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Yang-Baxter Equations

@ The Yang-Baxter equation (YBE) is important to the fields of
statistical mechanics, quantum field theory, knot theory,
quantum topology, and quantum information science.
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Yang-Baxter Equations

@ The Yang-Baxter equation (YBE) is important to the fields of
statistical mechanics, quantum field theory, knot theory,
quantum topology, and quantum information science.

@ The d-dimensional YBE is a matrix equation for a

nondegenerate (invertable) complex matrix R. We say R is a
solution to the YBE if the following relation holds:

Andrew S. Nemec Monomial Solutions to Generalized Yang-Baxter Equations in



Background Information VangiB axterlEquations

Generalized Yang-Baxter Equations
Permutation Solutions

Yang-Baxter Equations

@ The Yang-Baxter equation (YBE) is important to the fields of
statistical mechanics, quantum field theory, knot theory,
quantum topology, and quantum information science.

@ The d-dimensional YBE is a matrix equation for a

nondegenerate (invertable) complex matrix R. We say R is a
solution to the YBE if the following relation holds:

(RINURIR)(RN=(UR)(RR(I®R),

where [ is the identity matrix and ® is the Kronecker product.
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Generalized Yang-Baxter Equations

@ In 2007, E. Rowell, Y. Zhang, Y. Wu, and M. Ge proposed a
generalized Yang-Baxter equation (gYBE).
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@ In 2007, E. Rowell, Y. Zhang, Y. Wu, and M. Ge proposed a
generalized Yang-Baxter equation (gYBE).

o If V is a complex vector space of dimension d, the
(d, m, 0)-gYBE is an equation for an invertible operator
R:V®m 5 v®m quch that
(ReIZY) (1I2*®R) (R®IZY) = (IZ*®R) (R® I$Y) (R®I$Y).
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@ The d-dimensional YBE corresponds to the (d,2,1)-gYBE.
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@ The d-dimensional YBE corresponds to the (d,2,1)-gYBE.
¢! 0 —¢' 0 o0 0 0 o0
0 ¢ o ¢ 0 0 0 0
¢ 0 ¢ 0 0 0 0 0
sR_a|O0 ¢t 0 ¢t o 0o 0 o0
¢c=v2| o0 0 0 0 ¢ 0 ¢ 0
0 0 o 0 0 ¢! 0 —¢t!
0 0 0 0 ¢! o ¢! o0
0 0 o 0o o0 ¢ 0 ¢
where ¢ = e?™//8.
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@ The d-dimensional YBE corresponds to the (d,2,1)-gYBE.
¢! 0 ¢t o0 0 0 0 0
0 ¢ 0 ¢ 0 0 0 0
¢ 0 ¢ 0 0 0 0 0
o R — L 0 ¢! 0 ¢! 0 0 0 0
¢c=v2| o0 0 0 0 ¢ 0 ¢ 0
0 0 0 0 0 ¢to ¢t
0 0 0 0o ¢t o ¢t 0
0 0 0 0 0 ¢ 0 ¢
where ¢ = e?™//8.
@ In 2011, R. Chen used R to find three solution families of the
(2,3,1)-gYBE.
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Permutation Solutions

@ Due to the enormous number of equations that must be
solved in order to completely solve a gYBE, we focused on the
simplest set of solutions, the permutation solutions proposed

by V. Drinfeld.
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Permutation Solutions

@ Due to the enormous number of equations that must be
solved in order to completely solve a gYBE, we focused on the
simplest set of solutions, the permutation solutions proposed
by V. Drinfeld.

@ Permutation matrices are those matrices with a single 1 in
each column and row and 0 everywhere else.
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Remarks
@ Due to the enormous number of equations that must be
solved in order to completely solve a gYBE, we focused on the
simplest set of solutions, the permutation solutions proposed
by V. Drinfeld.
@ Permutation matrices are those matrices with a single 1 in
each column and row and 0 everywhere else.

@ There are 4 nontrivial permutation solutions to the 2-D YBE:
1 0 0 O 0 0 01 01 00 0 010
0 010 01 0O 0 0 01 1 0 0 O
01 0 0f’{0O O 1 O’ O O 0’10 O O 1
0 0 01 1 0 0 O 0 010 01 0 O
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Generating Permutation Solutions

e To find all of the permutation solutions to the (2,3, 1)- and
(2,3,2)-gYBE the most straight forward approach is to
generate all 8! permutation matrices of order 8 and then plug
them into the equations and see if they satisfy either one.
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Generating Permutation Solutions

e To find all of the permutation solutions to the (2,3, 1)- and
(2,3,2)-gYBE the most straight forward approach is to
generate all 8! permutation matrices of order 8 and then plug
them into the equations and see if they satisfy either one.

@ We implemented Heap's algorithm for generating
permutations in Maple so that it treats the columns of the
matrix it is operating on as the elements that are permuted.
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Generating Permutation Solutions

RENEIS

e To find all of the permutation solutions to the (2,3, 1)- and
(2,3,2)-gYBE the most straight forward approach is to
generate all 8! permutation matrices of order 8 and then plug
them into the equations and see if they satisfy either one.

@ We implemented Heap's algorithm for generating
permutations in Maple so that it treats the columns of the
matrix it is operating on as the elements that are permuted.

@ Using our process, we discovered 14 nontrivial solutions to the
(2,3,1)-gYBE and 10 nontrivial solutions to the
(2,3,2)-gYBE.
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Generating Permutation Solutions

° Ryp=

O R OOOOoOOoOOo

H O OO OO oo

OO OO oo+ Oo
(e e B e i@ i @ B @ B @ B
OO OO o+ oo
OO oo+ O oo
OO L O OO OoOOo
O OO O OO O
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Generating Permutation Solutions

0 001O0O0O0CDO
001 00O0O0O
000 01O0O0O0
o Rip— 0 000O0OT1QO0TO0
0 000O0O0OTG 0?1
0 000O0OO0OT1TQW0
100 00O0O0O
01 000O0O0O
@ This can be more succinctly described using the permutation
(0,6,5,3)(1,7,4,2).
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Restrictions on Monomial Matrices

@ One of the good things about permutation solutions is that
they can be generalized into monomial matrix solutions:

matrices with a single nonzero element in each column and
row.
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Restrictions on Monomial Matrices

Remarks
@ One of the good things about permutation solutions is that
they can be generalized into monomial matrix solutions:

matrices with a single nonzero element in each column and
row.

@ To illustrate we will use a (2,2,1)-gYBE (2-D YBE)
permutation solution.
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Restrictions on Monomial Matrices

RENEIS

@ One of the good things about permutation solutions is that
they can be generalized into monomial matrix solutions:
matrices with a single nonzero element in each column and
row.

@ To illustrate we will use a (2,2,1)-gYBE (2-D YBE)
permutation solution.

01 0 0 a2 0 0 0 0 a2 0 0
00 0 1 0O b 0 0 0 0 0 b
®Q=11 9 0 o' "o 0 ¢ o R=A2=[c 0 0 o
00 1 0 0 0 0 d 0 0 d 0
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RENEIS

@ One of the good things about permutation solutions is that
they can be generalized into monomial matrix solutions:
matrices with a single nonzero element in each column and
row.

@ To illustrate we will use a (2,2,1)-gYBE (2-D YBE)
permutation solution.

010 0 a 00 0 0 a 00
00 0 1 0 b 0 0 0 0 0 b
Q=11 00 0|'" o 0 c of R=AR=(: 0 0 o
00 10 000 d 00 d o0

e d?(a—b),db(c—d),db(a—b),—c(ad — bc),ca(c—d),

b%(c —d),—a(ad — bc),a(c — d),d(a— b) (a® + ab + b?)
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Restrictions on Monomial Matrices

@ a=b,c=d
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Restrictions on Monomial Matrices

@ a=b,c=

@ R=

on oo
coou
noocoo &
couw o

Andrew S. Nemec Monomial Solutions to Generalized Yang-Baxter Equations in



Permutation Solutions in Dimension 2 Generating Permutation Solutions
Restrictions on Monomial Matrices

Restrictions on Monomial Matrices

@ a=b,c=d
0 a 00
00 0 a
®R=1. 0 0 0
00 c 0

@ We do not need to check for far commutativity, but if so it
would be done in the same fashion.
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Restrictions on Monomial Matrices

@ a=b,c=d
0 a 00
00 0 a
®R=1. 0 0 0
00 c 0

@ We do not need to check for far commutativity, but if so it
would be done in the same fashion.

@ Now checking for restrictions so that R is unitary:
aa=1,cc=1
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Restrictions on Monomial Matrices

@ a=b,c=d
0 a 00
00 0 a
®R=1. 0 0 0
00 c 0

@ We do not need to check for far commutativity, but if so it
would be done in the same fashion.

@ Now checking for restrictions so that R is unitary:
aa=1,cc=1

@ R= dlal=lef=1

o n OO
O OoOOouw
n O O o
O O L O
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Boolean Representation of Solutions

Definition

@ The negation of a, denoted 3, is the opposite of a.
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Boolean Representation of Solutions

Definition

@ The negation of a, denoted 3, is the opposite of a.

@ The exclusive or (XOR) of a and b, denoted a @ b, is true
when either a or b is true but not both.
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Boolean Representation of Solutions

@ The negation of a, denoted 3, is the opposite of a.

@ The exclusive or (XOR) of a and b, denoted a @ b, is true
when either a or b is true but not both.

@ We want to find Boolean functions f, g, h such that
la, b,c > |f(a,b,c),g(a,b,c),h(a,b,c)>.
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Boolean Representation of Solutions

@ The negation of a, denoted 3, is the opposite of a.

@ The exclusive or (XOR) of a and b, denoted a @ b, is true
when either a or b is true but not both.

@ We want to find Boolean functions f, g, h such that
la, b,c > |f(a,b,c),g(a,b,c),h(a,b,c)>.

@ It turns out that we can describe all (2,3,1)- and
(2,3,2)-gYBE permutation solutions in this form using only
negation and XOR operations.
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Boolean Representation of Solutions

@ To illustrate what we mean, we will consider

o = OO
O O O
= O O O
O O+ O
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Boolean Representation of Solutions

01 0O

. . . 0 0 0 1

@ To illustrate what we mean, we will consider 100 0
0 01 O

o We make a truth table that describes the permutation:

a b|f(ab) g(ab)
0 0 1 0
0 1 0 0
1 0 1 1
1 1 0 1
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Boolean Representation of Solutions

01 0O

. . . 0 0 0 1

@ To illustrate what we mean, we will consider 100 0
0 01 O

o We make a truth table that describes the permutation:

a b|f(ab) g(ab)
0 0 1 0
0 1 0 0
1 0 1 1
1 1 0 1

@ From the table we find that the Boolean representation of this
solution is |a, b >+ |b,a >.
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Boolean Representation of Solutions: Nontrivial
(2,3,1)-gYBE Solutions

Ro1

Ro> :
Ros :
Roa :
Ros :

:la,b,c > |a® b,b,b® ¢ >
|a, b, c >+ |b,a,c >
|a, b, c >+ |a,c, b >
la, b,c >— |a,a® bd c,c >
la, b,c >+ |b,3,c >
:|la,b,c >+ |a® b,b,bD c >
la,b,c >— |a® b,b,b® c >
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Boolean Representation of Solutions: Nontrivial
(2,3,1)-gYBE Solutions

Ros

Roo :
RlO .
R11 5
R12 q
:la,b,c >— |a,C,b >

: |a, b,c >+ |b,a,¢c >

la, b,c >+ |a,C, b >

la, b,c >+ |a® b,b,bD c >
|a, b,c >— |a,ad bd c,c >

|a, b,c > |b,a,c >

- la, b,c >+ |a,c, b >
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Boolean Representation of Solutions: Nontrivial
(2,3,2)-gYBE Solutions

® Sop:
Soo :
|a,byc > |c,a® b®c,a>
Sos :
Sos :
So6 :
So7 :
:|la,b,c >+ |b®c,b,a® b >
Sog :
Si0:

So3

Sog

|a, b, c >+ |c, b,a >
|a, b,c >— |b® c,b,a® b >

la, b,c > |c,a® b® c,a >
|a, b,c >— |b® c,b,a® b >
|a, b,c >+ |€, b,a >
|a, b,c > |¢,b,a >

la, b,c >— |b® c,b,a® b >
|a, b,c >~ |c,b,a >
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Extension to Larger Solutions: (2,4, 3)-gYBE Solutions

@ The boolean patterns also extend to (some) permutation
(2,4,2)- and (2,4, 3)-gYBE solutions.
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Extension to Larger Solutions: (2,4, 3)-gYBE Solutions

@ The boolean patterns also extend to (some) permutation
(2,4,2)- and (2,4, 3)-gYBE solutions.

@ The (2,4,2)-gYBE solutions are uninteresting, since they are
identical to the (4,2,1)-gYBE solutions (4-D YBE solutions)
which have been classified.
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Extension to Larger Solutions: (2,4, 3)-gYBE Solutions

@ The boolean patterns also extend to (some) permutation
(2,4,2)- and (2,4, 3)-gYBE solutions.

@ The (2,4,2)-gYBE solutions are uninteresting, since they are
identical to the (4,2,1)-gYBE solutions (4-D YBE solutions)
which have been classified.

@ There are several new (2,4, 3) solutions:

o Yo1:l|a,b,c,d >— |d, b,c,a>
Yoo : |a,b,c,d >— [bDcPdd, b,c,a®dbdc >
Yos i |a,b,c,d >— [bDcPd, b,c,a®dbdc >
tla,b,c,d >—= |b®cdd, b,c,a®b®dc >

Yos i |a,b,c,d >— |b® cDdd,b,c,a®b®c >

®© 6 6 o
g
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Other Solutions: The X-Shaped Solution

@ Before my research, the only known solution to the
(2,3,2)-gYBE was the so called X-shaped solution:
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Other Solutions: The X-Shaped Solution

@ Before my research, the only known solution to the
(2,3,2)-gYBE was the so called X-shaped solution:

1 0 0 0 0001

0O 1 0 0 0O010

0 0 1 0 0100

Ry — L 0O 0 O 1 1000

v2 0 0 0 -1 1000

0O 0 -1 0 0100

0O -1 0 0 0O010

-1 0 0 0 00001
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Other Solutions: A New Solution

@ In addition to the permutation solutions to the (2, 3,2)-gYBE,
| also found a new solution resembling Rx:

Andrew S. Nemec Monomial Solutions to Generalized Yang-Baxter Equations in



Other Solutions
Open Questions
Conclusion

Other Solutions: A New Solution

@ In addition to the permutation solutions to the (2, 3,2)-gYBE,

| also found a new solution resembling Rx:

1 0 0 0 0100

0 1 0 0 1 00O

0 0 1 0 00O0O01

Rp = L 0O 0 0 1 0010

v2 0 -1 0 0 1 000

-1 0 0 0 0100

0O 0 0 -1 0010

0O 0 -1 0 0001
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Other Solutions: A New Solution

@ In addition to the permutation solutions to the (2, 3,2)-gYBE,
| also found a new solution resembling Rx:

1 0 0 0 0100
0 1 0 0 1000

0 0 1 0 00O0°1
p_a1 |0 0 0 1 0010
b=¥2]10 -1 0 0 1000
-1 0 0 0 0100

0 0 0 -10010

0 0 -1 0 0001

@ This solution is not locally conjugate to Rx.
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Open Questions

@ Is it possible to represent all 2 dimensional solutions using the
Boolean representation presented here?
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Open Questions

@ Is it possible to represent all 2 dimensional solutions using the
Boolean representation presented here?

@ Is there a similar representation for permutation solutions with
dimension greater than 27
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Open Questions

@ Is it possible to represent all 2 dimensional solutions using the
Boolean representation presented here?

@ Is there a similar representation for permutation solutions with
dimension greater than 27

@ Are there more (2,3,2)-gYBE non-permutation solutions
resembling Rx and Rp?
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Questions?
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Thank You!
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