Applied Mathematics Qualifying Exam

May 1996

Instructions: Attempt any 5 of the following 6 questions. Docurnent all of your
work. :

L Let p € C(0,1},R) and f,¢ € L'((0,1), B) such that p(z) > O for all
ﬂE:Elanquﬂa]nmﬂtmrerywhm
a. Give a weak formulation for the boundary value problem

-3 (p(z)u'(z)) + qlzjulz} = f(z) seO<e<] 0.1)
w0 =0 v(l)+u{l}=0 )

b. Prove that (0.1} has a unique weak solution.
¢. Copsider the functions p and ¢ fixed, and define a function
T : L3((0,1), R} = L*((0,1), R)

T{fi=u
where u is the unique weak solution of {0.1). Prove that T is a compact,
self-adjoint operator. What can you conclude?

2. Let A, ., denote the space of real n X n matrices.
a. Give a definition of the exponential of a matrix A € A,y (dencte
exp(A) as the exponential of A4).
b, Let 4, B € Ryun such that AB = BA. Prove exp(A+B) = exp(A) exp{B).
c. Suppose A € Roxn. Prove exp(A) is & nonsingular matrix and

(exp(A4) ! =oxp(-4). (0.2)
11 -10 —4
d Lee A=} 20 —19 —8 |. Compute exp(A) and verify the formula
20 20 9 .

{0.2) in part c.



3. Suppose d,T > 0 and a,b € R. Let
uo € L3{{0,1), R)

and

f € L&{{0,1) x (0,T), R).

a. Give a formula for the unique solution to the partial differential equa-
tion

wD,t) =0, w(l,t)="5 t>0

U =y —u + f, 0cz<], 0cteT .
(0.3)
u(z, 0) = uplx) O<e<l

b. Suppoee f(x,t) = f{z}. Discuss the limiting bebavior of u{z,t) as
£ — 00,

4. Let < denote the natural partial ordering on K", and suppose u,v € B*
such that 4 < v. Denote

o] ={zc " |usz<p}.
Suppoee F ; A" — A" iz continuously differentiable and

%gﬂhaﬂiﬁjmdxe[&vL
3]

Furthermore, suppoee
F{u) > u and F(v) <.

Prove there exists a vector y € [u,v] such that y is a fixed point of F. In
addition, show there exists a value M > 0 sufficiently large so that if we
define 1 = w and

1
=

(F{tm-1) + M)

for k € N, then
U=PEN S~ SWMEY,

and the sequence {y,};., converges to a fixed point of F.
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5. Let K € L3((0,1) x (0,1), R} and define the operator
T: 30,1}, R) — L*{((0, 1)}, B)
via .
T(w)(z) = [ Kiz.vuly)y

a Let {Kn}y_; S L2((0,1) x (0,1), R} such that Ky — K as & — o0,
and

Tw : E2((0,1), R} — L3((0,1), R)

1
Tw(w)e) = | Knl(e,y)uly)dy.

Prove that Ty — T as N — 0o,
b. Suppose 1 ¢ o{T'). Prove there exists M > 0 such that if ¥ > M then

1 ¢ o(Tn)-
¢. Let M be given from part b and let f € L3{{0,1), R). Suppose

{IN};.M - Li{{ﬂsl}: R]
guch that fiy — f as ¥ — oo, Let uy denocte the unique solution of

uy — Taulun) = i

for ench N > M. Prove upr — 1 a8 ¥ — 00, where ¢ is the unique
solution of
uw—T{u)= [

6. Suppose f : ™ — R iz a continnously differentiable function and v, € A"
Prove there exiats a value T > { such that the initial value problem

w'(t) = flult) -T<teT
u(l) =1y

has a unique solution u € C'{{—T,T), A"). In addition, show that if ug > 0
and
fi{v) > 0 whenever v > and v, = 0.

then uft) > 0 for all 0 < ¢ < T. (Note: v; depotes the i-th component of v
and f;(v) depotes the i-th component of f(v).}



