Math 152 Spring 2009 Exam III
Solutions-Form B

(o)

1. d: Recall Y a, = lim s,, where s, is the sequence
n=1 n—oo

of partial sums. We are given that

Sp =44 In(n+1) —In(2n), thus

io: ap = lim (44 1In(n+1) —In(2n))
n=1 n—0eo
1 1
= lim <4+lnn+ ):4—|—ln—
2n 2

n—oo

. e: Collect all variables on the left hand side of the
equation and complete the squares:

22 +2x 4 y? — 4y + 22 — 62 = 0. Complete the three
squares:

224204+ 1+ —dy+4+22—62+9 =14 =
(x+1)?+ (y —2)% + (2 — 3)2 = 14. Thus the center
of the sphere is (—1,2,3) and the radius is v/ 14

(@) 4
car Ta(x) = ‘2) f Z,!(l)(x - 1)
= @+ -+ L o1 L oy
=zr—1-— %(m 12+ %(m —1)3. Substitute z = 3
into T3(x) yields T3(3) = g
. X (=420 G /EDr 2ny
Ca nZ::OT = nz:o( mn —i—5n) =
= (-1, &2
n2=:O on +nz::05_”
o0 1\ 00 2\ "
B nZ::O (_g> * n§0 (g>
1 15
- 1+1/5+ 1-2/5 2

fe'e) n
. ¢: The series > 2 (5) is a convergent geometric
n=0

3
series with r = £ All of the other statements are

false.

. a: Apply the Ratio Test to the series

o0
. e: The Ratio Test is inconclusive for
n=2

6. ¢: Taylor’s Inequality says an upper bound on the

absolute value of the remainder in using T),(x) to
approximate f(x) in an interval containing a is

[ R ()] <

CE] |z — a|" ™ where

M = maz|f"+1)(z)| for x in an interval containing
T
a. Heren:3anda:§.

2
where M = maz|f® (z)| for 0 < z < ?ﬂ

f®(z) = sinz, hence the maximum of | f(*(z)| oc-
cures when =z = g, yielding M = 1. Thus

1 4

2
By(@)] < 5 Now if 0 < z < g the

. T, w
maximum of |z — g\ is 5 Thus

rsl < 5 (5)

< nl(z—3)"

n=1 o
| _ a\n+l1 n
i |2 — i (n+ 1)l(x —3) 5
n—oo | n—00 Fn+1 nl(x _ 3)n
-3 1
= lim M = 0o > 1 for all z. Hence
n—00 5

the interval of convergence is {3}, yielding a radius
of convergence of R = 0.
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since

3

lim [21] gy | DT Vinnl
n—oo| a, | n—ooly/In(n+1)(-1)"

e S, = i <sinl—sin ! >

i=1 1 1+ 2
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. 1 . . .
Sin — sin + sin — — sin

n—1 n—+1 n n -+ 2

1

p— 1 1 1 —_— —_— i - 1 N

sin(1) + sin 5 — sin ——— — sin—— ow,
x /.1 . 1 oy
nzzjl smg—smn+2 = lim s,

. . N T | o1
= lim (sin(1) 4 sin = — sin — sin
n—00 2 n+1 n—+2

1
= sin(1) + sin 7
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11.

12.

13.

4+ cosn > 5 x 5
b: Z +72 Z —. Since — is a con-
n=1 n =1 n? n=1"1
4 4+ co
vergent p-series, Z 5 " also converges by the
n=1 n

Comparison Test.

e. Using the known Maclaurin Series for

- 0o (_1)n$2n
cos T = nZ::O 7(271)! ,

- - %) (_1)nx2n
f(z) =2%cosz = xQHZ::OW
(_1)nx2n+2

(2n)!

108

Use the Ratio Test: for M:

n=2 n
. Ap+1
lim
n—oo | a,
i |G @2 VA
= lim
n—00 vn+1 (=4)"(z —2)"
= lim 7_4@ —2) @
n—oo| /n+4+1 1
=|—4(x—2)| =|—4||(x — 2)| = 4|z — 2|. Now the
An+1

< 1, then the series

Ratio Test says if lim
n—oo | @,

> a, converges. Hence
n=1
1 1
dlz—2| <1,s0 |z —2| < T hence R = i Now test

the endpoints of the interval:

1 7 9
|z — 2| < 1 yields 1<%<g Testing = =

& (4" (=14

7-
T
p

Which diverges b
N0 Z ges by
series.
9 x (=4)"(1/4)" = (=)™
Testing z = - ZM = Z( )
4 n=1 \/ﬁ n—1 \/ﬁ
which converges by the Alternating Series Test.
7 9
Thus the interval of convergence is 1 <z < T
f(x) = In(5 — 2?), thus f'(x) = 3 =
’ 5— a3
—3z? B —3z2 1
51—-x3/5) 5 ) 3
5
—3p2 X 3\ " 3
= 5x 2(%) , where |—| < 1,
n=

hence R = /5.
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342 23 +2
Novv,—5 Z( ) Z 35n+1.
n=0
3n+2
Thubln5—x /Z 35nJrl dx
x3n+3
=C -3—
* nz::o 57+1(3n + 3)
) 3n+3
—c-y —*°

=0 d"tl(n+1)
Find C by choosing = = 0, yielding C' =
) x3n+3

In5.

Thus In(5 — 2%) =In5 —

(a) First, I will apply the Alternating Series Test to
0 -1\
determine whether > (

n—o nlnn

converges with

1

nlnn:
1

CESCES
1

Aan,

(i)
ST —0
(i) P60 nlnn

Therefore both conditions of the AST are met, so

the series converges. To test absolute convergence,

| _ s
we look at Z
nlnn

oo
tegral test: /

9 xlnx
tlim (In(Int) —In(In2)) =
— 00

, hence ap1 < ap.
nlnn

Use the in-

n—onlnn

1 t
dr = lim
t—o0

de =
xlnx
oo (u-sub Wlth u=Inz).
© 1 % (-1)"
Thus / dx diverges, hence > -——
o xlnxzx

n—o nlnn

con-

verges, but not absolutely.

(b) Since Z

n—onlnn -+
since this is part (b) of a problem, that is a hint that

I will somehow use part (a). In part (a), I showed
[ee)

1
> ——— diverged. Thus I will use the Limit Com-

n=2"MN Inn
1
parison Test with Z
n—onlnn
lim 2% = lim l/(nlnn + v/n)
n—oo by, 1/(nlnn)

is a positive series, and

n—oo

1
= lim &. Divide the numerator and de-
n—oonlnn + /n

nominator by nlnn.
1 i 1

= lim ———— = lim

n— 00 \/ﬁ n— 00

1+
nlnn

= 1. Thus

+ \/ﬁlnn

1
diverges, so does nZQ ninn+

o0
since Y.
n=anlnn
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The Taylor Series for f(z) = i at x =4 is
(n)
f) = £ L0

mula for f™(4 )

(x —4)". We need to find a for-

(=1)"n!
xn—l—l

1) (@) =

) o _(=1)"n!
Substitute z = 4: f((4) = TS

this in above, we obtain
@)= X “gtr@ =4

. Substitute

_ § (_1)n(x_4)n

n=0 gn+1

& (="
=1 2nnl

a.) We will use the Ratio Test to establish conver-
gence:

lim Aan+1
n—oo | a,
(—=1)ntt 2npl
= lim
n—oo [2nt+1l(n + 1)1 (—1)»
= lim |———| =0 < 1, thus the series converges
n—00 (n )
absolutely by the Ratio Test.
L (-
b. = :
) 54 igl 2¢4!
1 1 1 1

T2 2% T 23 T ol
c.) Using the Remainder Estimate formula for Al-
ternating Series:

|R,| < an41 where a,11 is the positive part of the
(n + 1) term. Since n = 4:

1
|Rn| < as = 25—5'



