Applied Mathematics Qualifying Exam
May 2005

Do any 7 of the 9 problems in this exam. Clearly show all of your work.
Please indicate which 2 of the 9 problems you will skip in your work.

Policy on Misprints. The Qualifying Exam Committee tries to proofread the exams as carefully
as possible. Nevertheless, the exam may contain a few misprints. If you are convinced a problem
has been stated incorrectly, indicate your interpretation in writing your answer. In such cases, do
not interpret the problem in such a way that it becomes trivial.

1.

().

(b).

Let P, P,,---, be a sequence of projections on a normed linear space X. Suppose that
P, 1P, = P, for all n and that the union of the ranges of these projections is dense in
X. Suppose further that sup,||P,|| < co. Prove that P,z — z for all x € X.

Let {¢1, ¢o, - -+ , ¢n} be alinearly independent set in X*. Is there a projection P : X — X
having rank n of the form

Pr = Z oi(z)v;?
1

(Here {v;}7 is some collection to be specified of elements of X).

. State and prove the Contraction Mapping Theorem.

. Prove the following: Let S be an interval of the form S = [0, 5] and f be a continuous

map of S x R to R. Assume a Lipschitz condition in the second argument of f:
£ (s,t1) = f(s,t2)] < Altr — 1o
where A is a constant depending only on f. Then the initial-value problem
o' = f(s,2(s)) =(0)=8
has a unique solution in C(S). Hint: Introduce a new norm in C(S) by defining

|||y = sup [z (s)|e >
sES



. Let X and Y be Banach spaces. Let o € X and f : X — Y. Define the Frechet

derivative of f at x, (if it exists).

. Let f: R* — R. Explain the connection between the Frechet derivative f'(xy) and the

gradient vector V f(zo).

. Let f: C[0,1] — R be defined by f(z / |z(t)|dt Vz € C[0,1]. Find the Frechet

derivative of f at = € C[0, 1] where it exists.

. Let X be a Hilbert space having a countable orthonormal basis {u1, us,- - - , }. Define an

o0

operator A by the equation Ax = Z(m, Up)Uny1. What are the eigenvalues of A? Is A

n=1
compact? Is A Hermitian? What is the norm of A?

o0

. Same questions as (a) for Az = Zan(aﬁ,un)u” in which {a,} is some prescribed

n=1
bounded real sequence. Find the conditions under which A~! exists as a bounded linear

operator.

o

. Same questions as (a) for the operator Az = Z(:r, Upt1)Un,

n=1

. Let X and Y be Banach spaces and f : X — Y. In this setting identify the problem

that Newton’s method addresses and the corresponding algorithm used to (attempt to)
solve this problem.

. Let f:R?> — R? be given by f(z,y) = (r—y+1,2°+y*—4). Apply Newton’s algorithm

to compute u; and us given the starting point uy = (0, 2).

. Let {uy,...,u,} and {vy,...,v,} be two sets in L?[0,1]. Let k(s,t) Zuz s)v;(t) and

(Kz)(t) = /0 k(s t)x(s)ds V€ L2[0,1].

For b € L?[0,1], find a solution expression to the problem mln ||K x — \x — b|| where

(a).
(b).

;UEL
A=0;

A # 0 is not an eigen-value of K.



7. Let  C R™ be an open set and W*2(Q) be the Sobolev space defined by
WHh(Q) = {f € L2(Q) : there exists g, € L*(Q) s.t. 8°f = §a,V|a| < k}
where g, denotes the distribution corresponding to g,.

(a). Prove that the formula
(f9)="2_ | 8 f(2)0°G(x)dz

o<k’

defines an inner product in W*?2(Q);

(b). Verify that W#2(Q) is a Hilbert space under the norm ||f|x2 = +/{f, f)-

8. Let f: R* — R be a C? function satisfying f'(0) = 0, u” f"(0)u > 0,Vu € R*,u # 0. Assume
that there is @ > 0, for each u € R", ||u|| = 1, there are unique ¢, > o and 0 < 2 < ¢, such
that

fltyw)u=0 and ul f"(u)u=0.

u

Define
N =A{tyu:ueR ||ul| =1,t, > a, f(t,u)u =0}

S={Pu:ueR" |jul|=1,0<t <t, v f"{t’u)u = 0}.
Furthermore we assume that u” f”(t,u)u < 0 for each t,u € N.
(a). Apply the Implicit Function Theorem to prove that A is a differentiable manifold;

(b). Prove that S is a continuous manifold and

. ! _ .
min | f'(u)]| = 75 > 0

(c). Let B denote the open set with boundary S. If ug € B and ||f'(ug)|| > rs, prove that
any continuous path {u()): 0 < A < 1,u(0) = up} defined by the homotopy

0=HAuX) = Af"(u(A) + 1 = ) (f'(u) = f'(uo))

stays in B.

9. (a). Define the Fourier transform f of a function f € L'(R").

(b). Describe how Fourier transform can be used to solve the Helmholtz equation Au—u = f
where A is the Laplacian in R? and f € L'(R?) is given;

(c). Assume that a solution is found in (b). Find a solution to the problem Au — c*u = f
where ¢ > 0.



