Solutions to 2002 Texas A&M University
High School Power Team Exam

S ={az* + bz +c|a,b,c € R}

P(z) ~ Q(x) if there exist numbers «, § with a # 0 such that P(z) = Q(ax + )
1. Prove that ~ is an equivalence relation.

(a) Using @ =1, = 0 we have P(z) = P(1z + 0) so P(z) ~ P(z).

(b) Suppose P(z) ~ Q(z). Then there exist «, 8 with « # 0 such that P(x) = Q(ax + ).
Lety=az+f. Thenz=a"'(y—p) =a 'y —a 8. So

Qy) = P(oz_ly — oz_lﬁ) where o' #£0.

Hence
Q(z) = Pla 'z —a'B) and Q(z) ~ P(z).

(c) Suppose P(z) ~ Q(z) and Q(z) ~ R(z). Then P(z) = Q(ax + ) and Q(xz) = R(yz + )
where o # 0, v # 0. So P(z) = Q(y) and Q(y) = R(z) with y = az +  and z = vy + 4.
Hence

z=qy+o=v(az+P)+9
=~yax +y8+ 06 where ~ya #O0.

So P(z) = R(z) = R(yaz +vp + §) and P(z) ~ R(z)

(R(yaz +vB8+0) = R(y(ax + B) + 6) = Q(az + B) = P(z)).

2. Let Q(z) = az? 4 bz + c,a # 0, have two different real roots. Find a polynomial of the form
P(z) = kx? + z such that P(z) is equivalent to Q(z).
Transform Q(z) by az + 5 to obtain

Q(az + ) = aaz + B)* + blax + B) +
= ac’s? + (2008 + ab)z + aff? + bB + c.

Let 8 be any root of Q(z), and obtain
Q(ax + B) = ac’z? + (200 + ab)z.

Since £ is not a repeated root of Q(z), then Q'(8) # 0, i.e. 2a8+b # 0. So let a =

1 B 1\,
Q<2a6+bx+5>_“(2aﬁ+b> v

2
Hence Q(z) ~ kz? + x where k = a (ﬁ) and S is a root of Q(z).

3. (i) Q() is equivalent to a polynomial of the form k(x? + 1) for some nonzero constant k& when
Q(z) has complex roots. Indicate k.
Transform Q(z) by az + 5 (a # 0) to obtain

1 .
a0tb to obtain

Q(az + B) = ac’z?® + a(2af + b)z + af? +bS + c.



Since a # 0 let 2a8+b=0or g = —% (a # 0 since Q(z) has 2 roots). With g = —% we have

b? v o4 —b? +4
a62+bﬁ+c:—5+c:—5+g=Tac>0

since b% — 4ac < 0 (Q(z) has complex roots). So Q (az — 2—%) = aa’z? + %. We want

wo? — —b% + 4ac
N 4a
5 4ac — b
o = ——
4q2
Viac — b2
2a]

o =

Then

0 Viac — b? b —b? + 4dac 2 —b? + dac
— - — | = T
|2a| 2a 4a 4a
_ dac — b

2
=—(z°+1 k
4a ( )’

_ dac — b2
 4a

So Q(z) ~ et (12 4 1),
3. (ii) Q(z) is equivalent to a polynomial of the form k(z? — 1) when Q(x) has two distinct real
roots. Indicate k.
2
As in (i), let g = —%. Then @ (ozm %) = ac’2? + W, where —b? + 4ac < 0 since Q(z)

2 2
ac?z? — b4—;1“ where 2 |4;1|“C > 0. We want

T2
has two distinct real roots. So @ (ozm — 2—’;)

, b?—dac
4a
5 b —dac
4a?
Vb2 — dac
T fea

This gives

0 \/62—4ac$_£ B 62—4ac$2_ b? — dac
|2al 26|  4a 4a
b? — dac

2
(2 - 1), =
So Q(x) ~ Pac(z2 1),
3. (iii) Q(z) is equivalent to 22 when Q(x) has a double root and a > 0. Q(z) is equivalent to —z
when a < 0 and Q(z) has a double root.
As before transform Q(z) = ax? + bz + ¢ by ax + 3 to obtain

2

Q(az + B) = ac’z?® + a(2af + b)z + af? +bf + c.



Let § be the root of Q(z). So
aB*+bB+c=0

and 2a8+0=0 <,6:—%>

since 3 is a repeated root. Then Q(ax + ) = ac®z?. If a > 0 then let ao® = 1 and o = . This

a

B

gives

If a < 0 then aa® = 1 is not possible, let

to obtain

(iv) Q(z) is equivalent to z if Q(x) has degree 1
Q(z) =bx +c.
Transform Q(z) by ax + 5 to obtain

Q(az + ) = b(ax + B) +c
=abxr + b0 +c.

Let 8 = 5°. Then b3 +c = 0. Leta:%. Then ab = 1. So

(v) Q(z) ~ k when Q(z) = k.
Trivial.
4. Let Q(z) = az? + br + ¢ with a # 0. Let A = b?> — dac. Let ¢ > 0. Prove there exists a
polynomial P(z) with discriminant eA and Q(x) ~ P(x).
Transform Q(z) by az + 5 to obtain
Qazx + B) = a(az + B)* + blaz + B) + ¢
= ac’z? + (200 + ba)z + aff? + bB + c.

The discriminant of Q(az + f) is

(2aaB + ba)? — 4(ac?)(af? + bB + ¢)
= 4a%0?B? + 4aba® B — 4a*a?B? — 4abfo? — daca® + b2 a?
= b?a? — daca? = (b? — dac)a?
= Ao
We want Aa? = €A, so let a = /z. Then for any 3, Q(v/€ = + ) = P(z) has discriminant eA and

Q(z) ~ P(z)



S ={az* + bz +c|a,b,c € R}
P(z) = Q(z) if there exist numbers «, 3,7, with ad — 8y # 0 such that

ar +
yr+46 )"

Pa) = (12 + 6)°Q (

(5) Prove that = is an equivalence relation.

(a) Usinga=1,=0,7=0,6 =1 gives

P(z) ~ P(z).

P(z) = (0z + 1)2P <1"E + 0>

Oz +1

(b) Suppose P(z) = Q(z). Then

Po) = (a +0PQ (25

) where ad — By # 0.

Let y = 2245 Solving for z in terms of y gives

yr+9
1) -4
D2 ZWHD v (—a)(=8) — iy £0
’yy—a Y — &
Also
y _ vy 1
ar+B yr+0  (ax+pP)2  (yz+0)?
and 5 5
ax+5:a( y—5>+ﬁ(a—7y>:y(a —h)
a =y a—7y a =y
So
1y _(Oé—’Yy>
(yz+0)2  (ax+B)?2  \ad— By
2
_(__ 7 «
‘( a5—ﬁ7y+a5—ﬁv> |
We have

1 B ar + 0
(yz + 0)? P( )_Q<'yx+6>

T oy + B
(a5—ﬁv b — ﬁv (79—01) Q)

) r
(_ LA ( oo ﬁvy+a5ﬁﬁ7> = Q(y)-

ad — By ad — 57 o ey

So Q(z) = P(x).



(c) Suppose P(z) =~ Q(x) + Q(z) = R(z). Then

a1x + Bl
Mz + 61
aLx + BZ
Y2 + 02

P(2) = (m + 6,)°Q ( ) C anbi— B £0

Q((L‘) = (")/QZE + 52)2R ( ) y a262 — 52")/2 75 0.

We have

Qy) = (yoy + 52)2R (M) .

Yoy + 02

Let y = % to obtain

P(z) = (mz + 01)°Q (M) _

Mne + 09
So

ar1z+p
oy +Pa M2 (viw+61l) + 52

Sy 18
VY +02 4, (%) + B
(g + Poyi)z + (2B + B201)

© (y200 + Som1)T + (121 + 0261)

where (o + Boy1) (1261 + 0201) — (y201 + d271) (@281 + B261)

= 2017201 + aea10201 + Bay17281 + B2y10201
— Yea1azf1 — yea1 (201 — d2y10281 — G272 3201

= (101 — Bi71)(a202) + (Biy1 — a101)B2ye

= (a1dy — B1im1)(c2da — Bay2) # 0.

We now have

_ 2. [ 2y + P2
Q) = oy + 5PR (222

(06196 + 51) _ ( 2a1fE + b1 . 52>2 R ((a2a1 + Boy1)z + (2f1 + 5251)>
Yz + 61 YT + 91 (21 + d2y1)x + (7251 + 0201)

_ ((7271 + doy1)z + (7281 + 5251)>2 <(a2a1 + Bay1)w + (21 + 5251)>
Mz + o (201 + doy1)z 4 (201 + d201) )

Now multiply both sides of the equation by (y,z + 6;)? to obtain

alxr +,31>

_ 2
P(z) = (mz+01)°Q <%x+51

(a1 + foyr)z + (2P + 5251)> ‘

_ +0om)T + (121 + 6201))°R (
((nes+8m)z + (1261 +0401)) (Yo + 0271)T + (7281 + 9201)

So P(z) =~ R(z).



6. Show that Q(z) = 2% — 1 is equivalent to P(z) = 1 — 2z.

“o(57) = ((57) )

1-2 2 _ .2
:xQ( x+2x x>:1—2x.
z

So Q(z) = 1 — 2x.
7. Which quadratic polynomials Q(z) = az? + bz + ¢, a # 0, are equivalent to a polynomial of
degree less than 27

Transform Q(z) = az? + bz + ¢ to obtain

P(x) = (2 + 6)°Q (jx s )

= a(oz + B)* + b(oz + ) (yz + 8) + c(yz + 0)?
= (a0? + bay + cy))2? + (2aa8 + bad + bBy + 2¢vd)x
+ afB® + bBS + o2

For deg P(r) < 2 we need aa? + bay + c¢y? = 0. Since ad — By # 0 then at least one of a7 is
nonzero. Assume o # 0 and divide by a? to obtain

a-i—bg—i-c(g)Q:O.

So 1 is a real root of Q(z).
Now suppose r is a real root of Q(z). Let v = r and o = 1. Transforming Q(z) gives

(a + br + cr?)z? + (2a8 + b6 + bBr + 2crd)x

\(\) + af? 4 bB6 + c?

So Q(x) is equivalent to a polynomial of degree < 2 if and only if Q(z) has a real root.
8. Describe, in a useful way, each equivalence class of =, and give a representative for each class.

ANSWER: Let Q(z) = az? + br + c and let A = b? — 4ac

Q(r) ~z?>+1 when A <0 and Q(z) >0 for all z
Q(zr) ~ —2? =1 when A <0 and Q(z) < 0 for all z
Qr) =z when A >0

Qz)=~1 when A =0 and Q(z) > 0 for all =
Qr) ~ -1 when A =0 and Q(z) <0 for all x
Q(z) =0 when Q(z) =0

Solution to 8: Let Q(z) = ax? + bz + ¢ with A = b? — 4ac < 0 and Q(x) > 0 for all . Since
Q(z) > 0 for all  then a > 0. The equivalence relation ~ in problems 1-4 is a special case of ~
using v =0, 0 = 1. By 3(i) Q(z) = 4“2—*”2(:1:2 + 1) where k = 48 (since a > 0). Now it is

a 4a
enough to show that k(z? +1) ~ 22 +1 when k > 0. Let « = y = ﬁ, 8= \/%, 0= —ﬁ. Then



k(z? + 1) = kz? + k transforms to
1 2
<L$_ ;>2 . (b) +k
/oT. /oT. ) i
> 1

1 1
:k(—w+—

V2k  V2k

1, 1 1, 1
:(2:1: +m+§>+<§x —:1:-!-5)
=241

If Q(z) = az? + bxr + ¢ with A = b? — 4ac < 0 and Q(z) < 0 for all z then ¢ < 0. By 3(i)
Q(z) ~ o=t b (2 + 1) where

4ac — b
k= ac4a <0 (since a < 0).
So it is enough to show that k(z? + 1) =~ —22 — 1 when k < 0. Let o = vy = \/%%, 8= \/%%,
§ = ——1—. As above k(2% + 1) transforms to —22 — 1. Let Q(z) = az? + bz + ¢ with A > 0. By

v —2k , R
3(il) Q(z) ~ L2e(2? — 1). Let k = 5729, Let « = B =y = —4. Then k(z? — 1) = ka® — k

transforms to
2
(az —a)? | orta -k) =
ar — o

E(az + a)? — k(az — a)? =
E(c?z? 4 20z + ) — k(a?2? — 20z + o) =
dkax.

Let a = ﬁ to obtain .
Let Q(z) = az? + bz + ¢ with A = 0 = b? — 4ac. By 3(iii) Q(z) ~ z? when a > 0, i.e. when
Q(z) > 0 and Q(z) ~ —z? when a < 0, i.e. when Q(z) < 0. Let « =0,3=1,7y=1,5 =0 and

transform 22 to )
Ox+1 1
2 2
= — ) =1.
w0 () =+ ()

Let « =0, =1,7=1,5 = 0 and transform —z2 to —1. When Q(z) = 0 then Q(x) ~ 0 is trivial.

T = {az® + bay + cy® | a,b,c € R}.

9. Q(z,y) = az?® + bzy + cy?

ERROR
P(z,y) ~ Q(x,y) if P(z,y) = Q(az + By, y)< o #0

ANSWER:

(i) az? + bry + cy? 4“ U (22 + 4?) when A = b? — dac < 0

(i) az® + bzy + cy? ~ 4ac($ —y?) when A =b? — 4ac > 0 and a # 0



(iii) az? + bry + cy? ~ 22 when b? — 4ac = 0 and a > 0
az® + bzy + cy®? ~ —z when b?> — 4ac =0 and a < 0

(iv) az? + bxy + cy?> ~ xy + cy when a = 0,b # 0
(v) az?® + bxy + cy? ~ cy? when a = b = 0.

Transform Q(z,y) = az? + bzy + cy? to

Q(az + py,y) = alaz + By)* + b(ax + By)y + ey
= ac?z? + (2008 + ab)zy + (af? + bB + ¢)y°.

(i) Assume A = b? —4dac < 0. Then a # 0. Let B = —% then 2aaf + ab = 0 and

—b? + 4dac
af?+b8+e=——""".
4a
Let aa? = 7”2424“0, o = 7”1;“24“. This gives
dac—b% o
Qlaz + By,y) = T(x +y°)
(ii) Assume A = b? —4ac > 0,a # 0. Let B = —% then 2aaB+ ab = 0, and a8 +bf +c = #34“.
Let aa? = % to obtain
b? — dac
Qlaz + By,y) = T(ﬂﬂQ -y’

(iii) is as above.
(iv) a = 0,b # 0. Then
Q(az + By, y) = abay + (b5 + c)y”.
Let o = % and 8 = 0 to obtain
Qaz + B,y) = zy + ey’



