Applied Mathematics Qualifying Exam
AMav 1719

Instructions: Artewpt all six of the following guestioms. Clearly show all
of vour work,

1. For k.n e {1.2.3. .. }. detine

- B 1 |fﬁ, = I,
{0 k. n) = { I otherwise

and. for ¢ # 0. |
")“:f k. ”} = ,E_k?[’-'—n]?_,-'gl.

Prove that there cxasts € > 0 such that for each fixed ¢ with |#] < ¢, and for
every r o= (1. .. ) € 7 the problem

kS

Zg{i".k.n}ru. =, =123 ..

k=1

admirs a unigue solution v = (e, .. ) 17

2. Let 2 € R**" he a given orthogonal matrix (s0 QY = QQF = 1. Lat
S denote the Schiwartz class on R". Dchine the rofation operafer 1: &5 — &
I

(HfW.ry = flQdr). for f e &.
Explain how R can be extended to the space 8 of tempered distrilmitions on

R". atel prove that the Fourier transform F commuutes with 8 on &, that
is, #F = FR.

3. Let {f, }jiu C L*(0 1) be a finite sequence of functions satisfying || £l <
AN+ 1) for j=0.1... . N. Prove that the equatiou
Al 1
ufr) =3 ([ﬂ u {1 dy) fir), ae re(0.1)

2=

luas at least one solution k€ B = {u e L*(0.1): |lu||x = 1}



4, Consider the problem

d iy +ule) = fle) Bora e (01
#f{=u(l) = (M =x{1) = 0.

where ' denotes the fonrth derivative of 4. Explain what i meant by a
generalized solution to this problem. and prove thar rhe problem adiits
a unicme generalized solntion » for each given £ = L4500, 1),

5. Let g € £™(0.1). with ||g)] < 1/58. Dofine F{u) = . where v anlves

" = fu=g)* omn(ih1)
H0) = {1} = O,
Let By ={ue L*0.1): [|[u—g||x = a}. Prove that there exists o > 0 snch

that the probleny
Fluy=u

hias a unigue solunion o € B,

6. {a) Let A denote an me % roceal matng with A" its adjoint. Prove that
Nul[4*] = Ran[4]*
where Nul[.4%] denotes the nnllspace of 4%, and Ran[4]1 denotes the orthog-

onal complonent of the range of A.

(k) For a.h € R™. a @k deuotes the elementary tensor product of a and h.
whose action as a linear transformation on IR" is defined by

{azbl{r)=ualbr)

for all £ € IR", where {b..r} denotes the usnal inner product on R". Using
part (a). discuss the questions of existence and unigueness of sohitions to the
system of eguations

Ar==#6

whewe A =r2d+eR fwithbhrde feR"



