
Fall 2009 Math 152Exam II Version A Solutions1. E Let x = 2 sec θ. Then dx =
2 sec θ tan θ dθ. Substituting into the inte-gral yields � √

4 sec2 θ − 4

2 sec θ
2 sec θ tan θ dθ =�

2
√

sec2 θ − 1 tan θ dθ = 2
�

tan2 θ dθ.2. C There is a repeated linear and repeatedquadrati
 fa
tor in the denominator; there-fore the 
orre
t form is A

x − 1
+

B

(x − 1)2
+

C

(x − 1)3
+

Dx + E

x2 + 5
+

Fx + G

(x2 + 5)2
.3. C The integral is de�ned as

lim
a→∞

� a

0

xe−2x dx. Integrate by parts, with
u = x, dv = e−2x dx. Then du = dx, v =

−1

2
e−2x. The integral is = lim

a→∞

−1

2
xe−2x

∣

∣

∣

∣

a

0

−� a

0

−1

2
e−2x dx = −1

2
xe−2x − 1

4
e−2x

∣

∣

∣

∣

a

0

= lim
a→∞

−1

2
ae−2a − 1

4
e−2a − 0 +

1

4
. The �rstterm approa
hes 0 by L'Hospital's Rule; these
ond term approa
hes 0 from the graphof the exponential fun
tion. Therefore, thelimit is 1

4
.4. D Integral (I) 
onverges by Comparisonwith �

∞

0

e−x dx. Integral (II) 
onvergesby Comparison with �
∞

1

1

x2
dx. Inte-gral (III) diverges by dire
t integration( lim

t→∞

ln |1 + t| − ln 2).5. A If p 6= 1, � 1

0

1

xp
dx = lim

a→0+

� 1

a

x−p dx

= lim
a→0+

1

−p + 1
x−p+1

∣

∣

∣

∣

1

a

= lim
a→0+

1

1 − p
(1 − a1−p), whi
h is �-nite when 0 < p < 1. If p = 1,� 1

0

1

x
dx = lim

a→0+
ln x|1a = lim

a→0+
(− ln a) = +∞. Therefore, the integral 
onverges only when

0 < p < 1.

6. C dy

dx
=

1

2
(x2 + 2)1/2(2x) = x

√
x2 + 2.Therefore, s =

� 1

0

√

1 + x2(x2 + 2)dx =

=

� 1

0

√

x4 + 2x2 + 1 dx =

� 1

0

(x2 + 1) dx

=
1

3
x3 + x

∣

∣

∣

∣

1

0

=
4

3
.7. A S =

� b

a

2πxds, where x = 2 cos t,
ds =

√

(−2 sin t)2 + (3 cos t)2, and [a, b] =
[

0,
π

2

]. Therefore, the surfa
e area is� π/2

0

2π(2 cos t)
√

4 sin2 t + 9 cos2 t dt

= 4π

� π/2

0

cos t

√

4 sin2 t + 9(1 − sin2 t) =

4π

� π/2

0

cos t
√

9 − 5 sin2 t dt.8. D Using properties of limits, we obtain
(2)(−3)

2 + 3(−3)2
= − 6

29
.9. B lim

n→∞

[ln(2n + 1) − ln(n)] = lim
n→∞

ln

(

2n − 1

n

)

= ln 210. C Expanding the series yields 4

3
+

8

9
+

16

27
+· · · .This is a Geometri
 series with a =
4

3
and

r =
2

3
. The sum is 4

3

1 − 2

3

= 4.11. � dx

(x2 + 4x + 8)2
=

�
dx

[(x + 2)2 + 4]2
. Let

x + 2 = 2 tan θ. Then dx = 2 sec2 θ dθ.
=

1

8

�
sec2 θ dθ

(tan2 θ + 1)2
=

1

8

�
cos2 θ dθ

=
1

16

�
(1 + cos(2θ))dθ =

1

16
(θ +

1

2
sin(2θ) + C

=
1

16
(θ + sin θ cos θ) + C

= =
1

16

[

tan−1

(

x + 2

2

)

+
2(x + 2)

x2 + 4x + 8

]

+ Cusing the referen
e triangle below.
x+2

2

(x^2+4x+8)
1/2

θ1



12. Using partial fra
tions,�
2x2 + 2x + 1

x2(x2 + 1)
dx =

� (

2

x
+

1

x2
+

−2x + 1

x2 + 1

)

dx

= 2 ln |x| − 1

x
− ln(x2 + 1) + tan−1(x) + C.13. dy

dx
=

−x√
1 − x2

, so the sur-fa
e area is given by S =� a

0

2πy ds = 2π

� a

0

√

1 − x2

√

1 +
x2

1 − x2
dx

= 2π

� a

0

dx = 2πa =
3

2
, so a =

3

4π
.14. . (a) lim

n→∞

n2e−2n = lim
n→∞

n2

e2n
. ApplyL'Hospital's Rule to 
ompute the limitof the real-valued fun
tion f(x) =

x2

e2x
.

lim
x→∞

x2

e2x
= lim

x→∞

2x

2e2x
= lim

x→∞

2

4e2x
= 0.Therefore, the sequen
e also approa
hes0.(b) Let an =

n

2n + 3
. lim

n→∞

an =
1

2
(6= 0),therefore, by the Test for Divergen
e, theseries ∞

∑

n=1

n

2n + 3
is divergent.15. . (a) 0 ≤ sin2(

√
n)

n(n + 3)
≤ 1

n2 + 3n
≤ 1

n2
. The se-ries ∞

∑

n=1

1

n2

onverges sin
e it is a p-serieswith p = 2 . Therefore, by the Compar-ison Test, ∞
∑

n=1

sin2(
√

n)

n(n + 3)
is 
onvergent.(b) The terms of the series are all positive.Let an =

1

1 + n1/3
and bn =

1

n1/3
.Then lim

n→∞

an

bn
= lim

n→∞

n1/3

1 + n1/3
= 1,whi
h means the series ∑

anand ∑

bnare either both 
onvergent or both di-vergent. But ∞
∑

n=1

1

n1/3
is divergent sin
eit is a p-series with p =

1

3
, therefore

∞
∑

n=1

1

1 + n1/3
is divergent by the LimitComparison Test.16. Sin
e the length of C is

L,

� 1

0

√

(f ′(t))2 + (g′(t))2 dt = L. Forthe new 
urve, dx

dt
= g′(1 − t)(−1)and dy

dt
= f ′(1 − t)(−1). Therefore,the length of the new 
urve is given by

s =

� 1

0

√

(g′(1 − t))2 + (f ′(1 − t))2 dt. Let
u = 1 − t. Then du = −dt, or dt = −du.When t = 0, u = 1, and when t = 1, u = 0.Therefore,s = −

� 0

1

√

(g′(u))2 + (f ′(u))2 du

=

� 1

0

√

(f ′(u))2 + (g′(u))2 du = L.

2


