APPLIED ANALYSIS QUALIFYING EXAMINATION
MAY 2004

Hand in all the problems that you attempt. Your grade will be based
on your best 7 answers

Policy on misprints. The qualifying examination committee tries
to proof-read the examinations as carefully as possible. Nevertheless, there
may be a few misprints. If you are convinced that a problem has been stated
incorrectly, indicate your interpretation in writing your answer. In such
cases, do not interpret the problem so that it becomes trivial.

a. Let X be a Banach space and let A : X — X be a linear operator
of norm less than 1. If [ is the identity on X, prove that I — A is
invertible.

b. Suppose that the operator A satisfies a polynomial equation

zn: CjAj =0
7=0

in which ¢g # 0. Prove that A is invertible and give a formula for
its inverse.

c. Prove or disprove: If A is a bounded linear operator on a Banach
space and if ||A™]| < 1 for some m > 1, then (I—A)~! =72 A

a. State the Contraction Mapping Principle.

b. Establish the following: Let v be continuous on |[a, b] and let K be
continuous on the square [a, b] X [a, b]. Then the integral equation

x(t) = / K(s,t)x(s)ds + v(t)

has a unique solution in C|a, b].



. Define the Schwartz space § on R and state the inversion theorem

for S.
. Explain why, for ¢ € S,

[ et e - -2

. Let f(z) = e for z > 0 and let f(z) = 0 for 2 < 0. Find f and
verify by direct integration that f(z) = [ f(y)e*™*¥dy.

. Let (X, ]|-||x) and (Y,]|-||y) be two normed linear spaces. Define
what it means to say “X embeds in Y.

. Find the norm of the identity operator for the embedding of Cla, b]
into L?[a, b].
. Define the Sobolev spaces W*P(R) and show that the function

(1, iflz| <1,
fla) = {0, if |2 > 1
belongs to W2%P(R) but not W1?(R).

. Prove one of the following statements:
A. Every distribution on R is the derivative of another distribu-

tion.
B. Let T be any distribution on R such that 97 = 0. Then T is ¢
for some constant c.

. Let {f;}32, be asequence of nonnegative functions in L*(R") such
that [ f; =1 for each j > 1 and such that

I=00 J|z|>r

for all r > 0. Then f; — & (the Dirac distribution) as j — oc.



a. Let X be a normed linear space and let {z,}>°; be a Cauchy
sequence which converges to z. Let o, = (x1 + -+ + z,)/n for
n > 1. Show that {0, }5°; also converges to x.

b. Let M and N be two closed subspaces of a Banach space X and
further assume that IV is finite dimensional. Show that the space
M + N is closed. (Hint: First do the special case that M NN = 0).

a. State one of these theorems: the Implicit Function Theorem, the
Inverse Function Theorem or the Surjective Mapping Theorem.

b. Let f be a continuous map from an open set {2 in a Banach space
X into a Banach space Y, and suppose that f’(z) exists and is
continuous in Q. If zy € 2 is a point where f’(z¢) is invertible,
then prove that f is one-to-one in some neighborhood of z.

a. Let X and Y be Banach spaces and f: X — Y a map from X to
Y. Define the Fréchet derivative f’(xg) of f at xg € X.

b. Let p € (2,00) be fixed. Let X = LP(R), let f : X — R be defined
by f(x) = ||z]|, for x € X, and let zp € X be nonzero. Show that
f'(xo) is the linear functional defined by the function

zo() 2o ()["?/llzol[;~" € LU(R),
where 1/p+1/q = 1.

(Hint: it is easier to work with fP(x) and use the chain rule).

9. Find the Green’s function for the problem

' —x' =2z =y, x(0)=0=x(1).



