Spring 2007 Math 152
Exam 3A: Problems and Solutions

Fri, 04/May ©?2007, Art Belmonte
1. (c) Find the vector projection &f = —i — 2j — 4k onto
a=—4i+8 + 7k.
e The vector projection is
ab) a
ropb = (— ) —
POk (uau) fal
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B «/16+ 64+49) /129
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2. (b) Find the sum of the seneE .
n=1
2 (1 3\"?
e The sum of geometric serieE: (—) (——) is
= 5 5
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3. (e) Find the cosine of the angldbetween the vectors

v =2+ 6] —4k andw =i + 2j + 3k.
e The cosine is
cosd = VoW
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4. (d) Which of the following statements is true for the sgerie
i =",
—n Inn

e Theseriesis convergent, but not absolutely convergent,
as we now show. (We say that the seriesoisditionally
convergent.)

e This alternating series converges by the Alternating

lan] = 10

e However, the corresponding series of absolute valug
o0

1 .
Z Py diverges by the Integral Test since

Series Test sincley =

/;oo

o0
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5. (@) The senesz rv
n=2

X dx = tI_|>rrgo (In(nt) —=In(In2)) = o0

converges by the Integral Test, as W

e

now show.

e First compute an antiderivative using integration by
parts. Letu = Inx anddo = x~2dx. Then
du = x~1dx andv = —x~1. Hence

I
/nx __+/x‘2dx=—

e Accordingly,
% |nx q im 1+In2)
, @ Tt )=
1/t

Int .
1+1n i 0 by employing

(1+Inx)
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L’Hosp|tal s Rule.

6. (c) FindT2 (x), the second-degree Taylor polynomial for

f (X) = +/x+ 3 abouta = 1.
e Compute the first two derivatives df.
f(x) = (x+3)¥?
) = 3x+3)7?
f7(x) = —2(x+37%2

e Evaluatef and these derivatives at 1.

f =
(1)

f " (1)
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e Write down the requested Taylor polynomial.

>

n=0

To(x) =

£ (1)
n!

x=D"=2+2(x-1) - & (x—1)7?

7. (b) For what values of does the power series
0 2
n
— (x = 3)" converge?

on
n=0

e The Root Test guarantees absolute convergence
vnZ|x -3 x—3
providedy/|ap| = | | - | | <1,

whenceglx — 3| < 2. Thus—2 <x—3 < 2o0r
1 < x < 5. Alternatively, the Ratio Test also yields

2
ani1| _ (4DAx=3™t 20 (1+7) 1x=3| N
an 2n+T nZ|x—3" 2
@ < 1.

Forx = 1, the series i$_ (—1)" nZ, which diverges by
the Test for Divergence.

Forx =5, the series i®_ n2, which also diverges by
the Test for Divergence.

e We conclude that the interval of convergence is
1<x<b5.

8. (d) Choose the option that best describes the sequence
ap = (=1)" n>1.

+2'
n

— < —-=1

n+2 n

e It is nonmontonic since its terms alternate in sign.

e The sequence isounded sincela,| =



9. (a) Write down the Maclaurin series expansion fottsin | 12. The functionf (x) = e has a Taylor series expansion

X (=N abouta = 1 given b
e We have sint = Z % t2+1lfort e R. J y
n=0( n+1) f (x)=ao+a1(x—1)+a2(x—1)2+a3(x—1)3+--- .
(b) Use part (a) to find the power series expansion for the , ,
o X gint (a) Find these values: (1), f/ (1), and f” ().
sine integral Six) = /0 —at e Compute the first two derivatives df
e Therefore, foo = —1;( 3
X
X i 3 2
Six) = / ST ¢ Voo - (L) 0 -x(3¢)  1_23
o ! (1427 (1427
X (=" 3)? 2 3 3) (ay2
— / thzndt Voo - (1+3)" (-82) - (1-2¢) - 2(1+ %) (322)
% n=0 ' (1+x3)°
X
(i (—pn 2+l ) e Evaluatef and these derivatives at 1.
|
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— 0
1
o @n+D!'2n+1) o f/(l) — _Z
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Z (=D x forx e R. f7(1) = 2474_12=—1—2=—§.
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(b) Now compute these coefficientg, a1, anday.
00 1
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10. Consider the seried —— . _ @)
ngl n + 1)! e We havea, = = forn > 0.
(a) Prove that the series converges absolutely. — 1
ag
e The Ratio Test gives 2 1
R . S T
an | (@n+3)! s+l T (2n4+2)(2n+3) ’ a 3
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Hence the series converges absolutely.

(b) Usesp, the second partial sum, to approximate the sum
of the series.

¢ We have

25 125 B 500—- 125 . 375 75 25 1

®=§ 120" 120 120 24~ 8

(c) Find an upper bound on the remainder in usintp
approximate the sum of the series.

e The Alternating Series Estimation Theorem yields

54 625 125
Rl<lagl==—=——=-—-~0124
IRl < lasl = 27 = 5620 = 1008 :

any one of which is fine.

11. Find the power series expansion abmut O for

f (X) = ——— and determine its radius of convergence,
1+ 9x2

e Use the Geometric Series Theorem!
1 o0 n o0
S — —_ox2) — _1\n gy 2n
AT Z( 9x) > (nn e,
n=0 n=0

provided|—9x?| < 1 or|x| < 3.

e The radius of convergencei® = %



