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A LOCAL MIN-MAX-ORTHOGONAL METHOD
FOR FINDING MULTIPLE SOLUTIONS
TO NONCOOPERATIVE ELLIPTIC SYSTEMS

XIANJIN CHEN AND JIANXIN ZHOU

ABSTRACT. A local min-max-orthogonal method together with its mathemat-
ical justification is developed in this paper to solve noncooperative elliptic
systems for multiple solutions in an order. First it is discovered that a non-
cooperative system has the nature of a zero-sum game. A new local char-
acterization for multiple unstable solutions is then established, under which
a stable method for multiple solutions is developed. Numerical experiments
for two types of noncooperative systems are carried out to illustrate the new
characterization and method. Several important properties for the method are
explored or verified. Multiple numerical solutions are found and presented with
their profiles and contour plots. As a new bifurcation phenomenon, multiple
asymmetric positive solutions to the second type of noncooperative systems
are discovered numerically but are still open for mathematical verification.

1. INTRODUCTION

Involving two or more components (particles, molecules, species, etc.), nonlinear
differential systems (e.g., the nonlinear Schréodinger systems) are known to have
many applications. In study of pattern formation, stability /instability, and other
evolution dynamics, standing solitary wave or steady state solutions are of great
interest to many researchers. More often, those differential systems result in certain
semilinear elliptic systems, of which three types have drawn much attention recently
[4 B 6] [8 @ 10, 11l 15] due to their wide application background. They are the
cooperative system

—Au(x) = Gy(z,u(z),v(z)), x €,
. B

with energy functional

12 o) = [ |S09u@P + Do) - 6o ute), o) an
the noncooperative system

—Au(x) = Gy(z,u(z),v(z)), x €,
(1.3) { “Av(z) = —Go(z,u(z), v(x), e,
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with energy functional

L) o) = [ GV - 190w - 6o ute). o)
Q
and the Hamiltonian type system

—Au(x) - GU(CII,U(
(1.5) { —Av(z) = Gz, u(

with energy functional
(1.6) J(u,v) = /Q [Vu(z) - Vo(x) — G(z,u(z),v(z))] dz,

where ) is a bounded open domain in RN (N > 1), G : Q@ xR? — Ris of class C* in
the variables (u,v) € R? with gradient VG = (G,,G,) and satisfies some growth
conditions. Here, zero Dirichlet or Neumann boundary conditions are assumed.
Certain qualitative results for those systems including the existence or multiplicity
of their solutions have been established under some suitable assumptions; see [7]
8, @, 10, 1], 15] and the references therein. As a subsequent paper to [Bl [6], we
continue developing some computational theory and methods to solve those systems
for their multiple solutions in an order.
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Example 1.1. The Gross-Pitaevskii system [4] [10, [13]
(17) l% = A@J - V}(ZL’)CD] - [Lj|fbj|2q>j - Zﬂiﬂ@”z@j’ j = 1, 2, e’

i#]
has been widely used to describe multi-species Bose-Einstein condensations (BEC)
in m different hyperfine spin states on the corresponding condensate wave functions
®;, where V; is the magnetic trapping potential for the jth hyperfine spin state, the
constants j; and B;; are the intraspecies and interspecies scattering lengths which
represent the interactions between “like” and “unlike” particles, respectively; e.g.,
Bij > 0(< 0) means repulsive (attractive) interaction between the ith and jth
particles. To find its solitary wave solutions of the form @; = e #ity;(x), one
may transform system (7)) into the elliptic system

(1.8) —AU,J‘ + (V}(.’E) + /\j)Uj + Wu? + Zﬁwufuj =0,7=1,....,m.

i#)
Here, A;’s are some positive constants. When m = 2, it is easy to see that system
(L8) is cooperative if 3;;5;; > 0, for which some numerical results can be found
in [4]; while system (.8) becomes noncooperative if j5;;5;; < 0, for which there
is no efficient or reliable numerical method available so far for finding its multiple
nontrivial solutions.

Since cooperative systems have already been studied in [5] [6] and many Hamil-
tonian type systems can actually be converted into noncooperative ones by change
of variables, we will focus on noncooperative systems in this work.

Next, to see why our local min-orthogonal method (LMOM) developed in [5] 6]
for the cooperative case cannot be applied to the noncooperative case, let us explain
an essential difference between these two systems.

Let H be a real Hilbert space with inner product (-,-) and ¢ € C'(H,R). A
point ug € H is a critical point of ¢ if ¢'(ug) = 0 where ¢’ is the first Fréchet
derivative of ¢. Obviously, any local extremum of ¢ is a critical point. Critical
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points that are not local extrema of ¢ are called saddle points. The Morse index
(MI) of a critical point ug of ¢ is the dimension of the maximum negative definite
subspace of ¢"(up) in H. When ¢ is of the form

(1.9) ¢(u) = %(Au, u) + b(u)

where A : H — H is an invertible self-adjoint linear operator and b is a nonlinear
functional with compact gradient Vb € C(H, H), ¢ is called strongly indefinite if
both the positive and negative eigenspaces of A are infinite-dimensional; ¢ is called
positive (semi-positive) definite if the dimension of the negative eigenspace of A is
zero (finite).

It is obvious that if ¢ is strongly indefinite, so is —¢. In this case, the Morse index
of every critical point of both ¢ and —¢ is infinite and hence provides no help for
one to find those critical points [Il 2]. This also implies that a strongly indefinite
functional is neither bounded from above nor from below, not even modulo any
finite-dimensional subspace [12].

Taking ([I9) into account, one sees that the linear operator, denoted by A, in
functional (L2) for the cooperative case and the linear operator, denoted by A,
in functional (4] for the noncooperative case are, respectively,

-A 0 -A 0
a0 [ B8] a2 0]
For both cases, the term b(u) = [, G(z,u,v)dx has a compact gradient if it does not
grow too rapidly, e.g., it satisfies some subcritical growth condition [7, [§], see also
condition (Fy) in Section 1l Hence, functional (L2)) is positive definite and has
critical points with a finite Morse index; while functional (4] is strongly indefinite
and each of its critical points has an infinite Morse index.

By [Bl [6], if a critical point w* found is nondegenerate, there exists a finite-
dimensional support L with dim(L) =MI(u*) — 2. Since the functional J in (T4)
is strongly indefinite and MI(u*) = oo, a finite-dimensional support L for LMOM
does not exist; see also Theorem Hence, LMOM cannot be applied to solve
noncooperative systems. In fact, there is no reliable numerical method available so
far for solving such strongly indefinite problems.

To further motivate our new method, let us view the two components v and v as

two players in a two-person game and define their objective functions respectively
by

(L11) fluv) = /Q[%\Vu(x)\Q — Gl u(@), v(@)dz = J(u,v) + a(v),

(1.12) g(u,v) = /Q[%\VU(I)IQ—(i)G(x,U(I)vv(fE))}dI:i(J(u,v)ﬂLB(U)),

where a(w) = B(w) = =% [, [Vw(z)|?dz, the functional J is as in (L2) and the
sign is “4” for the cooperative case ([L.I]), and the functional J is as in (L4) and
the sign is “—” for the noncooperative case ([L3)). Then, (u*,v*) is a solution to
system (L)) or (I3) iff (u*,v*) solves the system

(1.13) fulu,v) =0, g,(u,v) =0.

Obviously, the term +a(v) can be viewed as a constant to the player u and so can

the term £8(u) to the player v. Thus, J(u,v) and +.J(u,v) are the essential parts
of their objective functions, respectively.
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For the cooperative system (L)), the essential parts of the two players’ objective
functions are the same, i.e., J(u,v). So it is quite natural to call system (LI])
cooperative in the sense of game theory. In this case, the objective functions f and
g are positive definite in u and v, respectively, and a solution (u*,v*) to system
(I can be found through a two-person game

*

v* = argmin,epr(or) 9(u*,v),

where N (u*), N (v*) are some open neighborhoods of u*,v*, respectively. On the
other hand, for the noncooperative system (L3]), the essential parts of the two
players’ objective functions f, g are respectively J(u,v) and —J(u,v), where J is
as in (I4). Hence, a solution (u*,v*) to system (3] can be found by a two-person
ZEro-sum game

(1.15) { u* iargml.nuej\/(u*) f(u;v )<:> { u* = arg min, e nr(y+) j(u:kv )
v = argmlnve/\f(v*)g(u ;) U = arg maXye N (v*) (u*,v)

or equivalently by a local saddle point problem
J(u*,v) < Ju*0*) < J(u,v*), YueN(u*),veN@w").

Of course, it becomes much more complicated as multiple solutions are concerned.
However, the discovery of the nature of a zero-sum game for problem (3] leads
us to develop a new local saddle point characterization and a new stable numerical
method, which hereafter is called a local min-max-orthogonal method (LMMOM),
for finding multiple saddle points to certain strongly indefinite functionals. This
method is the first one of its kind so far.

This paper is organized as follows. In Section 2, we establish a local min-max-
orthogonal characterization for saddle points to strongly indefinite functionals of the
form (4]). In Section 3, we develop a numerical method for saddle points of infinite
Morse index. In the final section, we carry out numerical experiments on two types
of noncooperative systems to illustrate this new characterization and method. We
also verify certain important properties (e.g., existence, differentiability, separation)
that are closely related to our method.

(114) { ut = arg minueN(u*) f(ua ’U*),

2. A LOCAL MIN-MAX-ORTHOGONAL CHARACTERIZATION

For ¢ = 1,2, let H; be a real Hilbert space with inner product (-,-) and norm
|- |, let L; be a closed subspace of H; and let H; = L; ® L;- be its orthogonal
decomposition. Denote H = Hy X Hy, L = L1 x Ly. Thus Lf- X Lﬁ- = L+ and
H = L& L. Denote Sg = {u € B : |lul| = 1} for any closed subspace B of
H; (i = 1,2) or H and let [L;,v] = {tv + wjw € L;,t € R}, Vv € Spr,i=1,2.
Assume J € C'(H,R) and denote by VJ = (01J,02J) its gradient.

Definition 2.1 ([6]). The set-valued mapping P : Sy — 2 is the L-1 mapping
of J if for each v = (vy,v2) € Sy«

P(v) = {u € [Ly,v1] % [La2, v2] :81J(u)J_[L1,vl],ﬁgJ(u)J_[Lg,vg]}.

A single-valued mapping p : S;. — H is called an L-_L selection of J if p(v) € P(v),
Vo € Spi. For a given w € Spu, if such p is locally defined in N (w) N Sy
where N (w) is some neighborhood of w, then p is called a local L-1 selection of
J at w; in addition, if p(v) is a local maximum of J in [L1,v1] X [La,ve] for each
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v = (v1,v2) € N(w) N Sp1, then such p is called a local peak selection of J w.r.t.
L at w.

The notion of a local peak selection is introduced to find a local mountain pass
solution or to design a local min-max method in the literature. Here it is clear that
a local peak selection of J w.r.t. L at w is a local L-1 selection of J at w.

Lemma 2.1. For every unit vector w in a Hilbert space (X, || ||), it follows that

, Yo € X with vlw. |

o]l H w+ v H 2||v||
JwEo] = Mwxo 1= Jwtof

The following lemma is crucial in establishing a local characterization for multiple
saddle points of strongly indefinite functionals of the form (L4]) and a stepsize rule
in the LMMOM. Note that the opposite signs/directions in (i)—(ii) and w¥)(s) (j =
1,2) below reveal a new search process for game-type saddle points in numerical
computation.

Lemma 2.2. Let J € C'(H,R), let L be a closed subspace of H and w = (w1, ws) €
Spo with wy # 0, wo # 0. Assume that p is a local L-1 selection of J and
continuous at w. Write p(w) = (p1(w), p2(w)) = (tywi,tows) + wy, € H, where
wy, € L and t1,ts € R with t1t2 # 0. If d = (d1,d2) = VJ(p(w)) # 0, then Isg > 0
such that for each 0 < s < sg, we have

6 )~ Ie) <~ D jw® ) -l < Lgjae <o
if di # 0;
() T ()~ Tow) > 2l ()~ > Llsja)? > o
if do # 0,
where w(l)( )= Hw sign(ty)s(d,0) Sra, w(2)(5) — wihsign(ta)s(0.da) SpL.
w—sign(t1)s(di,0)]| [lw+sign(t2)s(0,d2)]]

Proof. (i) First, by the definition of p, we have d; L[L;,w;],i = 1,2. Then we have

wy — sign(ty)sd; Wy ) 5w
VI+2[di]? /14 s%[da]?

w® () = (wi (s),ws” (s)) = (

= (w1, we)

as s — 0. Since p is continuous at w, p(w™(s)) — p(w) as s — 0. On the other
hand, for each s near zero,

p(wV(s)) = (p2(wD (), p2(w D (5))) = (Eu(s)wi” (s), Ea(s)ws (5)) + wi(s)
for some scalars #1(s),f2(s) and some wy,(s) € L. Thus £;(s) — t; as s — 0,3 = 1,2.

With t1ty # 0, we have sign(t1(s)) = sign(t1), [t1(s)| > |t1|/2 when s is small.
Since J € C*(H,R), by the definition of p, d; L[L;, w;],i = 1,2, we have dQJ_w( )( )
and dy Lps(w™(s)). Thus

J(p(w(5))) = J (p(w))

= (VJ(p(w)), p(w™(s)) = p(w)) + o([[p(w™M(s)) — p(w)])
= (di,p1(w?(9))) + o([[p(w M (s)) = p(w)]).
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Then
<d1 y D1 (w(l) (3))>
= (di, i (s)wi(5)) = (dv, Ta(s)

wy — sign(ty)sdy

V1+s?|ldi|?
—sign(ty)ti(s)sd sign(ty)t:
= {dy, gn( 1)21( )2 1> _ %9 ( 1)2 1(5 )2||d ||2 (since dy L[Ly,w1])
V1t s?di] V14 s?di]

SZgn(tl( )) ( ) H _ |t1( )|S ||d1||2

- I V1t s?|di

)} (since wr,(s) € L)

V1% duf?
Since p(w™(s)) — p(w) as s — 0, when s is small, we have
T(p(w(5))) = J (p(w))

_|£1(5)|5||d1“2 (1) _|t1‘5||dl||2
—— +o(|jp(w s)) —plw <L —F/—
1 82|| ll||2 (” ( ( )) ( )”) Wi s2|| l1||2

By Lemma 2.1l we have
Sl ]| o si)sd0) sl
2 1+ $2|dy]]2 [lw — sign(t1)s(dy,0)]| V1+s?|dq|]?

when s > 0 is sufficiently small. Combining (2I)) and ([2.2) yields

(2.1)

(2.2)

w w®(s)) — nlw |t1‘ M
(VJ(p(w)), p(w'(s)) — p(w)) < [d || 1t 2|2
|t1 sign(ty)s(dy, 0) _wll = |t1| w w
< I “Huw sign(t1)s(dy, 0)] H il el
|t1

AT

IN

when s is suﬁi(nently small. Taking (21)) into account, we conclude that Jsg > 0
s.t. (i) holds true V0 < s < sg. Finally, by similar arguments as above, one can
prove (ii). O

Now we are ready to establish a local game-type saddle point characterization
of multiple saddle points to strongly indefinite functional J in ().

Theorem 2.1. Let J € C1(H,R) be a strongly indefinite functional of form (L4,
w = (wy,wz) € Spr. Assume that p(-) = (p1(-), p2(+)) is a local L-1 selection of J
at w s.t.

(i) p is continuous at w,
(ii) dist(p1(w), L1) > 0 and dist(p2(w), L2) > 0.
If there exists an open neighborhood U x V' C L of (wy,ws) s.t.

(2.3)  J(p(Brt2) )y < J(p(in, o)) < J(p(r22) )Y V(wy,w,) € U X V,

I(@1,w2) | I (w1, w2)|

then p(w) is a critical (saddle) point of J in H.

Proof. Suppose, by contradiction, (di,d2) = VJ(p(w)) # 0. We have either (a)
dy # 0 or (b) do # 0. By definition, we may write p(@w) = (p1(w),p2(w)) =
(t1w1,tows) + wy, for some scalars t1,t2 and some wy, € L. Then condition (ii)
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implies that w; # 0,ws # 0 and 1t # 0. By Lemma [2.2] there is sg > 0 such that
when 0 < s < 59, we have

I () < J(p(@)) - i|t1| ldu 1w (s) — ]| < J(p(w)) if dy #0,

Jp® () > J(p(@)) + iltzl lda | 1w (s) — || > J(p(w)) if da # 0,

where
o B 1) 1) _w — sign(t1)s(dy,0)
w'(s) = s),wy "’ (s)) = -
()= e ) = 1 gn()s(d o)
o (1I)1 — Sigﬂ(tl)sdl,lf)g) g
= L+
V1 5%||dy?
2) _ (2) 2) w + sign(t2)s(0,d2)
w(s) = (wy”(s),ws”’ (s - )
(s) (wy™ (), wy " (s)) = [ & sign(t2)s(0, da)]|
(w1, Wa + sign(ta)sds)
V1+s?da]?
In either case, it violates (Z3]) when s is small. O

Note that the game-type saddle point characterization in ([2.3]) has extended the
notion of a zero-sum game as well as the saddle point definition in game theory. If

introducing a solution set M = {p(w) w €S LL}, which naturally generalizes

the notion of the Nehari manifold (wherein L = {0}), we may call p(w) a saddle
point (actually a game-type saddle point) of J on M. With this in mind, instead
of finding saddle points of J in H, we actually look for saddle points of J on M.
Here, the function p(-) is introduced in order to find multiple nontrivial solutions.

There are some variations of Lemma, based on which different stepsize rules
can be derived. The following is one of such variations.

Lemma 2.3. Under the assumptions in Lemma 2.2], it follows that

. t
) I (1)) ~ Jp)) <~ - O (s1) — wl] < Ly <0
if dy # 0;
.. t t
() J(w) — T (52)) <~ Zjda)] - 0 (52) ~ wll < - Zsy s <0
if dy # 0;
V0 < s1 < 51,0 < s9 < 5y for some 51,82 > 0, where
1) . w— sign(t1)s1(dy,0) A
W) = oo @ o) € 5
@) _ w+ sign(te)s2(0,ds) g I
W) = e sign(ia)sa(0, da)]| © OF

Corollary 2.1. With the notation and assumptions in Lemma 2.2, if we let
j =arg max ||dgl||, then there exists 5 > 0 such that
ke{1,2}

T () ~ e ) > 12> Bgare, vo<s<s

Proof. Follows from Lemma 22 and the fact 2||d;||> > ||d||* = [|di|* + ||d2]|?>. O
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3. A LOCAL MIN-MAX-ORTHOGONAL ALGORITHM

Initialize: L X L,, € >0

Y

Choose an initial k = 1, wk = (wk, wh) e L{ x Ly

Y
Compute 6% = (6%, 6%) = p(w¥) and d* = (d¥, d¥) =7 J(6%)

whtl — wh(s), 5,); k — k| <lmax{[|af]]. [|d]|} <€

\

Output 6%; stop.

k
2

|| (wh—sign(tF)s;dX wh+sign(rb)ssab)||

(wk— sign(té)ildll‘,w +sign(r6)§2dé)

FI1GURE 1. Flow chart of the local min-max-orthogonal algorithm.

Based on the local game-type saddle point characterization in Theorem 2.1] and

the stepsize rule in Lemma 2.3 we present a new local min-max-orthogonal method
(LMMOM):

Algorithm 3.1. Local Min-Max-Orthogonal Method (LMMOM)

Step 0: Set L = L1 X Ly = span{uy,...,umt X spanf{vy,...,v,}, a tolerance
e > 0, and choose a control parameter A s.t. 0 < A < 1. Set k = 1.
Step 1: Choose an initial direction w* = (w,w%) € Spixpy with wh # 0,

wk #0. Compute

p1(wk) =31 thu; + thwt € [Ly,wf\L1 (i.e., th #0),
p2(w®) =320 rivi +rgwh € [Lo,wi\Ly (.., 7§ # 0),
where p(w*) = (p1(w*), pa(w")) is an L-1 selection of J at w*, t} and r}
(i=0,...,m,j=0,...,n) are solved locally from the (m+n-+2) equations
0, (O1J(p(w®)),u;) =0, i=1,...,m,
=0, (BJ(pw"),v;)=0, j=1,....n
in (m+ n+ 2) variables.

Step 2: Set 0% = p(w*) and compute the gradient d* = (d¥,d%) = VJ(6%).
Step 3: If max{||d¥||,||d5||} < e, Output 6%, Stop; otherwise, Goto Step 4.
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Step 4 (Update the search direction by the stepsize rule): Find

(3.1) W = (L W) = g(sy, 82) = (wz(sﬂ,w%(sz))
[ (wf (s1), w3

where w (s1) = wk — sign(th)sid¥, wh(s2) = wk + sign(rk)sadh, and 51,5,

are determined by the following stepsize rule.
(i) First, initialize the stepsizes 51 = 52 = 0.
(ii) If ||d¥|| > €, then

- Aloi k A k 161\, 4 A k).

5= max { 2 [2° > (14811, Tp(o( 5, 00) = T(p(w)) < =2kl llo(5,0) — I}
If ||d§|| > ¢, then

= Al k k A |7'§‘ k A k

52 = max { 2 > ld511, J(p(w)) = J(p(0(0, 5))) < = [a] - (160, 53) = w]}.
Here (tf th, ...tk vk vk ... rE) is used as an initial guess to evalu-

ate p(¢(2+,0)) and/or p($(0, 2)) in the same way as in Step 1.
Step 5: Compute p(w*t1) with the same initial guess as in Step 4. Set
k+ k+1. Goto Step 2. |

Remark 3.1. (a) A flow chart of Algorithm B]is shown in Figure [Il wherein the
stepsizes §1, §o are determined by Step 4 of Algorithm B] and satisfy

H k 3 k
(32) 51{ > Oa if ”dl” > &, —2{ > Oa if HdQH > g,

Zo, it ab] <. Zo, it k] <.
Thus Algorithm B] produces two byproducts, {w*1} and {w*2}, given by

k1 _ ¢(§170)7 if ||d11€|| > €, k2 _ ¢(07‘§2)7 if HdIQCH > g,
(8:3) wh' = { wk, il <o YT wh, if [[db <e,

where ¢ is defined in (BI). Then from Step 4 of Algorithm Bl one can see that

J(p(w*?)) = J(p(w*)) > J(p(w"1)), Vk.

(b) The algorithm usually starts with L = {0} x {0} with which a first solution
W1 = (u1,v1) is found. Then we may set L = span{u;} X span{v;} to find a new
solution Wy = (ug,v2). As L is gradually expanded by newly found solutions Wy,
more solutions can be found in a partial order defined by the dimension of L.

A symmetry, if available, can also be used to reduce L and make the algo-
rithm more efficient. The algorithm can also be followed by Newton’s method with
Armijo’s stepsize rule to speed up local convergence. See [14] for more details.

4. APPLICATIONS TO NONCOOPERATIVE SYSTEMS

In this section, we apply our method (i.e., the LMMOM) to solve two types of
noncooperative systems for multiple solutions and verify some of their important
properties.
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4.1. Noncooperative systems of definite type. Consider noncooperative ellip-
tic systems of the form [7] [8 @, [IT] [15]

—Au=du— v+ Gyu(z;u,v) x€Q, o
(4.1) { —Av =du+yv — Gy(z;u,v)  x € Q, u=v=0,zcd,
where Q C RY (N > 1), v < \,6 > 0. The nonlinear term G(z;U) € C1 (2 x R%; R)
(in the variables U = (u,v) € R?) satisfies the following conditions [7] [§]

(Fy) |VG(z,U)] < c(1+|U|EY, VYU € R?, ae. x € Q, for some ¢ > 0 and
2<€E< 13—11'2 if N>3or2<¢<+4o00if N=1,2; (subcritical),

U-VG(z;U) —2G(x; U

(F5) liminf VG(z:U) (z:U)

|U|—o00 |U|+

N(E—-2)/2if N >3or u>&—2if N=1,2; (nonquadratic),

. G(x;U)
F U) > R?, 1 :
( 3) G(x’ U) — 0, VU € I ‘UI‘IE)IO |U|2

If we let H = L?(Q2) x L?(Q), denoting VG = (G, G,) and

S B )|

> a > 0 uniformly a.e. z € Q with p >

=0 uniformly a.e. x € Q.

o 0 -1
then (1)) becomes
LU =VG(z;U)

where £ : D(£) € H — H is a self-adjoint operator given by LU = R(—A — A)U
and

D(L) = W32, R?) N Wy 2 (2, R?).

Problem () was particularly studied in [7, []. As pointed out in []], the
following asymptotic noncrossing conditions

.. L 2G(xU) 2G(z; U) .
F) o1 < liminf —2"2 < limsup ———= < \ unif. a.e. x € Q,
FL) X Ul—oo  |UJ? \U\—mf U2 g
_ .. 2G(xU) 2G(x;U) )
F7) A1 <liminf ——— <limsup ———= < A unif. a.e. x € §,
(Fi) Ao < Hmind =573 Ulsoo U g

or crossing conditions
1
(F5) G(x;U) > 5A,H|U|2 ae. x €, YU € R?,

(Fs) limsupM <a< << liminfM

unif. a.e.x € N
wi—o U2 Ul~oo U2 ’

where \p_1 < A are two consecutive eigenvalues of the operator £, were used to
assure the existence of nonzero solutions to (£1I)). In some sense, the assumption
G(z;U) > 0,YU € R? in (F3) is a necessity for conditions (F;5) or (F)—(Fs). Mean-
while, other authors [3], @ 5] proved that such an assumption may be weakened
by, e.g., G(z;0,v) > 0, for a.e. € Q,v € R, under which the existence results can
still be obtained.
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Remark 4.1. Due to G(x;U) > 0 in (F3), system (1) is called a noncoopera-
tive system of definite type. In Section 2] we will consider an indefinite type
noncooperative system where G(x;U) changes sign.

Example 4.1. As a typical problem studied in [3] [7, [8 @} [I5], we choose N = 2
(ie., @ C R?) and G(z;u,v) = G(u,v) = SylulP*' + S5 [v|"" with p,q > 1. Then

&ID) becomes

— = — p—1
(4.2) { Au=Xu—3dv+[uflu zeQ,

—Av="0bu+~v -] zeq, u=v=0, z €

For this particular example, one sees that conditions (F;)—(F3) are satisfied. Let
H = Hg(2) x Hj(Q) and || - || be its norm, i.c., [|(u,v)]* = [(|Vu* + [Vv|?)dz,
V(u,v) € H. Then, weak solutions of ([2) are critical points of the following
C?-functional on H:

|u|10+1 "U“H—l

(4.3) J(u,0) = %/Q [(|Vu|2—\Vv|2)—()\u2—25uv—'yv2)—2(m o)]a.
Now we define the solution set
(4.4) Mv:{(u,v)EH:(‘)J/ﬁuLu,@J/ava}

where VJ = (g—i, g—i) is the gradient of J. Clearly, M contains all critical points
of J. Next, we verify or state some basic properties of J in ([@3]) which are closely
related to the LMMOM and our numerical computations. For simplicity, from now
on, we denote [, by [.

Proposition 4.1. Any critical point of J in [{&3) has an infinite Morse index. |

Proposition 4.2. For J in (£3) and V(u,v) € M, it follows that

1 1 1

Huo) = [ [(G= Pl + G-

)|v|q+1}dx >0.

Consequently, (0,0) € M is the least energy saddle point of J with J(0,0) = 0.

Proof. For every point (u,v) € /T/T, the conditions %J_u and ‘g—ij_v lead to
/ |Vu|*dx = / [\ — Suv + [uPT] da,

/|Vv|2dac = / [y0* 4 duv — [v|7T] da.

Plugging them into (3] and since p, ¢ > 1, we obtain

1 1 1 1
_ - pHL L (2 T Jplat? > 0. O
Huo) = [ [(G= =Pl + (G = =i do 2 0

(4.5)

If denoting by o7 the first eigenvalue of —A on Hg(£2), then we have

Proposition 4.3. For any critical point (@,v) # (0,0) of J, it follows that
(i) w#0,0#0 and
(ii) if v < o1, then [a@vdz > 0.
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Proof. (i) is trivial. For (ii), by the second equation in (5], we have

§/ﬁl7da::/|vm2d:1:—”y/f12daj+/|17|q+1dx.

Then (ii) follows via the Poincaré inequality. O

Property (ii) in Proposition [£.3] can help us select an initial guess (u,v) for our
method. The next lemma further confirms the existence and differentiability of an
L-1 selection p of J in (@3)) when L = {0} x {0}.

Lemma 4.1. Assume v < X\ < 01. For every unit vector (u,v) with [uvdx # 0,
there exists a differentiable local peak selection p of J w.r.t. L = {0} x {0} around
(u,v) such that p(u,v) = (tu,sv) and L [uvdz > 0 for some t, 5.

Proof. By definition, an L-_L selection p(u,v) = (tu, sv) is solved from the nonlinear
system

(4.6) %—i(ta, 55) = t(/[|Vﬂ|2 _ xilde) + 6s/ﬂ@da¢ _ |t|p_1t/ P+ de = 0,
9J = e ~2 ~12 = q—1 ~1g+1

(4.7 E(tu,sv) =s( [ [yo© — |Vo|7]dz) + 6t | avdx —|s|T s [ |0]9 de =0

for a nonzero solution (t, s) (i.e., ts # 0), where J is defined in ([@3]). Denote

(4.8) ag = (5/121?dx, a; = /[\Vﬂ\z — \u?ldz,

/|ﬂ|p+1dx, by — /[|v17|2 — yo%)dz, by :/|17|q+1dx.

By our assumptions, we have ay, as, by, bs > 0. Then, (@) gives

(49) as

f bis + ba|s|?7 s

(4.10)
ag

Since we seek nonzero solutions of (L8)—(ZL7), plugging (ZI0) into (0] yields

b ba|s|97Ls |p=1 (by + bo|s|97?
(411) (b1—|—b2|5|q71)ﬂ—|—a0— ’ 18 + 2|S| S|P ( 1+ 2|S| )a2:0.
ag ag (o))
Define, for each s € [0, 00),
b bao|s|97 s P=1[by + by|s|9 1
(8) = B+ o152 g - [ EE R B,
ao ao Qo

Clearly, 9 is continuous with (0) = blﬂ% + ag, P(s) ~ —|s[Pa—! ‘aobélf?lao (when s

is sufficiently large). We then see that 1 (0)1(c0) < 0 because a1, az, b1, by are all
positive. Thus by the mean value theorem, there exists § > 0 such that ¥(5) = 0.

R fna T (bitbals|iTh)s : sla—1
Plugging 5 into (@.I0) gives ¢ = =2 -—= 7 0 since by + ba[s|?"* > 0. Thus,

t t t
(4.12) gé/fwdx =00 = by + 2|59t >0, or E /ﬂﬁd:z: > 0 since § > 0.
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Next, we show that p(a,v) = (tu,50) is a local maximum of J in the subspace
span{a} x span{v}; i.e., we verify that the Hessian matrix

9% J(ta,sv)  9%J(tu,sv)
— ot? dtds
Q= 8% J(tu,sv)  0%J(tu,sv)

(4.13) 9s0t 9s? (t,9)=(£,3)
_ [ a1 = aspltfr~! ao
ao —by —qu‘g‘qil

is negative definite. Since (Z, 5) solves ([8)- (&), we have

S _ t
(4.14) a; = —%ao + a2|t|p71, b1 = —ag — b2‘§|q71.
5
Substituting [@I4]) into @I3]) gives
—%ag —ax(p — 1)[t[P~! ao
4.15 = t 7 —lg—
(415) @ ag —Lag —ba(g—1)[s|97!

Since ag,by > 0,p,q > 1, [EI2)) implies that the diagonal elements of @ are
negative and the determinant |Q| > asba(p — 1)(g — 1)|#[P7%|5]9"* > 0. Thus Q
is negative definite. Consequently, p(@,v) = (tu, 50) is a local maximum of J in
span{a} x span{v}.

Finally, we show that such p can be extended locally as a differentiable local
peak selection of J around (@, 7). Consider the equations

{ Fi(u,v,t,s) = %—{(tu,sv) =0,

Fy(u,v,t,s) = g—‘;(tu,sv) =0,

(4.16)

and define a matrix function

O(Fy, Fy) l g—;J(tu,sv) a‘?—;sJ(tu, sv) 1

(4.17)  Q(u,v,t,s) 9t.5)

2 2
%J(tu, sv) %J(tu7 sv)

Obviously, (u,v,t,5) solves (£IG) and Q(u,v,t,s)( (a0t = (). Since
|Q| > 0, by the implicit function theorem, there exists an 701,)(7311 neighborhood
N (@,v) of (u,v) such that for every (u,v) € N(@,v) NSy, @EI6) can be uniquely
solved for (t(u,v), s(u,v)), where t(u,v), s(u, v) are differentiable functions of (u,v)
with (t(@,v),s(u,v)) = (f,5). Hence a differentiable local L-1 selection p with
p(u,v) = (tu,sv) is well defined in N(@,9) N Spr. With J € C2, it follows
that Q(t(u,v),s(u,v)) = Q(u,v,t,s) is continuous in N(u,v) N Spi. Since Q
is strictly negative definite and Q(t(@,v), s(@,7)) = Q, one can conclude that
Q(t(u,v), s(u,v)) is strictly negative definite, V(u,v) € N(@,) N Sp.. Therefore,
such p is also a local peak selection of J w.r.t. L. The lemma is thus proved. [

For a general L = Ly x Ly C H, define the solution set
M = {(u,v) # (0,0) : (u,v) € S }.
In particular, for L = {0} x {0}, denote the solution set

Mo = {B(u,v) # (0,0) 5 | (w,v)| = 1}.
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Clearly, M C M, C M, VL C H, where M is defined in (@4). Here the trivial
solution (0, 0) is excluded from the solution set M or M. Next, we verify property
(ii) in Theorem Il which insures that solutions found by our method are nontrivial.

Theorem 4.1. Assume A,y < o1. Then there ezists a constant o > 0 such that
(4.18) dist(Mo, (0,0)) > « > 0.
Consequently, (0,0) ¢ M.

Proof. We start the proof by defining
M’ = {p(u,0) = (tu,s0) : tu # 0, || (w,0)]| = 1}

Clearly, M’ C My. To prove My = M’ we verify that t4 = 0 implies sv = 0
for every L-_L selection p(u,v) = (t, sv) of J w.r.t. L = {0} x {0}. For each unit
vector (@,7) € H, assume p(4,v) is an L-L selection of J with L = {0} x {0}. By
@), tu = 0 gives

(4.19) s(/(|vm2 — yo2)da + |s[7 / |mq+1dx) =0

from which we have either s = 0 or [(|V0|* — y0?)dz + |s|7! [ |o|7T dz = 0.
By the Poincaré inequality, v < o1 implies [(|V3|> —v9?)dz > 0, Vo # 0. Thus
J(IVo|> —=40%)dz + |s|7* [ |6]7T dz = 0 if and only if & = 0. Hence ¢t = 0 implies

st = 0. Thus p(u,v) € M’ for every p(u,v) € My, i.e., Mg C M’'. So, Mg = M.
Next, for each p(u,v) = (tu, sv) € My = M’, ([AG) gives

(4.20) |t|P~! / |a[PH de = /[|Va|2 — \a?)dx + ;5/ﬂ®dfc.

Note that ;5 / wvdx > 0 due to ([{I2), wherein ¢, 5 are replaced by ¢, s, respectively.

Hence
pzﬁ
colt|P™? {/|Vﬁ|2daz} > |t|p*1/|ﬁ|p+1d:1:
12 —2 A —12
(4.21) > /(\Vu| —Au)dr > (1 — —)/|Vu| dx
o1

or equivalently

(4.22) It| </|Vﬂ|2dx> v > (%(1 - %))pll >0

for some constant ¢y > 0 independent of @ via the Poincaré and Sobolev inequalities.

Setting o = (£ — 2

Co Co01

) = gives

1/2
dist(p(i, 9), (0,0) > |¢] (/ |Vu|2dac) > a0, Vp(a, 5) € Mo,

from which it follows that dist(M,, (0,0)) > a > 0. O
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As proved in [B [6], if @ is a local minimum of J(p(+)) on Sr1, then MI(p(w)) <
dim(L) + 2. LMOM is designed to find such local minima. When J is strongly
indefinite, each critical point p(w) has an infinite Morse index. Thus, @ must be a
saddle point of J(p(+)) on Sp. and hence cannot be found by LMOM. Instead, the
new method LMMOM is designed to find such type of saddle points. This assertion
can also be stated as follows:

Theorem 4.2. Let L = Ly x Ly C H with dim(L) < oo and let p be a differentiable
L-1 selection of J in [E3) atw = (@,v) € Sp1 such that p;(w) ¢ L;, i = 1,2, where
p(w) = (p1(w),p2(w)). If, in addition, VJ(p(w)) = 0, then w is a saddle point of
J(p(-)) on Sp.. Consequently, p(@) is a saddle point of J on M. 1

4.1.1. Numerical experiments. In this section, we apply the LMMOM to find mul-
tiple solutions to problem (@2). We choose p = ¢ = 3, A = v = —0.5,06 = 5
and two different domains: a square 3 = (—1,1) x (—=1,1) € R? and a disk
Qy ={zeR?: |z| < 1.4}.

For each (u,v) € H, the gradient d = (dy,d2) = VJ(u,v) of J in {@3) can be
found as follows. Since for every ¢ = (41, ¢2) € H we have

o = [Va-Vods = [ (Adior+ Bdag) o = T _yT(w.0) +19)

(4.23) = / [(—Au— M+ v — [ulP " u)dy + (Av + du + yv — [v]7 ' v) @] da.

Thus, d satisfies the following two linear elliptic equations

(4.24) Ady = Au+ du— v + |ulP~lu z € Q,
: Ady = —(Av+du+yv— |7 ) z€Q,

which can be solved by a finite-element or boundary-element solver, e.g., the MAT-
LAB subroutine ASSEMPDE as used in our numerical experiments.

In our experiments, 32768 (resp. 18432) triangle elements are used on €; (resp.
5). In both cases, the tolerance ¢ = 10~4. Figures (resp. Figures@HH) display
both the profiles (left) and contour (right) plots of the first few solutions to system
Z2) on 4 (resp. Q3). For both positive solutions depicted in Figure [X(a) and
M(a), L = {0} x {0}. All the sign-changing solutions in the figures are found by
using symmetries (i.e., applying the Haar projection, see also [5]) while setting
L = {0} x {0}. The sign-changing solutions in Figures may also be found by
using nontrivial L’s, e.g., L = span{u;} X span{v;} can be used to find the sign-
changing solution shown in Figure [A(b), where (u1,v;1) is the first solution found
on {2y; see also Figure [X(a). Figure [l (resp. Figure[l]) shows the convergence of the
energy gap |J(p(w®?)) — J(p(w*1))| (top), the gradient norm ||d*|| (top), and the
energy J(p(w*)) (bottom) in computing the positive solution to system (2] on €,
(resp. 2); see also Figure2l(a) (resp. Figure[dl(a)). Here, k is the iteration number,
wh? (i = 1,2) are the two byproducts as defined in ([33)). The starting point for
our iteration is ug = vo = (1 — 2%)(1 — 23) (resp. ug = vo = (1.4% — 2% — 23)) with
x = (z1,22) € Q1 (resp. z = (x1,22) € Q2). From Figures. [6l and [7, one sees that
at the final iteration ||d*||? ~ |J(p(w*?)) — J(p(w¥!))| for both cases, which agrees
with our estimate established in Corollary 211

di =ds =0, x € 09,
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Total Energy: 26.63, Energy:
Ene gy: 66.18,
J7||=8.99¢—05 max|u|:5.91 | [17]]=9.9¢-0.5

-1 0.5 0 05 1

#Tri=32768

I -1

[L.GD]=1-05.-05.5] [11,07,1()]']54—8.5,955, B
(a) (b)

FIGURE 2. Profiles and contours of a positive solution (a) and a
2-peak sign-changing solution (b) to system ([{2) with p = ¢ =
3, A=~v=-0.5,§ =5.

Energy: 71.29, Energy: 175.7,
[[17]|=8.18e-05 [|37]|=8.44¢—05

max|u|:6.11

) .
AT
i 'A“{‘\\;;;,

b, N

41 : : - —
-1 -05 0 05 1 l1 -05 0 05 1

[L,G,D] =[-0.5,-0.5,5] [L,G,D]=[-0.5,-0.5,5]

(a) (b)

FIGURE 3. Profiles and contours of a 2-peak sign-changing solu-
tion (u2,v3) (a) where L = span{u;} x span{v;} and a 4-peak
sign-changing solution (uz,v3) (b) where L = span{uj,u3} x
span{vy,v3} to system [@2) with p=¢=3,A=~=—0.5,§ =5.
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Energy: 28.89,
[]37]|=9.71e-05

T =

max|u|:4.97

14—
“14-07 0 07 14
[L,G,D]=[-0.5,-0.5,5]

(a)

“1.4-07 0 07 14

#Tri=18432, #nodes=9345
4 -

max|ul:5.23

5 .
-14=14 0
X

max|v|:1.85

S =1

=1
PN

(b)

-14

Energy: 55.99,
[131=9.91e—0.

> ~.

4 :
-14 -07 0 07

14

1§Tri:18432’ #nodes=9345

~

-14-07 0 07 14
[L,G,D]=[-0.5,-0.5,5]

FIGURE 4. Profiles and contours of a positive solution (uy,v)

(a) and a 2-peak sign-changing solution (usg,vs) (b) where L
span{uq } x span{vi} to system ([2) with p = ¢ = 3,\ =~

—0.5,0 = 5. The dashed circle indicates the boundary of the do-

main.

max ul:6.04

> .
-14=14 0
X

max|v|:1.55

Energy: 137.2,
[|J]|=8.84e-05

-14-07

0 07 14

#ATri:] 8432, #nodes=9345

5 £3

-14 = =
-14-07 0 07 14
Noncoop—[L,G,D]=[-0.5,-0.5,5]

()

FIGURE 5. Profiles and contours of a 4-peak sign-changing solution
(c) to system ([£2) with p = ¢ = 3,A =~y = =05, = 5. The
dashed circle indicates the domain boundary.
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Energy Gap G= \J(p(wk’z))—l(p(wk’l))\ and gradient norm HdkH

HdkH:HJ'(p(Wk))H: Gradient norm
o— J(p(w"*)) -J(p(w""))|: Energy Gap

0 OO OoEN RSP IRRI/VIVLLROLVVLRLL/D/DL/DRE ¥
5 10 15 20 25 30 35 40 43
k
k=43, J(p(w")) =26.6274, Final energy gapG*=5.556¢— 09, |d*|=8.99¢ 05
40 [ T T T T T T T
—O— J(p(w")): energy
351 1
>
5
g 30t :
[8a)
251 R
1 1 1 1 1 1 1 1
5 10 15 20 25 30 35 40 43
FIGURE 6. Convergence test on the positive solution (see also Fig-
ure[X(a)) to system [@2) withp=¢=3,A=~v=-05,=5,Q =
(—=1,1)2: convergence of the energy gap |J(p(w*?2)) — J(p(wk1))|
and the gradient norm ||d*|| (top), convergence of the energy
J(p(w*)) (bottom). The z-axis (k) represents the iteration num-
ber.

4.2. Noncooperative systems of indefinite type. In this section we consider
a noncooperative system of the form (I]) where the nonlinear term G(z;u,v) is
indefinite (i.e., sign-changing). Due to this indefinite nature, none of the existence
results in [3] [7, 8, @, [I5] is applicable. However, we have numerically found several
solutions to such systems and discovered some interesting phenomena.

Example 4.2. Choose N =2 (or Q C R?) and G(z;u,v) = G(u,v) = 1ﬁ|u|p“‘1 -
qT11|U|q+1 with p,q > 1. System (£1]) becomes

(4.25)

{ Au=Au—ov+ '™ u, w€Q 0

—Av="0bu+yv+ v, zeQ,
to which the associated energy functional

(4.26) J(u,v) = %/Q [(|Vu|2 — |Vo]?) — (\u? — 26uv — 71)2)] dx — /Q G(u,v)dx

is well defined in H = H}(Q) x H} () and of class C*(H, R).



SOLVING NONCOOPERATIVE SYSTEMS FOR MULTIPLE SOLUTIONS 19

Energy Gap GX= J(p(wk'z))—J(p(wk'1)) | and gradient norm Il

10

—— [IdI=I1J’(p(w"))!I: Gradient norm
—e— | J(p(W*?)-J(p(w"")) I: Energy Ga

o

5 10 15 20 25 30 35 40 46

k
k= 46,J(p(w")) = 28.89, Final energy gap G*= 4.373e-09, Id"l= 9.71e-05
55 - T T T T T T T T ]
=0 —o— J(p(w"): energy
.. 45 .
S
o 40 B
[
W 35 .
30 .
25 C | | | | | | | | .
5 10 15 20 25 30 35 40 46
K

FIGURE 7. Convergence test on the positive solution (see also Fig-
ure [Mi(a)) to system (@2) with p = ¢ = 3,A = v = -0.5,§ =
50 = {x € R? : |z| < 1.4}: convergence of the energy gap
|J (p(w*2))—J(p(w*1))| and the gradient norm ||d*|| (top), conver-
gence of the energy J(p(w)) (bottom). The z-axis (k) represents
the iteration number.

One sees that for this particular example, both the asymptotic noncrossing con-
ditions (F;F) and crossing conditions (F5)—(F) in Section Bl fail due to

2 ) 2 : 2 .
lim inf M = —o0, limsup M =00 and lim supM

=0.
[(u,v)] =00 |(’U/,U)‘2 |(u,v)] =00 |(’U,,U)|2 |(u,v)|—=0 ‘(U7U)|2

Proposition 4.4. Any critical point of J in (L28) has an infinite Morse index. |

Proposition 4.5. For every critical point (u,v) of J in ([{@26), it follows that
1 1 1
JU7U: |:___ Up+1—|—
o) = [ [G= Pl + (o

Proof. Refer to the proof of Proposition [£.2] O

1
— §)|v|qJrl dz.
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For this type of noncooperative system, so far we cannot give a general result on
the existence of a local L-L selection (which eventually boils down to the existence
of nontrivial solutions to a system of nonlinear algebraic equations and hence is
very difficult to solve). Instead, similar to Theorem [£.1] we establish a separation
result for the case L = {0} x {0}. As before, let o1 be the first eigenvalue of —A
on H}(Q) and Mg be the solution set

Mo = {i(u,0) # (0,0) + | (w,v)| = 1}.
Theorem 4.3. Assume 6 > 0, \,v < o1. Then there exists some o > 0 such that
(4.27) dist(Mo, (0,0)) > a > 0.

Consequently (0,0) ¢ Mg and solutions to system [H25) found by the LMMOM
are nontrivial.

Proof. For convenience, we borrow some notation used in equations (J)—(@3),
namely,

ay = 5/1117dx, a = /[|Vﬂ|2 — \a?ldz, az = /\ﬂ|p+1d:v,
[0 =202, b= [ Jolr+ias

for every unit vector (@,7) € H. By definition, if p is an L-_L selection of J in (28]
with respect to L = {0} x {0}, then p(i,v) = (tu,sv) with (0,0) # (t,s) € R?
satisfies the system

oJ

by

(4.28) E(tﬂ’ sv) = tay + sag — [t|P~tag = 0,
oJ, =
(4.29) %(tu, sv) =tag — sby + |s]97 ' sby = 0.
Thus it suffices to prove that 3o > 0 s.t. ||p(a,v)|| = ||(t4, sv)| > «, for any

p(a,v) € My.

We have two cases: (i) ap = 0 and (ii) ag # 0.

Case (i): One can see that equations [@.28)) and [@29]) are actually decoupled.
The fact ||(@,v)|] = 1 implies that at least one component of the vector (u,v) must
be nonzero. Then, using the Poincaré and Sobolev inequalities and following the
lines in the proof of Lemma 1] one can easily complete the proof for this case.

Case (ii): Clearly, 4 # 0,7 # 0. Then, as,by > 0. By the Poincaré inequality,
a1,b; > 0. Multiplying (£28) by ¢ and (£29]) by s, and then subtracting one from
another yields

(4.30) t%a; — |t|PT ag + 5%y —|s]TT by =0 or  t?a; 4 5%by = [t[PTag +|s|TT by

With a3 = [|Viu|?dz and ||9]|3 = [|V0|?dx, applying the Poincaré and
Sobolev inequalities gives

(4.31) et |y > et / @l de = [t s,

(4.32) cqls|THT)IFT > |4t / [0 d = || by
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and
A

(4.33) 124, = 2 /va? “a@dz > 2(1— a2,
01

(4.34) 5By — &2 /[|v17|2 ~yilde > (1= 1) ol

for some constants (independent of @ and ) ¢, cq > 0, which, together with ([@.30),
lead to

(4.35) et ally™ + cqls| D)5 > e an + 5|7 by

A A
> 20— Nl + 20— Lyl min{l I l} (¢, 55)].
o1 o1 01 01

With the fact ||ta|[5™" < ||(ta, sv)||7T and ||so]|2T" < ||(ta, s)]|91!, we obtain

_ e —p+1 —11q+1
(4.36) (cp + o) (lI(ta, s0)[P*" + || (ta, s0)|) > cplltalls™ + cqllsv]l3

A
> mm{l S l} \(ta, 59)]2
g1 g1

1 A
min{l——,l—l}.
Cp + Cq 01 o1

Since p,q > 1 and ¢p, ¢4, 01,7, A are independent of %, v, we conclude that Ja > 0
s.t.

or

(It so)[[P~" + || (ta, sv)[|*7) >

(4.37) I6(a,0) | = ll(ta, s5)| > o, p(a, 5) € Mo. =

Similarly, the gradient d = (d1,d2) = VJ(u,v) of J in [@20) is solved from the
following two linear elliptic equations

(4.38) Ady = Au+ Au— v + |uP~1u x €,
: Ady = —(Av+du+yv+ [v]i ) z€Q,

At the end of this section, we present the first few numerical solutions to system
([@25) with A = —0.5,7 = —1, = 0.5 on the domains: ; = (=2,2)2,Q, = (-3,3)?
and Q3 = a disk of radius 3. For all cases, L = {0} x {0}; meanwhile, symmetries
have been used particularly to find the sign-changing solutions shown in Figures Q-
[T as well as the nonradial positive solution shown in Figure[I0[(b) in order to make
our method more efficient [14].

On Qq, we found a unique positive solution which is symmetric w.r.t. both x- and
y-axes and two sign-changing solutions. Their profiles are similar to the solutions
of system ([@25) on Q9 as shown in Figures[@(a), B(b) and [I0(a), respectively, and
therefore are omitted here.

On 9, we surprisingly found two asymmetric positive solutions to system (Z.25])
as shown in Figure §(a)-(b) with relatively smaller energy than that of the sym-
metric positive one shown in Figure [@(a). Due to the symmetry of the problem,
any asymmetric solution becomes a new solution after a rotation by 7, , %7‘(’. Since
there is no explicit appearance of the space variable x in system ({25]), such asym-
metric positive solutions do not exist for its analogous single equation problem due
to the well-known Gidas-Ni-Nirenberg theorem. To further confirm this new phe-
nomenon and eliminate a possible corner effect of the domain 5, we repeated our
experiments on (3. Besides the radial positive solution and the sign-changing so-
lution as shown in Figure [[T], we found an asymmetric positive solution as depicted

dlde:O,xeaQ.
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in Figure [[0(b). Since such an asymmetric solution is always a solution after a
rotation by any angle, we actually obtained a one-parameter family of degenerate
asymmetric positive solutions.

\l\ilgﬁrfgéesfgé Energy: 2.617,
3— max|u[=2.29 @(0.891,0) - |V|I=1.96e-05

max|u|=2.34 @(0.938,0.938)
25,

-3 -15 0 15 3
X

%Tri=32768, #nodes=16641

641

maxlvi=1.78 @(0.75.0)

Bl 1.5 :
N CH

=3 -5 0 1503 < E N TR
Noncoop—[L,G,D]=[-0.5,-1,0.5] Noncoop—{L,G,D]=[-0.5,-1,0.5]

(a) (b)

FIGURE 8. Profiles and contours of two asymmetric positive so-
lutions (a) and (b) to system ([{25) with A = —0.5,7 = —1,6 =
0.5,Q = (-3,3) x (—3,3).

Energy: 4.594.
Energy: 2.64, . nergy iy
maxul:2.25 5 V1120205 max|u:2.52 3 IV11=5-59¢-05
sl
u 0}-
—1.5}-

35 0 15 3
X
#Tgi:32768, #nodes=1664

Ej -1.5 0 15 3
X

#Tri=32768, #nodes=16641
3

2345 0 1.5 3 15 0 15 3
Noncoop - [L,G,D] =[-0.5,~1, 0.5] Noncoop—{L,G,D]=[-0.5, -1, 0.5]

(a) (b)

FIGURE 9. Profiles and contours of a symmetric positive solution
(a) and a sign-changing solution (b) to system ([@23) with A =
—0.5,vy=-1,6 =0.5,Q2 = (-3,3) x (=3,3).
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Energy: 4.612, Energy: 2.545,

max|u|=2.6 - |IV]22.99e-05 max\}x‘\:2.3 ||Jt“:7'.536795
- . . . T T 4.
. 21.
: u
U 0l 8 1l
=34 3 5
3 3 . : } _ .
-3 ' 53 x 3305 0 15 3

U nax @(=0.722, 0.018), . @(=0.659, ~0.018)

#T1i=32768, #nodes=16641

#Tri=18432, #nodes=9345
k3

= <

N L
3-15 0 15 3

A N N
=3 15 0 15 3
Noncoop—[L,G,D]=[-0.5, -1, 0.5] Noncoop—[L,G,D]=[-0.5,-1, 0.5]

(a) (b)

F1GURE 10. Profiles and contours of a second sign-changing so-
lution (a) to system ([25) with A = —0.5,y = —1,6 = 0.5,Q =
(—3,3) x(—3,3) and an asymmetric positive solution (b) to system
#23) with A = —0.5,7 = —1,5 = 0.5,Q = a disk of radius 3.

Energy: 2.593, .
" Energy: 4.493,
max|u|:2.26 5 _IF'||=1.44-005 max|u|:2.65 . MI=1.5e—05

<

- =
" 4 -~
.. Te

~ . -

5 N - .
-3 -15 0 15 3 -37-3

~

3 — Ld
X 23 15 s 3

#3Tri=18432, #nodes=9345 max|v]:2.3 #Tri=18432, #nodes=9345

- ~

1.5
Voo

-1.5

.~
~ N
~ L3

2 N -
-3 -15 0 L5 3

~

BT

Noncoop-[L,G,D] =F0.5, -1, 0.5] Noncoop—[L,G,D]=[-0.5, -1, 0.5]

(a) (b)

FIGURE 11. Profiles and contours of a radial positive solution
(a) and a sign-changing solution (b) to system ([L2H) with A =
—0.5,y = —=1,0 = 0.5, = a disk of radius 3. The dashed circle
indicates the domain boundary.

In conclusion, we have developed a mathematically justified numerical method
to solve noncooperative systems for their multiple solutions in an order and carried
out numerical experiments in solving systems ([@2)) and [@25]) on both square and
radial domains. In particular, asymmetric positive solutions to system (23] are
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numerically found, possibly as a result of a bifurcation from the symmetric posi-
tive ones w.r.t. the domains. Hopefully, this new numerical finding will promote
some theoretical verification on such phenomenon. In a subsequent paper, we will
continue to study this new method including its convergence analysis.
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