
Solutions to Exam III Form A1. D By the de�nition of logarithmi
 fun
tions, x + 2 = 23 = 8, so x = 6.2. E The domain is all x su
h that −1 ≤ x − 2 ≤ 1, whi
h means 1 ≤ x ≤ 3.3. C The derivative is y′ = 1 − 1

1 + x2
, so the slope is y′(1) = 1 − 1

1 + 12
=

1

2
.4. C Use logarithmi
 di�erentiation:

ln y = ln(xtan x) = tan x ln x
y′

y
= tan x

(

1

x

)

+ sec2 x ln x

y′ = xtan x

(

tan x

x
+ ln x sec2 x

)5. E As x → 0+, ln x → −∞ and x2 → 0, so the limit is either ∞ or −∞. Sin
e the numeratoris negative (approa
hing −∞) and the denominator is positive, the limit is −∞. (NOTE thatsin
e the limit is in a determinite form, we should NOT use L'Hospital's Rule)6. D The limit is of the indeterminite form 0

0
, so we do use L'Hospital's Rule this time:

lim
x→0

sin x + x cos x

− sin x
.This is still of the form 0

0
, so we 
an either use L'Hospital's Rule again, ornote that the expression simpli�es to

lim
x→0

−1 − x

sin x
(cos x) = −1 − (1)(cos 0) = −1 − 1 = −2.7. C Assuming exponential growth, the equation is y = Cekt. When t = 0, y = 500, so 500 = Cek(0),or C = 500. When t = 3, y = 8000, so 8000 = 500e3k. Solving for k yields k =

1

3
ln 16(NOTE: you 
an also solve using ek = 161/3. Therefore, the expression is y = 500e(1/3 ln 16)t =

500eln(16t/3) = 500(16)t/3.8. B Find the se
ond derivative and equate to 0:
y′ =

x

2
+ cos x, y′′ =

1

2
− sin x = 0

sin x =
1

2
, or x =

π

6
and x =

5π

6
(sin
e the interval is 0 ≤ x ≤ π). Testing f ′′ at a value in ea
hof the subintervals yields f ′′ > 0 when 0 ≤ x <

π

6
or 5π

6
< x ≤ πand f ′′ < 0 when π

6
< x <

5π

6
.Therefore, there are points of in�e
tion when x =

π

6
and x =

5π

6
.9. E Let y = sin−1 t. Then sin y = t =

t

1
, whi
h 
an be illustrated using the right triangle below(sin
e t > 0). Therefore, tan y =

t√
1 − t2

.10. D Sin
e f only has one 
riti
al number at x = 1, f ′(1) = 0 (sin
e f is di�erentiable everywhere)and f ′(x) 6= 0 for all other values of x. To �nd the 
riti
al numbers of h, set h′(x) = 2xf ′(x2) = 0.This is true when x = 0 and when x2 = 1, or x = ±1.11. D Dividing by x2 yields g′(x) = 2+
3

x
, or g(x) = 2x+3 ln x+C. Sin
e g(e) = 1, 1 = 2e+3 ln e+C,or C = −2 − 2e. Therefore, g(x) = 2x + 3 ln x − (2 + 2e).
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12. . (a) The domain of H is all x su
h that sin−1 x > 0 (meaning x > 0) and −1 ≤ x ≤ 1. Both aretrue when 0 < x ≤ 1.(b) Using the Chain Rule, H ′(x) =
1

sin−1 x
· 1√

1 − x2
.(
) The domain of the derivative must be a subset of (0, 1] (the domain of the original fun
tion).The only value in this interval where f ′(x) is not de�ned is x = 1. Therefore, the domainof the derivative is 0 < x < 1.13. . (a) Using the produ
t rule, f ′(x) = e−2x2

+ xe−2x2

(−4x) = e−2x2

(1 − 4x2). Di�erentiatethis using the produ
t rule again yields f ′′(x) = e−2x2

(−4x)(1 − 4x2) + e−2x2

(−8x) =

−4xe−2x2

(1 − 4x2 + 2) = −4xe−2x2

(3 − 4x2)(b) The 
riti
al numbers o

ur when f ′ = 0. Sin
e e−2x2 6= 0 for all x, the solution is 1−4x2 = 0,or x = ±1

2
.(
) The 
riti
al numbers divide the x-axis into three subintervals. Test a value from ea
hsubinterval by substituting into f ′. f ′(x) < 0 when x < −1

2
and when x >

1

2
, and

f ′(x) > 0 when −1

2
< x <

1

2
. Therefore, f is in
reasing on (−1

2
,
1

2

) and f is de
reasingon (−∞,−1

2

)

∪
(

1

2
,∞
).(d) From part (
), the lo
al maximum is f

(

1

2

)

=
1

2
e−1/2.(e) f

(

−1

2

)

= −1

2
e−1/2. Sin
e f(x) → 0 as x → ±∞, the absolute maximum is 1

2
e−1/2 andthe absolute minimum is f

(

1

2

)

= −1

2
e−1/2.(f) f ′′(x) = 0 when x = 0, x = ±

√
3

2
. Test a value from ea
h of the four subintervals bysubstituting into f ′′. f ′′(x) < 0 when x < −

√
3

2
and when 0 < x <

√
3

2
. f ′′(x) > 0 when

−
√

3

2
< x < 0 and when x >

√
3

2
. Therefore, f is 
on
ave up on (−√

3

2
, 0

)

∪
(√

3

2
,∞
).(g) The absolute maximum of f is 1

2
e−1/2 =

1

2
√

e
, whi
h is greater than 1

4
. Therefore, fromthe graph of f shown below (determined by information in the previous parts), there aretwo values of x where f(x) =

1

4
.
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14. Let y = lim
x→∞

(

x − 3

x + 4

)x. Then ln y = lim
x→∞

x ln

(

x − 3

x + 4

)

= lim
x→∞

ln(x−3
x+4 )
1
x

. Applying L'Hospital'sRule yields lim
x→∞

(x+4
x−3 ) · (x+4)(1)−(x−3)(1)

(x+4)2

− 1
x2

= lim
x→∞

x + 4

x − 3
· 7

(x + 4)2
· (−x2) = (1)(−7) = −7. Sin
e

ln y → −7, y → e−7.15. Our goal is to maximize S = 2πr2+2πrh with the 
ondition that V = πr2h = 22. Then h =
22

πr2
.Substitution into S yields S = 2πr2 + 2πr

(

22

πr2

)

= 2πr2 +
44

r
. Di�erentiate to �nd the 
riti
alvalues: S′ = 4πr − 44

r2
= 0, 4πr3 − 44 = 0, r =3

√

11

π
. Show this 
riti
al value is a minimum byshowing S is de
reasing, then in
reasing, or showing that S′′ = 4π +

88

r3
> 0. The dimensions ofthe 
an are r =3

√

11

π
in
hes and h =

22

π(11
π )2/3

= 2 3

√

11

π
in
hes.
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