Math 151 Fall 2010 Exam 3
Solutions-Form A
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. D. If it is given that f/(z) =4 — oY and f(1) = 0,

find f(z). Take an antiderivative of f'(z) to obtain f(z):
f(z) =4z — 5arctanx + C.

Since f(1) =0, 4(1) — 5arctan(l) + C = 0. Hence

5
4-5 (g) +C =0, yielding C' = f —4. Thus

b)
f(z) = 4z — Sarctanz + Zﬂ —4

. D. Find ilg%) (1- 4$)1/m. This is an indeterminate form
of the type 1%°. Let y = (1 — 4z)"/”. Then

Iny =In(1—42)"/"
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. E. The critical numbers are those numbers ¢ in the do-
main of f where f/(¢) = 0 or f’(c) does not exist. By
viewing the graph below, f’(—2) = 0. Furthermore,
f'(—6) and f'(2) do not exist. Thus the critical num-

bers are x = =2, x = —6 and x = 2.

. B. The graph of the DERIVATIVE of f(z) is shown be-
low. Where does f(x) change concavity?

Graph of the FIRST PERIVATIVE of f(x)

10.

11.

f(z) changes concavity when f’(z) goes from increasing
to decreasing, that is z = b and z = e.

D. What is the domain of f(¢) = arccos(3 + t)? Recall
that the domain of arccos z is the range of cosz = [—1, 1].
Thus the domain of arccos(3 + t) is all ¢ such that

—1<34+t<1, hence -4 <t < -2
C. Where is f(z) = ¢* =37 increasing? f(z) is increasing
where f'(z) > 0.

f(@) = (32% — 3)e*” =3¢ = 3(x + 1)(z — 1)e*" 3%, This
yields critical numbers of x = £1. Now f’(z) < 0 on the
interval (—1,1) and f’(x) > 0 on the intervals

(—OO, _1) U (17 OO)
D. Find the derivative of f(z) = log;o(z* + 2%). Recall
Thus by the
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and —a* = a”Ina.
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chain rule, . logyo (2% +27) =

B. Where is f(z) = In(2? + 1) concave up? f(z) is con-
2z

cave up where f”(x) > 0. Now, f'(z) = and

, 22 +1
(x) = 22 _2(9(;;_1’_)%2—’_ 1). Now f"(x) >0

@12
on the interval (—1,1) and f”(z) < 0 on the intervals
(=00, —1) U (1,00). Thus f(x) is concave up on the in-

terval (—1,1).
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A. Find the absolute extrema for f(z) = 12—z — — on
x

9
the interval [1,4]. f'(z) = —1+ —;. This yields critical
x
numbers of x = £3. Since f(z) is only defined on [1,4],
we will only use 3 as a critical number. Now, f(1) = 2,

23
f4) = 7 and f(3) = 6. Thus the absolute maximum
value is 6 and the absolute minimum value is 2.
365;E—1
(i) Find the inverse of the function f(z) = 15 oot
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Yy = ﬁ. Interchange x and y: = = ﬁ.
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(ii) Find the domain of the inverse.

The domain of

1
i) = R (ln3fx+1) is such that 3_% > 0,

hence 0 < z < 3.
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An object has an acceleration of a(t) = #3i + 2sin(t)j,
an initial velocity of v(0) = j, and an initial position
of s(0) = 3i. Find a vector function that describes the
position of the object at time ¢.

a(t) = 31 + 2sin(t)j thus

4
v(t) = (Z + Cl) i+ (—2cos(t) + C)j. Now since
v(0) =j, C;y =0 and Cy = 3. Thus

v(t) = (%) i+ (=2 cos(t) + 3);.

t5
s(t) = <— - 03) i+ (—2sin(t) + 3t + Cy)j. Since

20
S(O) = 3i, 03 =3 and C4y = 0.
5
s(t) = (;—O + 3) i+ (—2sint + 3t)j

If y is a differentiable function of 2 on the interval (0, co),

find a formula for dy if ¥ = y”.
dx

InzY = Iny®*. Thus ylnz = xlny. Differentiate implic-
itly with respect to x:.
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both equal to e.

A soft drink company wants to make a new drink and
sell it in a cylindrical shaped can. The can must hold
127 cubic inches of soda. The construction of this can
costs the company $0.50 per square inch to make the top
of the can, $1.50 per square inch to make the bottom of
the can, and $1.00 per square inch to make the sides of
the can. Use calculus to determine the radius and height
of the can which would minimize the company’s cost to
make the can.

Height

CYLINDER

We are given that this can must hold 127 cubic inches

12
of soda. Hence 7r?h = 12w. Thus h = —-

r
to minimize the cost of the can. The top and bottom of
the can are both circles, hence the area of the top and
bottom of the can are both 7r?. The side of the can
has area 27rh. Thus, considering the cost given in the

statement of this problem,

We want

15.

16.

C = 0.5(7r?) + 1.50(7r?) + 1.00(27wrh) = 27r? + 27rh.

o 12, .
Substituting h = 2 in for h yields

24
C =2mr? + —W, where 7 > 0.

r
24m  Awrd — 247
Cl = 47TT — /]"—2 = T
dr(r3 — 6
= M This yields a critical number of r = /6.
r

™
Now, C" = 4r + —5~ > 0, hence C' is concave up at this

critical number, yielding a minimum. Thus the radius of

12
the can is r = ¥/6 inches and the height is h = ———
¢ (V)2

inches.

A tank contains 1000 L of sugar water with 8 kg of dis-
solved sugar. Pure water enters the tank at a rate of 4
liters per minute. The solution is kept mixed and exits
the tank at the same rate. How much sugar (in kg) is in
the tank after 7 minutes?

Let y = y(t) be the amount of sugar in the tank. Then
y(0) = 8. Since pure water is going in the tank,

dy (k9 (4 L\ _ (v _FaN(, L
dt  \ L min 1000 L min

Hence @ = —L kg
at 2507 min

d
Now, we recall that if d_ZtJ = ky, then y(t) = yoe*. Thus
dy 1
: have ¥ — __* £) = yneft — 8e(—1/250)t
since we have — A y(t) = yoe e
Thus after 7 minutes,
y(7) = 8e(=7/250) kg of sugar.
Let C denote the graph of y = arcsinz, -1 < z < 1.
Determine the point(s) on C' where the tangent line to C
is parallel to the line y = 2.

We first need to solve % = 2 for x.
x
1

———— = 2. Thus 1 = 2+/1 — 22. Squaring both sides
T2 q g
of this equation yields

3 3
1 = 4(1 — 2?), hence r = :I:\/; = :I:g. Now,
arcsin @ S and arcsin —ﬁ = _: Thus
2 3 2 3

the points are
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