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Abstract

Sampling theory is the study of the reconstruction of functions from the set of
values they take on at certain points in their domains, and is studied most generally on
Hilbert function spaces. The points at which the functions are sampled are known as
sets of sampling In this paper, the concept of a tight sampling set (TSS) is introduced,
and theorems and conjectures concerning the existence of TSSs in polynomial spaces
over intervals in R are given. It is shown that if a TSS of k elements exists for one such
interval, then k element TSSs can be found for any other interval. A characterization
of TSSs is polynomial spaces of degree N is given in the form of 2N + 1 equations,
and is used to explore the geometry of TSSs in P[0, 1] in considerable detail. Other
topics include a preliminary characterization of TSSs in Py ([0, 1] x [0, 1]) along with an
example of a T'SS in that space, the nonexistence of evenly spaced sampling points in
Pnla, b], and the symmetry of T'SSs and the associated frame polynomials.

Sampling theory

The concepts of sets of sampling and frames are central to the theory of sampling. A set of
sampling is a collection (finite or infinite) of points in the domain of a function space such

that a function is recoverable from its values at those points.

Definition. Let F be a Hilbert space of functions defined on a domain D. Let T = {ti}ie1
be a finite or infinite sequence of points in D. T is said to be a set of sampling for F if the

sampling operator S : F — I‘QT‘ defined by

f(t1)
S:firs | flt2)

is bounded (i.e. continuous) and bounded below; i.e. if

A, B >0 such that ¥ € F,A[[f]* < ) If(t)1> < BJf|*.
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Frames are, in a certain sense, to general Hilbert spaces what sampling sets are to
function spaces. Specifically, a frame is a collection of vectors such that an arbitrary vector

is recoverable from its inner product with the elements of the frame.

Definition. A frame in a Hilbert space H is a collection {x{}¥_, of vectors in H for which
there exist constants A, B > 0 such that for all x € H,

AllxI* < D 10 x> < BlJx|?
i

The constants A, B are called the lower and upper frame bounds respectively, or the frame

constants. When A = B, the frame is a tight frame, or an A-tight frame.

A definite connection between sets of sampling and frames is given by the Riesz Repre-

sentation Theorem.

Theorem (Riesz Representation Theorem). Let &(x) be a linear functional (i.e. ¢ :

H — R) on a Hilbert space H. There is a unique vector vy such thatVx € H: ¢(x) = (x,vq).

Proof Let x € H and ¢ be a linear functional on H, and let {e;} be an orthonormal basis
of H; define a; = (x, e;).

bx) = () aie) =) aidled).

Let v, = ) ; d(ei)ei, then ¢(x) = (x,vg.
O

The Riesz Representation Theorem guarantees that the linear functional of point evalu-
tation at a point t in the domain D, (p : x — x(t)), can be represented by a unique vector
v in the manner p(x) = x(t) = (x, v¢). Consequently, for each set of sampling {t;} there is

a corresponding set of vectors {vi} which satisfy the equation

VEe FLA[f]2 < Y [(f,va)l> < BJIf||%;

or, each sampling set determines a unique frame (but not vice versa).

Point evaluation vectors in PyI0, 1]

The Riesz Representation Theorem says that vectors which determine to point evaluation
functionals exist, but it useful to have a closed-form expression for them in P[0, 1]. Such an
expression has been derived; let ¢ : PN[0, 1] — R, where ¢ : f — f(tg), then ¢(f) = (f, gi,),



where

Reconstruction with TSSs

A k-element collection of vectors {v;} is an A-tight frame iff it satisfies the reconstruction

formula:

3
1
vfeF:f= x ;(f,viwi.

If a k-element sampling set {t;} corresponds to an A-tight frame {v;}, every function f

can be reconstructed from its samples:

1 1
f= K ;(f,vi>vi = K ; f(ty)vi.

such a set of sampling is called a tight set of sampling (TSS), and is especially interesting

because of the simple reconstruction formula.

Translation, dilation of TSSs

A series of theorems by Benjamin Aurispa establishes that the problem of finding k element
TSSs on any polynomial space over an interval is equivalent to finding a k element TSS on

Pn [0, 1]. Proofs are given for the theorems proven this summer.

Theorem. Fiz d € R. Suppose {ti}¥_; is a TSS for Pnla,bl. If ri = ti +d, then {ri}f_, is
a TSS for Pnla+d, b+ d].

Theorem. Fiz ¢ € R, ¢ > 0. Suppose {ti}}_, is a TSS for Pnla,bl. If ri = cty, then {ri}
is a T'SS of Pnlca,cb].

Corollary. A TSS of k-elements for Pnla,b] where a,b € R exists iff a k-element TSS
exists for Pn(0, 1].

Theorem. Let ¢ € R, ¢ > 0 and suppose that {gi}*_, is a tight frame for Pnla,b] corre-

k

sponding to a tight sampling set {t:}_,. Set hi(x) = %gi (%x), then {hi}i_ is a tight frame

for Pnlea, cbl with corresponding TSS {cti}k_;.

Proof Let p € Pnlca,cb], then

cb b
o) = | pLes (3x) ax = [ plewgilwdu = plet).

ca c a



By the previous theorems,
Kk
¥p € Pnlea,cbl: Y I(p, ho)l* = Aflp|?

i=1
O
Theorem. Let d € R and suppose that {gi}lle is a tight frame in Pia,bl corresponding

to a tight sampling set {t{}¥_,. Set hi(x) = gi(x — d). Then {hi}¥_, is a tight frame for
Pnla+ d, b+ d] corresponding to the TSS {ti + d}¥_,

Proof Letp € Pnla+d,b+ d], then

b+d b
)= | plogite - dax= | plut dgilwdu = plti + @

a+d a
Then, by the previous theorems,

k
¥pePnla+db+d:) [(p, Z]ph+d =Alp|>

i=1

Characteristic equations for k-element TSSs in PyI0, 1]

Let {ti} be a TSS and let f = ZJ 0 alt be an arbitrary element of Py [0, 1].

1 N
WP=J S at | {3 ot | at

Since {ti} is a TSS, ||f||*> = AZ]f:l If(t1)]?:

k N N
S5 Y wad —AY Y e

i=1 j=0j'=0 j=0j’=0



This is true for all f, so Vs € {0,...,2N}:

Therefore only if a k-element set of points {t;} satisfies the above 2N + 1 equations and
all t; € [0,1], is it a T'SS.

Example: equations for P5[0,1], k =4

1+41+1+1=A
th+to+ts3+1t4 =

T+t +t3 4+t =

A
ﬁ+@+@+ﬁ:zﬁ+é+é+ﬁ=

| 3 o] > o >

Immediately, it is seen that A = k; also there are no Parseval sampling sets in P[0, 1].
Also, if a k-element TSS does not exist for Pn,[0, 1], then no k-element TSSs exist for
PmI[0, 1] where M > Ng. The contrapositive is also true: if {t;} is a k-element TSS for
PN, [0, 1], then it is also a k-element T'SS for Pm [0, 1], where M < No.

Examples of TSSs

P.[0,1], k=2
t1:3+6\/§ 91:2\/§t—\/§+1
to=328  go=-23t+V3+1




P2[0,1], k=4

15(2v/5+5
ty = % + 7(35/3+ )
t 1 15(2v/5+5)
2727 30
1, V—15(2v5-5)
t3 = 5 + T/ —
=1 V15(VES)
=1 Y-o2ved)
91 = 6v/5t2 + ;\%M_Gﬁ)t_i\/w(ier\/ngl

5 5

g5 — 6y/5t2 + 27vl5(2¢5+5)6\/g>t+7wwm+¢g+1
g5 = —6v/5t + 27\/—15(52\/5—5)+6\/g)t@\/5+1
01 = 65 + 2—\/15;(2\/551+6\/5)t+7\/15(§m_\/5+1

6
g1

5 9a - S _
g2

3 —

Solution sets for k > 2 in P¢[0, 1] always exist

The equations which must be satisfied in this case are:

k k
Y ti=k/2and ) t}=%k/3
i=1 i=1

To solve them, rotate the coordinate system so the normal vector of the plane coincides
with a coordinate axis:
(1,...,1) & (vk,0,...,0)
k
2

E (.., 1), (VK 0,...,0)) =

((tr,. . ti), (1,0, 1)) = g



\/E s 2 k
/ !/
= tl = 7 and iE:2 ti = E

the solution set is a circle with center (4,0, ...,0) = %(ﬁ,(), ...,0), or in the original

coordinate system, (1/2,1/2,...,1/2). The radius is \/1—k2. Therefore, solutions always
exist.

Finding the 3 element TSSs in P[0, 1]

These T'SSs must satisfy the conditions

To solve them, rotate the coordinate axes so the normal vector of the plane lines up with

1 1 1
7w oY (VB
—2 2 o | |1]=]o0
/6 /e
FE RV

The equation for the plane is now t} = @ And the solution set to the equations is a

the t}-axis.

N



circle centered at <§, 0,0) in the new coordinate system with radius % Therefore,

1 2 6

7 —% —% @ %—%cosﬁ—%smﬁ 1

% @ 7\/?6 %cose = %Jr‘fcosﬁ—l—‘gsmﬁ =1 t2

% 0 @ %sin@ l—i—‘/_smﬁ t3
R—1

is a parameterization of the solution set. For all 0, the solution vector lies within the [0, 1]

cube, so any solution corresponds to a TSS.

Example: 0 = 3

1L_ /6

_ 1 6
Ll=l3" 12
ts 1446

The 4 element TSSs in P[0, 1]

Using the same method as for k = 3, the parameterization for k =4 is

t i 2\§_smd)cose—msmd)cose
to| _ %+2‘/\/__s1nd)c05972\/—smd)c059
t3 1+2\fs1n¢51n9—2‘/\}coscb
ty 1+ 5 sin ¢ sin 6 + ‘/\}coscb

Again, for all choices of ¢ € [0, 7], 0, the solution vector lies within the [0, 1] hypercube,

so all solutions of the characteristic equations determine a TSS.

However, for k =5 and k = 6, some solutions of the characteristic equations fall outside

of the [0, 1] cube.

Non-existence of evenly spaced TSSs in Py[0, 1]

Evenly spaced TSSs do not exist for P[0, 1].



Proof Assume there exists such a TSS containing k elements; i.e., there is a partition of

[0, 1] into k — 1 intervals of length =. Then t; = 3= 1, and from the conditions for a T'SS:

(s—l)2
k—1
s=1

k(kT—l)Q = Zs 72Zs+k

s=1

w| &
I
M-~

~

k3 —2k% +k k(k + 1)(2k—|— 1) 2k(k+1)
3 6 2
2k® —4k? + 2k = 2k*—3k? +k
K-k = 0
The only solutions are k = 0 and k = 1, degenerate cases. O

Characteristic equations for TSSs in Py ([0, 1] x [0, 1])

For {t; = (x1,yi)} to be a k-element T'SS, Vs € 0,...,2NAVj €0,...,...,NAVi€0,...,N
Zk Su2N-—s A
a=1%aYa = s+ (2N—s+1)
k _ A
2 d-1%a = HT
k A
2 da-1¥a =557
N—j _ A
Zd 1X3Ya = GIOINTTED
i+j. N—j A
Zd:lxd Ya ' = 05D INT+D
k _ A
Zd:lxdyd ~ GrOG+D
From these equations, it can be seen that for {t;} to be a TSS in Pn([0, 1] 1]), {xi}

and {yi} must be TSSs in Pn[0,1]. However, the converse may not be true, because of
the equations involving mixed terms. Also, in a manner similar to TSSs over PnI0, 1], if
a k-element TSS does not exist for Py, ([0, 1] x [0, 1]), then no k-element TSSs exist for
Pam ([0,1] x [0,1]) where M > Ng. Also, if {ti} is a k-element TSS for Py, ([0, 1] x [0, 1]),
then it is also a k-element TSS for Pam ([0, 1] x [0,1]), where M < Ng.

One special 4-element TSS for Py ([0, 1] x [0, 1]) is the Cartesian product of the 2-element
TSS for P1[0,1]; i.e. let t; = 3*—‘f and ty = *6‘/5, then

{(t1,t1), (t1,t2), (t2,t1), (t2,t2)}

is a TSS for Py ([0,1] x [0,1]).



Open Questions

e Given k, N what portion of the solution set of k-tuples (t1, ta,...,tx) lies in the cube
[0,1] x [0,1] X -+ x [0, 1], thus forming TSSs?

k times

e Conjecture: A TSS of P[0, 1] contains at least 2N elements.
e Is the given example of a 4-element TSS in P[0, 1] the only one?

e Conjecture: Given k, N, there is either exactly one k element T'SS or uncountably

many Pn[0, 1].

e Examine the distribution of the points in a TSS (for symmetries, etc.)
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