2006 Texas A&M High School Math Contest
Power Team Solutions

Which is larger 5¥2 or /2 + == ? (Decimal approximations, no matter how many
significant figures, will not be conS|dered as justification.)

Solution: Usmg decimals, we expect 573 < /2 + = 10 So assume
1/3 _
513 > /2 + 6
Cube both S|des
_ 227 1827
52 (2+55) = V2 vaz' g ea/a B+ Bl - L2 452
Multiply both S|des by 1000 and subtract 1827: 5000 — 1827 = 3173 > 2270,/2?

Square both sides: (3173)2 = 10067929 > (2270)22 = 10305800
This is a contradiction.

If mand n are positive integers, show that /2 lies between M and J;Znn .

Solution:  Since I is rational and 2 is irrational, either M < /2 or y2 < M.
Casel: M < /2  Weneedtoshow /2 < mmtann .
m<2n?2 = 2m+4mn+2n2<m?+4mn+4n?2 = 2(m+n)? < (m+2n)?

= J2(m+n)<(m+2n) = ﬁ<rpn+—+2r?

NOTE: This sequence of inequalities was found by working backwards.

Case2: /2 < We need to show nr}]trznn < J2.

m>2n?2 = 2m?+4mn+2n2>m?+4mn+4n?2 = 2(m+n)? > (m+2n)?

= J2(m+n)>(Mm+2n) = ﬁ>rpn+—Jr2rf‘

Find the largest interval | of positive real numbers such that

11l

2
for every x € |, where € is any fixed postive real number.

Solution:  The inequality is equivalent to % —€< % < % +€
We want to take the reciprocal of the three sides of this inequality. We look at

three cases:

Case 1: €< %
Since, % — € > 0, we also have x > 0. Therefore, 1 1 x< 1 1
= te€ 5 —€
2 2
So the interval is | = 1 , 1
1,01 ¢
2 2
Case 2: €> %
If x > 0, then 1 1 <x withno upper bound.
= +€
2
1

if x < 0, then X < with no lower bound.

1
> €



So the interval is either | = 11 ,0 |orl = —oo,l; .
5 + € 5 —€

Case 3: €= %

1
1
2+€

So the interval is | = 1 1 , 00
? + €

For each positive integer n, let U, = {(x,y) : X|"+y|" < 1}.
a. Sketch the region U,,.

Then x > 0 and < X  with no upper bound.

Solution:

05T

b. How are the U, related to each other?

Solution: Claim: If m < nthen U, < U,.

Proof: Assume m < n. If (X,y) € Un then [x] and |y| are less than or equal
to 1. Hence raising the power we get smaller numbers. Therefore:

X"+ " < T+ Y™ < 1
So (x,y) € Up.
c. Determine the set

LJ:=1Un

where | J, U, denotes the set consisting of all (x,y) that belong to at
least one of the Uy,

Solution: Claim:
U Unp=A4Xxy) | -1<x<1-1<y<1}U{(-10),(10),(0,-1),(0,1)}
n=1

where {(x,y) | -1 <x< 1,-1<y< 1} is the open square.

Proof: If (x,y) € Un = {(x,y) : X|" +|y|" < 1}, then (x,y) is one of the four
points (-1,0),(1,0),(0,-1),(0,1) or |x| < 1 and |y| < 1.

Conversely, the four points (-1,0),(1,0),(0,-1),(0,1) are in U; and if

x| < Land |y| < 1then for some n, |x|" < % and Jy|" < % So

X"+ Jy[" < Land (x,y) € Un.



Let ax and by for k = 1,2, ---,n be arbitrary real numbers. Prove the following

formula
n 2 n n
(Z akbk> = (Z aﬁ) (Z bE) - Z (axbj — g bk)2
k=1 k=1 k=1 1<kqj<n

Solution:  We start with the second term on the right and extend the sum to
include all j and k. Notice the terms for j < k (which are not included) are equal to
those with k < j and the terms with j = k are zero. Thus:

n n
Z (axb; — ajby)? = % Z Z(akbj - ajb)?
1<k<j<n k=1 j=1
We expand the square and distribute the sums:
n n
Z (akbj — g bk)2 = % Z Z(aﬁbﬁ — 2aybja;by + ajzbﬁ)

1<k<j<n k=1 j=1

n n n

=%Za§ibﬁ—iakbkiajbj+%2aj2 b%
1 k=1 =1 k=1

kel = j j=1 =

After changing the j to a k the first and last terms become equal and the two
factors in the middle term become equal:

n n n 2
Z (akbj — g bk)2 = (Z aﬁ) (Z bE) - (Z akbk>
12kej<n kel kel kel

n n 12 n 12
> lalibe] < (Z aE) (Z bE)
k=1 k=1

k=1

Show that

Solution:  We start with the identity from problem 5 and drop the last term

which is positive:
n 2 n n
(Ben) =(54)(54)
k=1 k=1 k=1

Since this is true for all ax and by, we replace ax by |ax| and by by |b|:

(£ ()5

Taking the square root of both sides gives our result.



Given a collection of n positive numbers a;, 1 < i < nthere are three standard
"averages" associated with them. They are:

Harmonic Mean = n = Hp
1,1
a]_ an
Geometric Mean = (a;---an) ™" = Gy,
Arithmetic Mean = M = A,

Show, for any finite collection of positive numbers a;, 1 < i < nthat the following
inequalities are true:
min{ay,---,an} < Hn < G < Ay < max{ay,---,an}

Then show that any of these inequalities can be replaced with equality if and only
ifa; =a; =--- = an.

Solution:  We break it up into several parts:
Part1: Gn <A,

Proof:  This is the special case of problem 8 in which every r; = % So we won't

prove it separately. Several good direct proofs can be found at
http://en.wikipedia.org/wiki/Inequality_of _arithmetic_and_geometric_means

Part 2: Hn < Gy

Proof:  Apply the G, < A, inequality to the numbers 1 1.

F-TRRN-

1 1
(2-A) <3
ai an - n

Since both sides are positive, taking reciprocals reverses the inequality and yields
the result H, < G.

Part3: Ay < max{ag,---,an;

Proof:  Let amx = max{ai,---,an}. then each ax < ama and
ai+ - +ap < @max + -+ + Amax = Namax

Dividing by n yields the result.

Part4: min{as,---,any < Hp
Proof:  Let amin = min{as,---,an}. then each ax > amin and each aik <L so

Amin
1 .1 o1 g1 __n_
ai toot dn — Aamin + 8min ~ @min

Dividing by n and taking reciprocals yields the result.

Part5: aj=:--=an = min{ai,---,an; = Hh = Gp = Ay = max{as,---,an}
Proof: Ifa; = --- = an, then min{ay,---,an} = max{as,---,an} and the others are
squeezed in between.

Part6: A, =max{a;,--,an} = ai=--=an
Proof:  If as,---,an are not all equal, then a; + --- + an < nama and
An < max{ag,---,an}.

Part7: Gpn=Ar = a=--=an
Proof: ~ This is included with the proof of problem 8. So we won't prove it
separately.



Part 8: H =G, = ai=--=an

Proof:  Apply part 7 to the numbers a%’ a%'
Part9: min{as,---,any =Hn = ai1=--=an

Proof:  If as,---,an are not all equal, then at o ta < ann and

min{as,---,an; < Hn.

A generalization of the G, < A, inequality is the following: letry,---,r, be postive
numbers such that Zinzlri = 1. If a;, 1 <i < nare non-negative numbers, show

that
n n
]f]:aﬁ < :E:riai
i=1 i=1

where Hin=1 ci denotes the product of the numbers c; through c,, and Zi”:l Ci

denotes the sum of the numbers c; through c,. Prove this generalization of the
Gn < An inequality.

Solution:  We will prove this by induction. At each stage we will also prove that
equality holds only if a3, ---,ax are all equal. (This is needed for problem 7 Part 7.)

Forn= 1, we haver; = 1and a; = a. The left side is ]_[i1:1 aj' = aand the right
side is Zilzlriai = a. Equality always holds because there is only one a.

For n = 2, we need to show a’b*" <ra+ (1-r)bforalla> 0and b > 0 with
equality only if a = b. Divide both sides by b and lett = %. Then we need to show
t" <rt+(1-r)forallt> 0with equality only ift = 1. Let f(t) = rt+ (1-r) —t". We
need to show f(t) > O for all t > O with equality only if t = 1.

Since f'(t) = r —rt"!, we have f'(1) = 0 and t = 1is a critical point.

Since f"(t) = —r(r = DHt"2 = r(1-r)t2 > Ofor all t > O, we have f is always
concave up and t = 1is an absolute minimum with value f(1) = 0. Thus f(t) > 0
for all t > O with equality only if t = 1.

Now assume the inequality holds for n = k— 1 and prove it for n = k. Let
S=r1+-re1 = 1—rg Starting with the left hand side, we have:

k k-1 k-1 s
[1af - [Tarap - ([]a" ) o
i=1 i=1 i=1

Apply the result for n = 2 above withr = s, a = H:‘;ll a/'’s

k k-1
[ <s]]a"+rea (%)
i=1 i=1
Then using the induction assumption we have:
k k-1 k-1 k
Ha{‘ ss(Zr—Siai>+rkak= (Zriai>+rkak=2riai (x *)
i=1 i=1 i=1 i=1

To have equality, you need equality in both equations (x) and (x ). Thus, for
(* x) we need a; = --- = ax-1 and for (x) we need

k-1
ag = H airi/s _ agrﬁmrk,l)/s - a;
i=1

and b = ax:



10.

Suppose Adam buys one dollar’s worth of flour each week and Eve buys one
pound of flour each week. If the price of flour is not constant from week to week,
which one gets the lowest average cost per pound of flour?

Solution:  Letay,---,an be the cost per pound each week.

The total quantity Adam purchases is a% 4+t a% which costs him n dollars. So

his cost per pound is n 1 which is the harmonic mean H,.
+ cee + —_—
an

1

ar
Eve’s total cost is ai + - + a, for n pounds. So her cost per pound is 21+ +&n n + an

which is the arithmetic mean A,.
Since H, < An, Adam has a lower cost per pound than Eve.

If y = f(x) is a curve that lies above the x-axis for a < x < b, then the surface area
of the surface obtained by rotating the curve about the x-axis is given by the

formula
b
Surface Area = 27:_[ f(x) J1+ (f ’(x)>2 dx.
a

Consider the surface S, obtained by rotating the curvey = x", 0 < x < 1, for
n=1,2,--- about the x-axis. Determine the limit as n tends to infinity of the surface
areas of the surfaces S,.

Solution:  If pand q are positive, then
/P+q <. /p+/4
Consequently,

1 1 1
_ n n-142 n n-1 _ xml X2n _ 1
&—anox,/1+(nx ) dx§27rjox(1+nx )dx-2n[n+1+—2 ]0_2n<n+1
On the other hand,

S, = 21 I;x”,/1+ (x™1)2 dx > 27 I:x”(nx”‘l)dx - 27r|: X;” ]z —x

So for all n,

”58“52”<n11+%>

By the Squeeze Theorem for limits of sequences, |imS, = .

1
2

)



