, simultaneously

make the passband flat, make the stopband flat, and make the group

delay flat across the passband.

This Yields a System of Polynomial Equations:

As John Little showed (A.M.S. Meeting, Stevens Institute of Technol-

ogy, April 29, 2001), this reduces to a rather large, quite messy system of

polynomial equations with integer coefficients. One obtains L+M +K =

N−1 equations in N−1 variables. The hard cases (so called “region two”)

are when 0 ≤ L ≤ �M−1
2 �− 1, in which case K may be set to 1. The goal

is to eliminate all variables but one, leaving a polynomial in that one vari-

able with integer coefficients. Using Gröbner bases and ad hoc techniques,

Little was able to get results up to (M, L) = (9, 1), (10, 2), (11, 3), (12, 3)

and (13, 4). For harder cases (i.e. large M , small L) he wrote:

These systems of equations are a real challenge to the “state of

the art” in polynomial system solving. It’s possible to “nibble

around the edges” of the hard cases a bit, but solving them

requires a lot of computer time. A new idea is probably needed

for a general solution method.

We solved [in prep] the cases M = 10, . . . , 14, L = 1, . . . , 4, yielding

polynomials of degreees into the thousands and coefficients up to around

101100.
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The System of Equations Here:

We have L + M + 1 equations in the same number of variables called

m1, m2, . . . , mn−1. They are quite messy. Here is a fairly simple set, the

15 equations for L = 4, M = 11 (each polynomial is set to 0):

2 ∗ m2
1 − 2 ∗ m2,

6 ∗ m2
2 + 2 ∗ m4 − 8 ∗ m1 ∗ m3,

20 ∗ m2
3 − 2 ∗ m6 + 12 ∗ m1 ∗ m5 − 30 ∗ m2 ∗ m4,

70 ∗ m2
4 + 2 ∗ m8 − 16 ∗ m1 ∗ m7 + 56 ∗ m2 ∗ m6 − 112 ∗ m3 ∗ m5,

252 ∗ m2
5 − 2 ∗ m10 + 20 ∗ m1 ∗ m9 − 90 ∗ m2 ∗ m8 + 240 ∗ m3 ∗ m7 −

420 ∗ m4 ∗ m6,

924 ∗m2
6 +2 ∗m12 − 24 ∗m1 ∗m11 +132 ∗m2 ∗m10 − 440 ∗m3 ∗m9 +

990 ∗ m4 ∗ m8 − 1584 ∗ m5 ∗ m7,

3432 ∗ m2
7 − 2 ∗ m14 + 28 ∗ m1 ∗ m13 − 182 ∗ m2 ∗ m12 + 728 ∗ m3 ∗

m11 − 2002 ∗ m4 ∗ m10 + 4004 ∗ m5 ∗ m9 − 6006 ∗ m6 ∗ m8,

12870∗m2
8+2∗m16−32∗m1∗m15+240∗m2∗m14−1120∗m3∗m13+

3640 ∗m4 ∗m12 − 8736 ∗m5 ∗m11 + 16016 ∗m6 ∗m10 − 22880 ∗m7 ∗m9,

48620∗m2
9−6120∗m4∗m14+17136∗m5∗m13−37128∗m6∗m12+63648∗

m7∗m11−87516∗m8∗m10+1664640∗m15+2546434166169600∗m1∗m2+

3134798959532544∗m1 ∗m4 −193482845206560∗m1 ∗m7 +1969269120∗
m13−71252916∗m14+41288446207008∗m1∗m8+679016414119680∗m1∗
m6 +11652480 ∗m1 ∗m14 +5650287552 ∗m1 ∗m12 +830057754240 ∗m1 ∗
m10 + 48285461727360 ∗m9 + 548214226560 ∗m11 − 38320998664 ∗m12 −
5899641121374∗m10+12981399013739520∗m5+1424147251887360∗m7−
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301208102163696 ∗ m8 − 5033614221548512 ∗ m6 + 27872422030909440 ∗
m3−23479163204571648∗m4−19992∗m16−306∗m2 ∗m16 +4896∗m1 ∗
m16 + 5690998849536000 ∗m1 − 19197879231283200 ∗m2 − 306000 ∗m1 ∗
m15 +1632∗m3 ∗m15−753220435968000∗m2

1−3707720814136320∗m1 ∗
m3 − 6694314391908 ∗m1 ∗m9 − 78661131120 ∗m1 ∗m11 − 174117633240

3264 ∗ m1 ∗ m5 − 302184792 ∗ m1 ∗ m13,

13538054040 ∗ m2 ∗ m14 + 19138370160 ∗ m3 ∗ m13 − 4459570560 ∗
m15 − 335920 ∗ m9 ∗ m11 + 77520 ∗ m6 ∗ m14 − 155040 ∗ m7 ∗ m13 +

184756∗m2
10−29249865276678144000∗m1∗m2−34259718669923266560∗

m1 ∗m4 − 5457034349730201600 ∗m2 ∗m3 − 357851544960 ∗m3 ∗m12 −
52570324435200∗m3∗m10−2614934926443840∗m3∗m8−430043728942464

00 ∗ m3 ∗ m6 − 198537267437061120 ∗ m3 ∗ m4 − 737990400 ∗ m3 ∗ m14 −
104160703046400∗m2∗m11−2466465812610508800∗m2∗m5−27058797785

8598400∗m2∗m7+2048277182996556160∗m1∗m7−6260003568000∗m13+

211754471800∗m14−374161132800∗m2 ∗m13−9174237728198400∗m2 ∗
m9 − 430094064168088320 ∗m1 ∗m8 − 7281980992547788800 ∗m1 ∗m6 −
90034828800∗m1∗m14−51791575879680∗m1∗m12−8253465555878400∗
m1∗m10+956386702094217280∗m2∗m6+110274501052206720∗m3∗m5−
174540525196752000∗m9−1890944167432320∗m11 +127687047362238∗
m12+20892150195360600∗m10−49277943353044224000∗m5−5302110566

528455680 ∗ m7 + 1106732050837803808 ∗ m8 + 18941767932909494400 ∗
m6−107173411174156861440∗m3+89763809383344642048∗m4+4470190

8 ∗ m16 + 3798480 ∗ m2 ∗ m16 + 9690 ∗ m4 ∗ m16 − 31008 ∗ m5 ∗ m15 −
310080 ∗m3 ∗m16 − 21085440 ∗m1 ∗m16 − 22058311540801536000 ∗m1 +

74154884952224563200∗m2 +1973581680∗m1 ∗m15 +251940∗m8 ∗m12 +

7



19380000∗m3∗m15+3647597053943808000∗m2
2+8365768308817920000∗

m2
1−316281600∗m2∗m15+40844165551993036800∗m1∗m3+1225391352

9748800∗m3 ∗m7 +57229539411102240∗m2 ∗m8 +68327356469517600∗
m1 ∗m9 + 423973244820840 ∗m3 ∗m9 + 1120931813061060 ∗m2 ∗m10 +

755670140545320∗m1∗m11+234822318228633600∗m2
3+446104100886861

3120∗m2 ∗m4 +18869081867800819200∗m1 ∗m5 +4981871637600∗m3 ∗
m11 + 7280989746160 ∗ m2 ∗ m12 + 2589845783200 ∗ m1 ∗ m13,

8266370688576∗m5∗m12+1214374494453120∗m5∗m10−4891528298

5800 ∗ m2 ∗ m14 − 199418125306400 ∗ m3 ∗ m13 − 280318105227160 ∗
m4 ∗ m12 − 115081234828560 ∗ m5 ∗ m11 − 521215080540 ∗ m4 ∗ m14 −
442096350696 ∗ m5 ∗ m13 + 5559945874560 ∗ m15 − 639540 ∗ m8 ∗ m14 +

994840∗m9∗m13−1293292∗m10∗m12+74173249560131514777600∗m1∗
m2 + 83319728030903713434624 ∗m1 ∗m4 + 26926038294365740400640 ∗
m2 ∗m3 +353208152535638400∗m4 ∗m9 +4010187067286400∗m4 ∗m11 +

99545144663300700672 ∗ m4 ∗ m5 + 10417637147556038400 ∗ m4 ∗ m7 +

14405203612800∗m4∗m13+3987951342735360∗m3∗m12+63551684780263

6800∗m3∗m10+33117242940942800640∗m3∗m8+560712536426179737600

∗m3∗m6+2841885104740194078720∗m3∗m4+6932681817600∗m3∗m14+

436808102676865920 ∗m2 ∗m11 + 11386930347738321868800 ∗m2 ∗m5 +

1224787540868073262080∗m2∗m7−4868813094699365972160∗m1∗m7+

8472254290980480 ∗m13 − 276783896383302 ∗m14 + 1446060824208000 ∗
m2 ∗m13 +40318861320449712000∗m2 ∗m9 +1011264432086086546368∗
m1 ∗m8 +17465142025074482618880 ∗m1 ∗m6 +180600420295680 ∗m1 ∗
m14 + 112752838180574592 ∗ m1 ∗ m12 + 18835487279668899840 ∗ m1 ∗
m10 − 4375548392502093206400 ∗ m2 ∗ m6 − 1458343699371744514560 ∗
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m3 ∗m5 + 255256928349700717440 ∗m9 + 2683349691877895040 ∗m11 −
177462583500884136∗m12−30144308151498184204∗m10+7456219474084

5697966080∗m5+7912260983174615907840∗m7−16365430045732975247

04∗m8−28481354557712910549696∗m6+60404996800852704∗m5∗m8+

993401013857091840∗m5∗m6+17047578240∗m5∗m14+1636960980090519

25954560 ∗m3 − 136526486310771146929152 ∗m4 − 52093148008 ∗m16 +

341088 ∗m7 ∗m15 +705432 ∗m2
11 − 10326140748 ∗m2 ∗m16 − 146241480 ∗

m4∗m16−447678000∗m5∗m15−149226∗m6∗m16+7162848∗m5∗m16+

1623578880∗m3∗m16+35637556416∗m1∗m16+3389259568244156006400

0 ∗ m1 − 113646392250741271756800 ∗ m2 − 3700658416400 ∗ m1 ∗ m15 −
151965789360∗m3∗m15−17129778423963874099200∗m2

2−2057634983088

7538688000∗m2
1+1030160799360∗m2∗m15−100299653466123130398720∗

m1 ∗m3 − 157717343090734824320 ∗m3 ∗m7 − 255655103743532679648 ∗
m2 ∗m8 − 158526055257769480952 ∗m1 ∗m9 + 12176841600 ∗m4 ∗m15 −
5261206448152855200 ∗ m3 ∗ m9 − 4826086695128298600 ∗ m2 ∗ m10 −
1689224313008952720∗m1∗m11−3141327542510726553600∗m2

3−2087587

2454129448921088∗m2∗m4−171750078841441605120∗m2
4−283065402537

197280∗m5∗m7−2203337267327436240∗m4∗m8−45591461846816982864

768 ∗m1 ∗m5 − 9793781955361404 ∗m5 ∗m9 − 43155874802850810 ∗m4 ∗
m10 − 58186600821989640 ∗m3 ∗m11 − 29495707940676978 ∗m2 ∗m12 −
5445918540298236∗m1∗m13−2547340974305975232∗m2

5−368208880306

27365280 ∗ m4 ∗ m6,

−m3 + m1 ∗ m2,

m5 − 3 ∗ m1 ∗ m4 + 2 ∗ m2 ∗ m3,

−m7 + 5 ∗ m1 ∗ m6 − 9 ∗ m2 ∗ m5 + 5 ∗ m3 ∗ m4,
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m9 − 7 ∗ m1 ∗ m8 + 20 ∗ m2 ∗ m7 − 28 ∗ m3 ∗ m6 + 14 ∗ m4 ∗ m5,

256/638512875∗m15 +15104/18243225∗m13−272/11609325∗m14 +

35203328/893025∗m9 +2359552/7016625∗m11−138584/7016625∗m12−
3761488/893025∗m10 +22329192448/1403325∗m5 +929824768/637875∗
m7−1237256192/4465125∗m8−7953771776/1403325∗m6+278683359641

6/70945875 ∗ m3 − 600083910656/19348875 ∗ m4 − 2/638512875 ∗ m16 +

79691776/9009 ∗ m1 − 135132872704/4729725 ∗ m2 − 1

It would take twice as much paper to display a hard case like L = 1, M =

13.

The goal is to eliminate every variable but m1 and have

one equation in m1.

See Tables

Method:

• Note that many of the variables can be easily eliminated. For example,

in the set above the first equation can be solved for m2, which can then be

eliminated from all the other equations. Then m3 can then be solved for

in the fifth equation from the end. Then m4 can be solved for in equation

two. Continuing in this way it is always possible to have only four or five

extremely complex equations in four or five variables. One is forced to

stop when no equation contains any variable to just the first power.

• Run the Dixon-KSY method on the system resulting from the previous

step. This yields an s × s nonsingular matrix A, varying from 20 × 20 to

180 × 180, containing only polys in m1
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10
 3.5 mins

   820

11
    2.0 hrs
    30 meg
    1575

 17.7 secs

    642

12
    75 hrs
  150 meg
    2967

13.6 mins
  20 meg
  1456

13
   3.45 hrs
    50 meg
    1992

  63 secs
  10 meg
  885

14
    90.1 hrs
   200 meg
     3721

 18.0 mins
   47 meg
  1533

    46 secs

    680

   2.1 secs

    291

Table II ---- CPU Time, RAM Used
And

Size of Largest Coefficient

Only for the Red Cases, first computed here.
Size of largest coefficient is given by its number of binary digits.

CPU time is on a Mac G4, 533 mhz

     L
M

      1       2       3        4      5



• We cannot just compute the determinant of A except in small easy

cases. Instead we use our method..... [later]

Problem II. The Recognition Problem for Six Lines

The “Six-Line Problem” [LS] arises in computer vision and in the

automated analysis of images. Given a three-dimensional object, one ex-

tracts geometric features (for example six lines) and then, via techniques

from algebraic geometry and geometric invariant theory, produces a set

of three-dimensional invariants that represents that feature set. Suppose

that later an object is encountered in an image. (For example a photo-

graph taken by a camera modeled by standard perspective projection, i.e.

a “pinhole” camera.) Suppose further that six lines are extracted from

the object appearing in the image. The problem is to decide if the object

in the image is the original 3D object. To answer this question two-

dimensional invariants are computed from the lines in the image. One

can show that conditions for geometric consistency between the three-

dimensional object features and the two dimensional image features can

be expressed as a set of polynomial equations in the combined set of two

and three dimensional invariants. The object in the image is geometrically

consistent with the original object if the set of equations has a solution.

• Nine 3D parameters: λ1, λ2, n11, n22, g, p11, p12, p21, p22.

• Four 2D parameters: q1, q2, q3, q4.

• Four conversion variables (later we set a11 = 1): a11, a12, a21, a22.
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• Four equations d1, d2, d3, d4 in the 3 variables aij and the 13 parameters.

d1 = (ga2
11 +ga11 a21 +n22 a11 a12 +a11 a22 n22−n11 a11 a12−a12 a21 n11−

g a2
12 − g a12 a22) (−λ2 a12 a21 − λ2 a21 a22 + λ1 a11 a22 + λ1 a21 a22 −

λ1λ2a11a22+λ1λ2a12a21)q1−(−ga11a21−ga2
21−n22a12a21−n22a21a22+

n11 a11 a22 + n11 a21 a22 + g a12 a22 + g a2
22 − a11 a22 n11 n22 + a11 a22 g2 +

a12 a21 n11 n22−a12 a21 g2) (λ2 a11 a12 +a11 a22 λ2−λ1 a11 a12−a12 a21 λ1),

d2 = (ga2
11 +ga11 a21 +n22 a11 a12 +a11 a22 n22−n11 a11 a12−a12 a21 n11−

g a2
12 − g a12 a22) (a11 a22 − a12 a21 − a11 a22 λ2 + a12 a21 λ1) q2 − (a11 a22 −

a12 a21 − g a11 a21 − a11 a22 n22 + a12 a21 n11 + g a12 a22) (λ2 a11 a12 +

a11 a22 λ2 − λ1 a11 a12 − a12 a21 λ1),

d3 = (p12a2
11+p12a11a21+p22a11a12+a11a22p22−p11a11a12−a12a21p11−

p21 a2
12 − p21 a12 a22) (−λ2 a12 a21 − λ2 a21 a22 + λ1 a11 a22 + λ1 a21 a22 −

λ1 λ2 a11 a22 + λ1 λ2 a12 a21) q3 − (−p12 a11 a21 − p12 a2
21 − p22 a12 a21 −

p22 a21 a22 +p11 a11 a22 +p11 a21 a22+p21 a12 a22 +p21 a2
22−a11 a22 p11 p22 +

a11 a22 p12 p21 + a12 a21 p11 p22 − a12 a21 p12 p21) (λ2 a11 a12 + a11 a22 λ2 −
λ1 a11 a12 − a12 a21 λ1),

d4 = (p12a2
11+p12a11a21+p22a11a12+a11a22p22−p11a11a12−a12a21p11−

p21a2
12−p21a12a22)(a11a22−a12a21−a11a22λ2+a12a21λ1)q4−(a11a22−

a12 a21 − p12 a11 a21 − a11 a22 p22 + a12 a21 p11 + p21 a12 a22) (λ2 a11 a12 +

a11 a22 λ2 − λ1 a11 a12 − a12 a21 λ1).

Full determinant (with spurious factors) would have many trillions

of terms. Actual resultant answer has 239 terms.
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Problem III. Generalized Apollonius Problems

The Apollonius Circle Problem dates to Greek antiquity, circa 250

BC. Given three circles in the plane, find or construct a circle tangent

to all three. This was generalized by replacing some circles with straight

lines. Descartes (and many later people) considered a special case in

which all four circles are mutually tangent to each other (i.e. pairwise).

In [LB] we consider the general case in two and three dimensions, and

further generalizations with ellipsoids and lines. We believe we are the

first to explicitly find the polynomial equations for the parameters of the

solution sphere in these generalized cases. Doing so is quite a challenge

for the best computer algebra systems. [LB] has some comparative times

using various computer algebra systems on some of these problems.

Apollonius problems are of interest in their own right. However, the

motivation for this work came originally from medical research, specif-

ically the problem of computing the medial axis of the space around a

molecule.
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Case 1: Three circles given, find a fourth tangent to all three.

First step: Given one circle A with center (ax, ay) and radius ar find

equation(s) that a second “solution” circle S, (sx, sy, sr) must satisfy to

be tangent. We could begin by letting (x, y) be the point of intersection.

Then (x, y) is on the first circle iff (x − ax)2 + (y − ay)2 = ar2, and on

the second iff (x − sx)2 + (y − sy)2 = sr2. Using derivatives, tangency

gives a third equation, so we may eliminate x, y. This first step gives the

equation that the six parameters must satisfy for tangency.

However the desired first step equation is geometrically obvious with-

out going through the process in the above paragraph:

From the figure above, the point of tangency is on the line connecting

the centers. Each center is on the circle with the other’s center and the

sum of the two radii. Thus, the equation we want is obviously

(sx − ax)2 + (sy − ay)2 = (sr + ar)2

So: given three circles A, B, and C, the solution circle parameters

sx, sy, sr must satisfy three equations:

(sx − ax)2 + (sy − ay)2 = (sr + ar)2

14



(sx − bx)2 + (sy − by)2 = (sr + br)2

(sx − cx)2 + (sy − cy)2 = (sr + cr)2

(These are the equations for the case when each of the original circles

is outside the solution circle. Other possibilities involve changing some

pluses to minuses above.)

Case 2: Three ellipses given, find a circle tangent to all three.

Write equation of ellipse A and circle S, then tangency equations:

a2
2(x − ax)2 + a2

1(y − ay)2 = a2
1a

2
2

(x − sx)2 + (y − sy)2 = sr2

a2
1(y − ay)(x − sx) − a2

2(x − ax)(y − sy) = 0

First step: Just as in problem 1, we must eliminate x, y from the

above. But it is not so easy now! The point of tangency need not lie on

the line connecting the centers.

Using Fermat/Dixon, the elimination is completed using 2.1 seconds

and about 3 meg RAM. The irreducible answer has 696 terms in the

parameters ax, ay, a1, a2, sx, sy, sr. Recall that this first step was

trivial in the three circles case and fit easily on one line.
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One may then proceed numerically to solve examples, such as in the

figure:

All eight solution circles (black and green) tangent to three given ellipses

(red).

Case 3: General conic tangency in three dimensional space.

Equation of general conic:

a1x
2 +a2y

2 +a3z
2 +a4x∗y +a5x∗ z +a6y ∗ z +a7x+a8y +a9z +a10 = 0

We could write two such, then add tangency equations from par-

tial derivatives. Trying to eliminate (x, y, z) is too hard, so instead let’s

assume the second figure is a sphere:

(x − sx)2 + (y − sy)2 + (z − sz)2 − r2 = 0

Take these two equations, eliminate the x, y, z, get one equation the

14 parameters must satisfy.
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Finished it last week: the resultant has 3.5 million terms. As with

the ellipse figure above, we can proceed numerically to solve an example

with four randomly tilted ellipsoids:

Our Basic Method:

• We cannot simply compute the determinant of the second Dixon matrix,

A, say, except in small cases. Instead we systematically begin to column

normalize the matrix A.

• To avoid creating large messy denominators (rational functions) we pull

out denominators from each row as soon as they arise. Then later we
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factor out gcds whenever possible from (the numerators in) each row and

column. We keep track of all denominators and gcds so discovered. We

check often to see if some poly in the denominator list has a common gcd

with some poly in the numerator list. In the end, the denominator list

must be all 1.

• In the end, it is an observed fact that A[s, s] is the desired resultant.

The remaining entries in the numerator list are the spurious factors.
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