Algebra Qualifying Examr  May 1999

Birections:
11; Anewer all questions. (Totai poselble is 10C points.)
(2 Btaet ench grestion ve a aew sheet of paper.

) Write ooy on one sice of earh sheet of paper.

Notes: The rationad mumiers will be densted by O, the (wegema by Z, the non-pegative integers
[trrelading 1) e ™ and the positive integars by NS

E. 13 palats)

Let & be a finite group. Abn automerphimm & of & o called fized poini fres i olsc! ~ r imples
1 = the idantity element of &, Let o be a fxed pont free sutoinorphism of 7 of coder n

(1) If gedl . 1) = 1 prowe that o' 5 Els dxed Dalor free,

{ii) Prove that the mapping a: & — £~ lo(z) ie 2 permutation of G

(i) Prove tha: the elements © and of o) are conjugate if acd onby if & = e (Hint: Uae (i)

2. [15 points)
(i) Prove that every groap of order p° {p peime) is abelian,

(i) Prowe that no group ol pider 56 13 s'mple.

3. (15 pois)
Let A be a commatetive ring with ident ity and &t f £ X b 2 non-hilpaotent siement. Oopsider
the multiplicative set § = {1g, £, 4% £5,.. .} and the localiontion §71 7, alw denoted ;. wud the
CRINMICA Aomomorpiiam:

g — Hy sudhthat ar—re/lp
(1) Show that shere is & natured 1-1 corrmpomdense between the prime ideada in 7 aodl the prime
idesls in F whick do nod contain f

(ii) Give an axample tc ehow where this correspondem Fuils when we drop the “prime” assumptior.



4, 110 poiuts}

Let  hea the ideal of all polynomials fir) € Z[x] with f{0) = 0 and tet J be the ideal of ajl
polynomials in Z|z] such that f(0) is an even integer. Show that

(i] £ is a prime ideal,

(i) J is & maximal ideal.

(iii) f is a principal ideal.

iiv] Jis NOT a principal ideal.

5. (15 points)

For buth parts of this question, 4 iy a noo-zerc camnutative ring with identity and A is a enitary
A-module,

() Prove that M is & finitely generated A-module if and only if Af is isomorphic to a quotient of
A" for some n £ N°.

lii} Let Af be a finitely generated A-module and [ an ideal of A contained in the intersection of all

maximal ideals of 4. Prove that if /M = M then M =10

6. {15 points)

The following three questions are unrelated to each other.

{i] Let @ be a root of 28 — 2z — 2 € Q[z). Compute (1 + 8}/(L + # + 87} in Q{#).
{il) Determine the minimal polynomial of 1 + i over Q, where 12 = —1.

{iii] Give an example of a separable extension of Q that is not Galeis over Q. Justify your answer.

7. {13 points)
(1} Find the Galois group over Q of flz} = 21 — 4o + 2,
[ii} Calculate the splitting field & of % + x° — 6 over @ and draw the lattice of all fields that are

intermediate between ) and K. Which of these intermediate fields are Galois gver Q 7



