Spring 2005 Math 152 7. (d) Sincef (x3) =1/x =x"1, we ha:lvef’ (X) = —X"2,

. : f7(x) =2x7°, andf"”’ (x) = —6x~*. Thus for 2< x < 6,
Exam 3B: Solutions G 1.6 6
’f (x)’ = — < — = M and therefore
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1. (b) IRy ()| < 3 < 5 Ef0r2<x<6
o Examine the correspondirsgries 8. (c) Forall reak we have
00 00 n(y3)2" n . 6n+1
o (= 10) o10 3 =D" (x°) (=" x
n=0 n=0 n=0 n=0
Since this series converges, wmsthavenj)rgoan =0. £ (3)
e Alternativelylook at In|an|. Asn — oo, we have 9. (a) The desired coefficientdg = 3l - Compute the

requisite derivatives of (x) = Inx: f/ (x) = 1/x = x "1,

10" 2/27 1
In— =nln 10—Zln k= Z (IN10— Ink) - —o0. f7(x) = —x"2,and f”” (x) = 2x~3. Socg = er_ 1
n k=1 k=1 6 81
] ] ) 10. (b) Compute a few partial sums of thédescopingeries
Thus lim|an| = lim €™*! = 0. Hence lima, = 0. until it's clear what's happening. Nosi = cos} — cos3,
1 1 1 ;
2. (c) Since the power serigs cnx", centered aa = 0, S = COS; — C°S4’ s3 = cosj — cosg, and in general,
converges ax = 3 and diverges at = 5, we know that the Sh = COS% - cosm Hence as — oo, we have
radius of convergencR is at least 3 and at most 5. Sy — cos% — cos0= cos? -1

Accordingly, itmustbe true that series convergexat 2,
but diverges ak = 6. (Forx = 4, the series may converge 3r11. Use the Ratio Test or the Root Test with GFF to determine

it may diverge.) the radius of convergende

3. (a) This series converges via the Geometric Series Theorem. e The series will converge via the Ratio Test provided

i 30 X34 (4)”1 12/25 12/25 12 im |20t i 20+ x4+l n
=y —|= = =——=— im |——= im :
= 5n+1 ~ 52 \5 1—% 1/5 5 n—o0 n%002| n—il-l 2N | x + 1"
x+1
4. (d) We have = nI_>moo 11 =2x+1 <1
n
n-5 4-2
Zan— lim s = lim n _g4 or|x — (=1)| < 3. ThusR = 3.

n—oo 24n anm2+1 . .
n e Or, asn — oo the Root Test with GFF requires

5. (e) Atx = % we have 2Ix+1
f(x) = cosx=1/2 vn
f'(x) = —sinx=-+3/2 or|x — (—1)] < 4. ThusR = 1
/! _ _ —
fm ) = _ cosx = —1/2 e With centera = —1 and radiuR = % let's examine
f7(x) = sinx=+3/2 convergence of the series at the endpoints of the interval
Therefore, @—Ra+R) = (—% —%) Atx = —3, the series is
3 oz > 1, the divergent harmonic series (prseries with
T3(x) = Z |(§) (x - %)n p=1<1). Atx = —3, the we have the alternating
o harmonic seried " nl) , which converges by the
1 3 1 2 3 3 i i i _ _1
= 53— VT— (x - %) -3 (x - %) + ~1/_; (x — %) Alternating Series Test sind® = |an| = 7 | 0. Hence

the interval of convergence Is= (—% —%]
6. (a) The serie3_ (—1)" e diverges by the Test for
Divergence since limay = lim (—=1)" el/n # 0. Indeed,
. . n—>o§> n—oo i
liminfay = —1 and limsu@, = +1. [Please turn the page for solutions to Problems 12-15.]




12. e Aseries)_ an converges absolutely if and only if the
series of absolute valués |an| converges.

15. e Computing the Maclaurin series via the definition is
straightforward. (“Brute force has a charm all its own.”)

e Accordingly, the series in question converges absolutely f (%)

via the Integral Test.

00 1 t
-4+ _ ; 1 -3
/2 (Inx) ~ dx tI_|>moo ( 3 (Inx) )’2
; 1 1
= Jm, (_ 3in0? T 3 2)3>
1
3(n2)3

13. (a) We have

01 Y10 2 (_x2)"
—X2 _
/0 e X dx = /(; Z - dx

n=0
~ (_1)['1 (1_10>2n+1
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3 5
(b) The third partial sum igk — 2 (1—10) + 15 (1—10) or
approximately 0099668.

(%)
f// (X)
£ (x)

F@ (X)

£ (x)

In (1 + 8x)
8(1+8x)71
—82(1+8x)7?
2.8%1+8x)3
—6-8*@+8x)"*

-1 Tn—1)!.8"(1+8x)"

Thusf™ (0) = (—1)"18"(n — 1)! forn > 1 and
f@ @0 =f@O=In1=0.

e Hence

e Asn — oo the Root Test with GFF requires

V|

o0 o0 —
fM O , (—p"-1anxn
IN(1+8)="fx=>_ X :Zf_
n=0 n=1
| = 83'/;' —>8Ix] <1

1

or x| < §. ThusR = §. (The Ratio Test gives the
same result.)

e Alternativelymanipulate a known geometric series.

: L 1
Note that In(1 + z) is an antiderivative of1+—z.

In(1+ 2

(c) The Alternating Series Estimation Theorem guarantees

that the magnitude of the error in this approximation
less than or equal to that of the first neglected term.

This corresponds to = 3. Therefore, the error satisfies

1077 1

errof < = A~ 2.38x 1072,
ool = 238 =~ 22x 107 x
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14. (a) The serie ;3/4

converges via the Alternating

. . 1
Series Test since, = |ap| = =77 J 0.
n3/4

n2

(b) The seriesy is asymptotically similar to the

n4 —n
. 1

convergenp-series) = (herep = 2 > 1) and thus

converges by the Limit Comparison Theorem.

n2

— 4
. 4 _ . n .
lim 1 N _ Jim = lim
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Thus In(1+ 2)
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We requirgz| < 1. Hence the radius of convergence
for thisseries isR = 1.

e Now setz = 8x. Then

o0

IN(1+8x)=>)"
k=1

(_1)k—l (8X)k B x (—1)k_18ka

k = k
1

provided|z| = [8X| < 1 or|x| < g. Thus the radius of
convergence obur series isR = %.



