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Abstract

In this paper, we first study an optimal boundary control problem governed by
the Stokes system with point pressure observations on the boundary. A constrained
LQR approach with some hydrostatic potential theory, boundary integral equations
and a variational inequality in a Banach space setting is applied to establish a state
feedback characterization of the optimal control. Since a hyper-singularity is involved
in regularity /singularity analysis and the kernel is only p.v.-integrable, many Lebesgue
integral related tools cannot be applied directly. We develop a method to handle such
a hyper-singularity in establishing some new regularity results. Robust optimal control
problems, i.e., to minimize the velocity at observation points while bringing down the

pressure there, are then solved in the last section.
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1 INTRODUCTION

Let Q C R? be a bounded domain with smooth boundary , and Q be located on one side of

, . The Stokes’” equation

Ad(z) — Vp(z) = 0, in Q,
(1.1) divai(z) = 0, in Q,
T(@)(z) = d(x), on ,,

describes the steady state of an incompressible viscous fluid with low velocity @(x) and
pressure p(x) in the domain 2, where 7(w)(x) is the surface stress of the fluid along the

boundary , , given by
7(@)(2) = (1 (@) (2), 72 () (2), 73() ()",
n(@) ) = Y | 20+ O ) ey

X Z;
1 0 k 0 i

fi(x) is the unit outnormal vector of , at z and @(z) in a feasible control U is the (surface
stress) Neumann boundary control on the surface , .

Let
(1.2) My={i+bxa|dbeR},

which is the subspace of the rigid body motions in R*. Multiplying the Stokes equation
by a + bx i€ My and integration by parts yield the compatibility condition of the Stokes
system, i.e.,

/F(w)(x) @+FxF)doy =0, or 7)) L My,
r

Linear-quadratic regulator approach for systems governed by partial differential equa-
tions has been widely used in research and applications, i.e., for given “target values” at
observation locations, one tries to find a control such that the state variable is as close to
the target values at observation locations as possible. From classic [4, 27] to recent works in
[5,6,1,2, 22,23], most results in the literature assume that the target value is distributed in
space. There are some results in the literature [4,27, 3] which assume that the target value
is given pointwise, however only at some interior observation points. Therefore singularities

can be avoided and Hilbert space setting can be used. By using a bounded linear operator, it



can be treated as distributed target. So usual Galerkin variational approach can be applied
and the optimal control can be characterized by an adjoint system.

In this paper, we assume that the interior of the domain is not reachable, any control
of the system or observations of the state variable have to take place on the boundary.
Basically there are two types of target values. For the first type, the target value is an
ideal profile for the state variable, it can be either distributed or pointwise. For the second
type, the target value is certain data for the state variable measured in experiment. In
this case, assuming that the data is distributed in space is not realistic. In particular in a
state-feedback control system, observations of the state variable can be realized by sensors as
feedback to the control. For an example, [28,33,34] a low-cost fiber-optic Fabry-Perot sensor
can be embedded to measure deformation, temperature, strain, pressure,..,etc. However
those sensors can only detect average data in between the sensor and the size of the sensor
can be less than 107%m. So point observations should be a better mathematical model.
However, once point observations are used in a boundary control system, the state variable
has to be continuous and singularities will appear in the system. A Banach space has to
be used in the problem setting. Regularity/singularity analysis is the key to success. The
usual Galerkin variational approach is not applicable and an adjoint system on the entire
domain can only characterize the optimal control implicitly, which can not provide enough
information on the singularity in the optimal control along the boundary, partially due to the
difference in dimensionalities. We will adopt an approach in a Banch space setting, which
combines boundary integral equations with hydrostatic potential theory and a variational
inequality to derive a state-feedback characterization of the optimal control.

In [36], we studied optimal boundary control problems governed by the Stokes’ equation
with point velocity observations on the boundary, i.e., to find @(z) € U such that @(x) and
p(z) satisfy (1.1) and so as to

m
(1.3) min J(@) = Y el ii(s") — ZeP +y [ |ii(z) Pdo,.
k=1

IN}

We established some regularity/singularity results and derived a velocity state feedback
characterization of the optimal control from which we see that the optimal control oscillates

between uper and lower bounds in any neighborhood of an observation point. Such an



optimal control is hard to realize. It is also known that once velocity is maximized or
minimized at certain points, pressure will build up there. It may cause problems to and
even break the system. Such an optimal control is said to be not robust. So for the sake of
robustness of the control system, pressure should also be taken into account. On the other
hand, people may be just interested in controlling the pressure, so pressure observations
should be taken into place. Since velocity is a vector and pressure is a scalar, pressure
sensors are easier to design [28,33,34]. So we consider the following optimal boundary control
problem governed by the Stokes’ equation with boundary point pressure observations. Once
the regularity/singularity analysis of this problem is done successfully, the robust control
problem is just a combination of problems (1.3) and (1.4) and will be done in the last
section.

Find i(z) € U such that @(z) and p(z) satisfy (1.1) and so as to

(1.4) min J(@) =Y ulp(s") = Ze[* +v | Ji(x)|dos,
k=1 Iy

where
U is the feasible constraint set be specified later for well-posedness of the problem:;
v, e >0, 1 < k < m, are given weighting factors;
sk €, 1 <k < m, are prescribed “observation points”;
Zi, 1 < k < m, are prescribed pressure “target values” at s*.

Since point pressure observations have been used in the system, the pressure state variable
¢(z) has to be continuous at observation points. Otherwise point observations will be mean-
ingless. So the first question which has to be answered is that what space we should choose
for the control variable # to ensure the continuity of the pressure at observation points. There
is a trade-off. If the space we choose is too large, e.g.,the reflexive Banach space LP(, ), then
the pressure may fail to be continuous at observation points. On the other hand, if the
space is too small, e.g., C%(, )—not a reflexive Banach space, then the pressure will be

continuous at observation points, but we lost the weak compactness of the feasible control



set U. Consequently we fail to ensure the existence of the optimal control. So regularities of
this problem has to be carefully analyzed and balanced.

Throughout of this paper, unless stated otherwise, we assume p > 2, ¢ > 1 with %—i—% =1,
| - | is the Euclidean norm in R® and || - || is the norm in (L"*(, ))™(h > 1) and L°(, ) is the
space of all p.v.-integrable functions on , , where p.v. stands for Cauchy principal value.

For ¢ > 1, let A be a subspace of (L/(, ))® and denote

(LG )= {F e (L)) L A}

Let’s briefly recall some hydrostatic potential theory and known regularity results.
Let {E(x,§),€(x, &)} = {[Eij(%,§)];.5, [ei(x,&)]3x1} be the velocity-pressure fundamental

solution of the Stokes systems, i.e.

ALE(x,8) — Vee(x, &) = —0(x— &),
div,E(z,§) = 0

(1.5)

where 0(x — &) is the unit Dirac delta function at x = £ and I3 is the 3 x 3 identity matrix.

It is well-known [26] that

1, 6 N (zi = &) (2; = &)

Eij(z,8) = —( ), 1<4,5 <3,

87 |z — ¢ o — ¢3
1 2 =&
ei(xag) - E|i_§|3a

where 6; ; is the Kronecker symbol.

Remark 1.1 Here we point out some significant differences among the cases with point
velocity observations, point pressure observations, distributed velocity observations and dis-

tributed pressure observations. For a given vector V € R? the function

(1.6) T ZukE(sk,x)V
k=1

has a matrix (weak) singularity of order O(ﬁ) at = s* and the function

(1.7) T Zuké’(sk,x) Vv
k=1



has a vector (hyper) singularity of order O(w—sw) at x = s”.

They both may oscillate
between —oo and +oo as x — s¥, so they are very tough to deal with. On the other hand,

the function
(1.8) T / (&, )V (€)doe

is well-defined and continuous for any V € L2(, ). But the nature of the function
(1.9) T / (&, 2)V(€)doe

is not yet clear. Even for V= 1, the integral is not Lebesgue integrable but integrable only
in the sense of Cauchy principal value. Consequently, we cannot take absolute value, there is
no norm defined and many well-known Lebesgue integral related theorems and inequalities,
such as the Fubini theorem, the Lebesgue dominant convergence theorem and the Holder
inequality, etc., cannot be applied directly. Therefore regularity /singularity analysis becomes

very difficult.

It is known that the solution (@, p) of the Stokes equation (1.1) has a simple-layer rep-

resentation

(1.10) @ () :(/ (2, €)if(€)doe + A +Bx & Ve,

(1.11) pla) = /é‘xg §)doc+a Y eQ,

(112) pa) = i) o)+ [ ) Qo +a Vae.,

with the layer density 77 and for some constants @, beR anda € R G+0bx 7 represents
a rigid body motion. By the jump property of the layer potentials, we obtain the boundary

integral equation

(1.13) ) (x) = %ﬁ(x) +p. /F T(a, ii(€)doe Ve,
where
T(x,8) = [T(Er)(2,8), To(Es) (2, 8), To(Es) (2, §)] = [Tij(w, §)]3xs:

Tio.6) = o =S ) i),




With a given Neumann B.D., the layer density 7j can be solved from the above BIE (1.13).
Once the layer density is known, the solution (@(z), p(z)) can be computed from (1.10) and
(1.11).

With a boundary element method (BEM), the boundary , is divided into N elements
with nodal points x;. Assume that the layer density 7j(x) is piecewise smooth, e.g. piecewise
constant, piecewise linear,- - -, etc., then the BIE (1.13) becomes a linear algebraic system.
This system can be solved for 7j(z;) and then (w(x), p(z)) can be computed from a discretized
version of (1.10), (1.11) and (1.12) for any = € Q.

—

For each f € (L2(,))* and = € R®, we define the simple layer velocity potential S, (f)

—

and simple-layer pressure potential S,(f) by

—

S,(F) (@) / E(x,€)f(€) do.
5,(f)x) = / o) - f€) doe.

For each f € (L2(,))? and z € , , we define the boundary operators K and K* by

—

k() = pv. / Q) f(€)do

— —

() = v [T
where
Qr,€) = 17 () (3, ), % (En) (z, €), 7 (By) (1, 6)] = [Qig(a, ),
Qulo€) = 1 = g

For a proper given Neumann B.D. @, the Stokes system (1.1) has a velocity solution

unique up to a vector @+ b x ¥ € My and a pressure solution p(z) unique up to a constant,

ie.,
(1.14) B, @) = S, o (%1 KN @) (@) + a4+ b xr, zel,
(1.15) pei) = 80(GT+K) (@))+a, e,

(1.16) plo, i) = (%ﬁ(x) +8)0 (%1 KM@ (@) +a, we,.
With

1
U70 = S’U (] (5[ —|— ,C*)_l(ﬁ),



we may write

Let
1
N = ker (5[""(:*),

which represents the set of all layer densities corresponding to the zero Neumann B.D., with
which the Stokes system has only a rigid body motion and a constant pressure. Hence we

have

(1.17) My = S,(N) = ker (%1 +K),

S,(N) =R.

2 Some Inequalities and Regularities

To study regularity of the pressure solution p(zx, ), we first collect some known regularity

results on S, 5,, K and £ into a lemma.

Lemma 2.1 [36] Let Q C R® be a bounded simply connected domain with smooth boundary
, . Let K" denote either IC or K*,

(a) Sy : (LP(,))® — (C¥*(R®)?) is a linear operator for p > 2 and 0 < o < ’%2;

(b) For any 1 < p < +oo, K' : (LF(,))® — (LP(,))? is a linear compact operator and K
(IC*) is the adjoint of K* (K);

(c) Forp>2and0<a< ’%2, K':(LP(, )% — (C%¢(, ))? is a bounded linear operator;
(d) For1 < p < oo,

(1) BT+ K): (LP(, )%, — (LP(, )3y is invertible;

(2) (GI+K*): (LP(,))3 4, — (LP(, )3 ), is invertible;



(e) For1l < q < 2 and s 2—q, K': (L(,))* — (L*(, ))* is a bounded linear operator.

2—
Therefore K' o K' : (L1(, ))? — (C™*(, ))? for every ¢ > 1 and 0 < o < %1;
(f) For0<a <1,
(1) (%I—i— K) = (C%(, )%, — (C¥(, )3y Is invertible.
(2) (%I—l— K*) = (C%(, )3, = (C¥*(, )3 4y, s invertible.
Since IC, K* are compact,
. 1 . ) 1
1nd(§I—|—lC ) :1nd(§f—|—l€) = 0.
We have
1 1
dim N = dim ker (51 +K*) = codimR(§I + K*) = dim M, = 6.
By the Fubini theorem and the adjoint relation between IC and IC*, we see
he (L )iy = K(h) e (L, ))1n
he (L), = K'(h) € (L )L

Also it is easy to check that for each @ € (L(, ))%,,, and he (L(,))3 v we have

(2.1) (GI+K) @) = 2ii(a) — 25T+ KK @) (),
(2.2) (GT+K) (@) = 20@) 25T +K) K@) +a+Fxx,

where @ 4+ b x x € My is given by Theorem 2.2, s.t. 2h(z) + @+ b x z L M,. Since the
operator C* somewhat increases regularity, the above decomposition formula implies that o
and (31 + K*)~' (@) have the same regularities. This observation will help us in regularity
analysis of the pressure state.

The regularity analysis of the operator S, is much tougher, because it involves a hyper-
singular kernel which is integrable only in the sense of Cauchy principal value. A method
will be developed to handle such a hyper-singularity. The basic idea is that to establish
the regularity of a term containing a hyper-singularity, we first find a term with the same
known-regularity such that the difference of those two terms is Lebesgue integrable, so we
can take absolute value or apply certain Lebesgue integral related theorems and inequalities.

The following inequalities will be frequently used.

9



Lemma 2.2

c(,,a,p), if0<2—a-—p,

(2.3) /‘ do < G Lo B y)e—yl, if0>2 3
: — y 9 Loy [y - ) 1 - - - > )
v o —€lely — €Jf GIE Y “ !

C(,,a,B)|lx—y|>* b, if 0>2—a-0,

for any o, 3 < 2;

(2.4) v &l )6 if a=0,
: o
oy — &P = ClL,a,)|r—y|?, if 0<a<y<2;
(x—&) -6 vi — & c( o)
(2.5) /F P |y—§|3da‘§ﬁ for 0 < a<2.

Proof. (2.3) is established in [38]. To prove (2.4), first for 0 < v < v < 1, we have

L yi—& o
rle—gely—¢f e
1 1 é‘z 1 _é‘i
« - « 3 o 3d0'
rLlz—=¢&> |z —yl Iy €| Ifr—yl rly—¢€
o —y|* =z =& 1 dore + Ci(, )
ol =¢&lor -yl |y — €7 |z — y|*
ya 1 C
/ |y §| 2d05+ 1(7 ,CY,’)/)
lz — |2z —ylo |y — £ lz —y|"
1 Cl(; 70577)
— do + —212 (by (2.3
Tl ey e e Ty (Y (23)
1 02(7 70577) Cl(a 70577)
2 —y|* |z -y lx —y|
_ C(a ,O[,’}/)
lz —y|
Next for 1 < a < v < 2, we have
1 yi — &
do
ple—gely—¢€p e
1 1 1 1 —&
< do¢ + do.
/‘u—§||x—m o — €Ty —€P ¢ u— Wlw pe
1 1 C
|y §| d0'§+ 1(77 77)

- |ﬂf—§||56—y| [z —¢ |0“1 ly — &I

/ 01(77 77)
Ix—yl lz—¢ Ialy SI lx —y|
(77

Iﬁc—yl7

|z — yl|z — y|r-etle-D

Y

10



where in the last two inequalities, we have used (2.4) for 0 < a < v <1 and (2.3). To prove
(2.5), we use Lemma 3.4.6 in [17], .i.e,

SO LGRS SR -

_|_
z —¢&[° [z —y? o —&Jtte | —y[tre

and the inequality

((z —y) - 7i(y)| < C'|x — yf,

where the constant C’ is independent of z,y. We see

[EOmOut )

lz =&y — &3
(=8 -1 (@—y-ily)  (x—y) i3] y—§&
3 5 T 3 3 dog
rl Jr—¢ lz —y| lz —y| ly —¢&|
1 1 1 (x—y)-ily) [ yi—&
< Cly —¢&|* { + } dog + do.
few-er{n= T = T e
/
< / 1 2= 1 / 2=
Ix—ﬂ+ﬂy ﬂ a —yrm ly — ﬂ a I—y
C, N Cy N o4
2=yl |z -yt |z —y|
Co
|z —y[tte
where in the above, we have applied inequalities (2.6), (2.4) and (2.3). 1

The following is a key lemma in our regularity analysis of the operator S, and the pressure

state.

Lemma 2.3 The mapping

ors [ ola€)dog € (1)
r
Proof. For each x = (z1,29,23) € ,, we denote the outward normal vector 7i(z) =
(n1(z), na(x),n3(x)), T = (21,29) and , (v,7) = {€ €, || — | < r}. Since

SES

106 = ). 7(0))

and
— &
d&, d
/§ z|<r |1‘ §|3 61 62

11



we see that

D) (O doe = [ TR Gia), 7(©) do

r |z — &P M\o(ar) |T — 3k

contains no singularity and therefore is in (C*°(, ))3. So it remains to show that

Aau@m%ec%>

where

_$1—51_$1—§1 - -
G(z,§) = T ef o gP,(T»(ﬂc),n(&)%

To verify this, by the Lebesgue dominated convergence theorem, we only have to show that

/F|G(:c,g)|da6 €C(,) and /F|G$i(x,§)|da§ cC(,).

for i = 1,2, 3, or equivalently, we can show that

M,
|z — ¢

|Gz, )] <M and |Gy (2,8)] <

for i = 1,2, 3 and some constants M’ and M;.
Since , is smooth, there is a local rectangular coordinate system around =z, i.e., there is

¢ € C*°(R?) and r > 0 such that

6 = (617627 ¢(§17§2))7 v 6 €, C(ZU,?")

with
¢§1 (j:) = (ﬁfz(‘f) = 0.
Then we have

(2.7) ¢(&,&) = z3+ Ri(Z,9),

(2.8) (A(x),n(€)) = 1+ Ro(,¢)

with

(2.9) R (Z,8)] < M|Z — &> and |Ry(z,€)| < M|z — &)?

12



for some constant M > 0. Notice that

1 B 1+1—(1+z2)%
(1+22)5 (1+22)5
_ 1— (14 22)k
(1+22)5(1+ (1 + 22)%)
with
|Hi(2)| < M|z|?
for some constant M > 0. Now for z = ng(fg), we see
S | 1
N L ACRED T
1
where
|Hy,(2,6)| = |Hi(2)| < M|z — €],
Since
I1—§1_9€1—§1 _ =
|l‘ _ §|3 - |j‘ _ g|3 (1 + H3(x7§))7
r—& _ — & _
we see that
G0l < E=Sl0mE o1+ RO
< M.
On the other hand,
i Ty — 51
oz |z —&|?
_ Jr =P =30 - &)
|z —¢&J°
(@ &) -2 — &) (13— &)
- TP =g
_ (Iz - 52)2 - 2(371 - 51)2 - (I3 - 53)2,
- |f—§:|5 (1—|—H5(J?,§))+ |.'L'—§|5 )

13



0 x—& ,_ _
5 g g () 1))

B (22 — &) — 2(x1 — &)° A(z). 7 21— & iﬁx n
_ — (@), 7)) + (7 gy (@) 7O
B (17 — &) — 2(x1 — &) 7 & L—& iﬁ ). 7
— TP (1+ Ry(7,€)) + |j_g|3<ax1 (2), 2(£))-
Since _
(.’L’g — 53)2 R%(fa 5) 7 £ M
poep =g TEOO=ET

and from (2.8) and (2.9)
(), ) < Mo — .

we have
|Gay (7,6
_ (22 — &)” — 2(zy — &)? 7 — (3 —&)? o1 —& , 0 _ _
- T (5.8~ Rl )+ e+ (), 7 (E)
< M
T lz=¢

Similarly for i = 2, 3,

0 I1—§1 _ _3
Oz |z — &2 T — &

($1 - 51)(% — gl) (1 + H5(fag));

0o =&, _ (z1 — &) (@i — &) oy, =&, 0
ar; Lz — & (n(z),n(€))| = -3 T_qr (I + Ro(7,6)) + 7o g|3(amz7‘b(x),n(§)>
lead to

M,y
The proof is completed. i

Lemma 2.4 The pressure potential S, defines a bounded linear operator from (C**(, ))?

into C%(, ) for some 0 < a < 1.
Proof. It is sufficient to show that

/F ei(x,€) F(€) dog € CO2(, )

for every f € C™(, ). Notice
lei(z, )] < o — €]~

14



and for 2|z — /| < |z —¢&|, & z,2" €, , we have
!/ !/ !/ 3
2" =& < o -2+ 2" =€ < Sle ¢,

1
=€l 2 gl —lo—€ 2 5l— €

and
|6i(37,§) - ei(x17€)|
_ o |m=& =g
lz =P fa' =&
|z; — ] , 1 1
< +xi_€i -
poep Tl T T e
1 1
o= lfe — €17+ o’ — €l llr — €] = la' — Ellmax (g0, T
_ 3 _
< oo = €7+ Sa = €llo - o/ - o — €]
(2.10) = 25|z —a'|- |z — &2

It is also clear that

<M < 0.

‘/ 62'(37, f) dO’g
(€ern(jz—¢|>r)

So all the conditions of Lemma 6.5.3 in [7] are satisfied, thus

/F ei(x, )(F(€) — f(x)) do

defines a bounded linear operator from C%%(, ) into C%(, ). Now

/F (o, €) 1 (€) doe = /F (. €)(f(€) — f(x) dog + f(x) / () do,

r

take Lemma 2.3 into account, we conclude that

r [t 0r© o
defines a bounded linear operator from C'%%(, ) into C%(, ) for some 0 < a < 1.
Theorem 2.1 For each @ € (C**(, ))%,,,, the pressure p € C*°(, ).

Proof. We have



By Lemma 2.1 (f),
1
(1 +K)7 (@) € (€0, )"
Lemma 2.4 implies that

1
Syo (51 +K7) (@) € €, ).

Finally , is C?, we have
7i(z) —7i(y)| < Mz —yl,

SO

i (%1 + KN @) € 00, ).

DN =

However if we let the feasible control set U = C*(, ))},,,, a non-reflexive Banach space,
the pressure will be always continuous, but we lost the weak-compactness of /. Consequently
the existence of optimal controls fails. On the other hand, in practice, we cannot expect
that the control variable is active all over the boundary. It may be active only on a part
of the boundary and fixed on the other part. So we cannot expect the control variable is
continuous all over the boundary.

Note that if the pressure p(x) is continuous locally at each observation point, the point
pressure observations still make sense. On the other hand, once a sensor is installed at the
boundary point s*, a control device (e.g., an actuator) cannot be installed at the same point.
So we may assume that no controller is installed in a neighborhood of a sensor location. Let
us denote (L*®)3 N (C%(, ) the set of all functions in (L*)? which is local in (C%¢(, ))?

loc
around each sensor location.

Theorem 2.2 For each @ € (L®)3N (C?’OO‘C(, ))3 a1, the pressure p(z, @) is locally C%*(, ) at

each sensor location.

Proof. By (2.1) and Lemma 2.1 (c), we see that
1

(GT+K7) (@) € (1%)* 0 (Chl, )"

Since 71 is Lipschitz continuous, to prove the theorem, the only thing we have to show is
that S, : (L*™)*N (Clo(’)oé(, )2 — C%%(, ), the set of all functions that is C%* at each sensor

location s € , . This is stated in the following lemma. 1

16



Lemma 2.5 S,: (L®)*N (C'?Oac( )? = CPe(, ).

Proof. Let f € L°(, ) be locally C%¢(, ) in a neighborhood of each sensor location s € , ,

we need to show that the function

o [ e )11 do

is locally C%® at s. Lemma 2.3 states that
T /Fez-(x,ﬁ) doe
is C* on , , so we only need to prove that the function
o Ta) = [ el € - ) do
is locally C%* at s. Let 0 < a < 1 and 0 < d be such that
[f(z) = FOI < Cile =% Va,ge, |s—a|<d |s—¢<d
Choose 0 < R < d such that
(i(s), €) =1~ (i(s), () ~ €) > 5, V€€, ls—€<R

or

dpdf
doe = 2P < 9pdpdh, VeE€,,|s—€& <R

(7i(s), €)

Now for z € , with r = 2|s — z| < R, we try to show

T(s) = T(x)] < Clz — s]%

where C' is independent of z. Let B(r) ={¢ €, :|s — | <r}. The integral on , \ B(r) is

clearly local C%® at s, thus the proof can be seen in the following inequalities.

Lémmwfﬂﬂa—fwﬁ—@@£XﬂO—f@Md%
/ 01|S— |a 2d0'§+/ 3 01|S— |a72d0'§

2w 2w g
Cl/ / . 22pdpd9+01/ / “29pdp db

Cols — x|

IN

IN A
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Write

ei(s,§)(f(§) = f(s)) — ei(x, ) (f(€) — f (=)
= [ei(s, ) — ez, O] () — f(2)] — eils, ) (f(s) — f(x))

and deal with each term.

/ (s, €) doe(F(5) — f())
\B(r)

/ e;(s, &) dog / ei(s, &) dog
I'\B(R) B(R)\B(r)

27 R
/ e;(s, &) dog |s—x|a+C{/ / p~22pdpdf|s — x|
\B(R) o Jr

C'ls—z|*+C"(InR —Inr)|s — z|

IN

£ (s) = f=)| + () = ()]

IN

Ch

IN

< Cyls — x|
where we have used that
|Inr|-|s — 2" = |In(2]s — z|) - |s — z|'""*| < C".
By (2.10),
lei(s,€) — ei(w,§)| < Mls — €| 7%|s — al.
Notice that f € L*(, ), |s — 2| = 37 and R > r, there is M’ > 0 such that
F(6) = f@)| < M'|E— x|, ae €, \B(R).
So

/F\B(R) [e:(s, €) — ex(z, O[f(€) — f(x)] do

< MM'/ |s — £|* % do¢|s —
M\B(R)
< C4|S—£U|.

Finally for £ € B(R) \ B(r), we have | — x| < 2| — s|. We see that

/ les(5,€) — ex(w, O (6) — f(x)] do
B(R)\B(r)

IN

MC’I/ s — &|*?|s — z]2* doe
B(R)\B(r)

IN

2w R
MC’IQO‘/ / p* *2pdpdf|s — x|
o Jo

2
== 47I'M01
11—«

Cs|s — x|

(Rafl - 7”0671)|S - :U|

IN
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Combine all the above integrals and inequalities, we conclude that the function

% — T(x) = /F e:(w, €)(f(€) — f(x)) dog

is locally C%* at s. |

Let g € C%%(, N B(s*,d)),k =1,2,...,m, where B(s¥,d) = {£ € R3 : |sF — £] < d}. Let
Bu, Bl € (L*®(, ))? such that Bu(z) = Bl(z) = gi(z), V x € B(s*,d). Define the feasible
control set

(2.11) U={uec (L))" Bl(zr) <u(z) < Bu(z), Vr €, }.

By Theorem 2.2, the boundary point pressure observations p(s*) in our LQR problem setting

(1.4) make sense. Among all these pressure solutions, there is a unique solution p s.t.
(2.12) > mlp(sh) = Zif* = fgleiéIZMHPO(Sk) +a—Z["
k=1 k=1

A direct calculation yields that p(z) = po(z) + a must satisfy

m

(2.13) > 1lpo(s*) +a— Z) =0.

k=1

So the LQR problem (1.4) is well-posed.

3 Characterization of the Optimal Control

We establish an optimality condition of the LQR problem through a variational inequal-
ity problem (VIP). The characterization of the optimal control is then derived from the
optimality condition.

Let L%(, ) denote the vector space of all p.v.-integrable functions on , . For each f €

(L°(, )3, we define the vector-valued truncation function

Bu;(x) if fi(x) > Bui(x)
[f]Bu = {Ui@g&) =3 fil@) it Bl() < fi(2) < Bux) }.
Bl Bli(z) i i i i
Bli(z) if fi(x) < Bli(x)
The next theorem characterizes the solution to a variational inequality problem, which

will be used to derive an optimality condition of our LQR problem.
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Theorem 3.1 [36] Let

U = {U e (IP(, )" | Bi(z) < i(z) < Bu(z), ae.x €, i L MU} .
Then for each f € (L4(, ))", u/ is a solution to the variational inequality
(VIP) (w — fou—uly >0 Yuel

if and only if
(3.1) ul =[f + 25
where 2/ € M, is defined in Theorem 3.2 by [f + 27]8% L M, and (-,-) is the pairing on

(LG )™ (LG ))")-

Moreover, (3.1) is well-defined in the sense that if z* and 2* are two vectors in My s.t.
[f +2'5 L My and [ +2%)5) L My,

then
(32) [f(z) + 2 (@)]5) = [f(z) + ()]G aexe,.

In a Hilbert space setting, the above theorem is called a characterization of projection.
When U is a convex closed subset of a Hilbert space H, for each f € H, uy is a solution to

the VIP if and only if
up = Fu(f),
i.e., uy is the projection of f on /. However, this result is not valid in general Banach spaces.
Instead we prove a characterization of truncation, which is a special case of projection.
We need to show the existence of z! in (3.1). For later developments, we also need to

show that there is 22 € M, such that
[f +27]5 L N.

The following existence theorem plays an important role in establishing the characterization
of the optimal control and will be applied several times in the next two sections. This
result generalizes Theorem 2.2 in [36] in two aspects due to our current requirements. The
first is that a Lebesgue integrable function has to be replaced by a p.v.-integrable function.
Consequently, some Lebesgue integral related tools can no longer be applied. The second is

that two subspaces Ny and M, are involved.
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Theorem 3.2 Let, bea bounded closed set in R" and , ¢ C , be asubset s.t. meas(, 1) >0
where , ;1 =, \, . Let § € (L?(, o))" and Bl, Bu € (L?(, ))" (p > 2) be given s.t.

Bl(z) < =B < B < Bu(z) (ae.) Yz €,
where B = (B, - - -, B) is given by (3.9) and
Bl(z) = §(z) = Bu(z) Yz e,,.

Assume that Ny, M, are two m-dimensional subspace in (L(, ))" (¢ < 2,% + % = 1) and
Ny = {Z]r, | Z € Ny}, then a necessary and sufficient condition that for each f € (L°(, ))

there exists Zy € M s.t.

(3.3) (z) + Z;(x) . 1 Ny.

is that

(34) gL Nf:{g|po |g€ Ng,ﬂpl :0}
Proof. Let z = (21, -+, 2™) be basis in M,.

Case 1: dim (N;) = dim (N), i.e., Nf = {0}. Let y = (¢, ---,¥™) be an orthonormal basis
in N7 (in Vg as well). To prove the first part of the theorem, we have to show that for each
Fe (L2 )", there exists Cf = (¢/ -+ ¢l ) € R™ s.t.

Bu

<[*(x)+_§:c{5i(x)] =0, Vji=1,--,m.

(3.5 7,(0) = {{[Fin) + Y (0] P}

Then to prove the first part, it suffices to show that for each f € (L°(, )", there exists
Cf € R s.t.
T(Cy) = 0.

It is easy to check that for any f € (L°(, ))" and Cy,Cy € R™, there exist a constant v,
independent of C; and C) s.t.

(3.6) T5(C1) — T4(Co)| < 1|Cr — Cy.
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So C' — T4(C) is a bounded (depends on Bl and Bu) Lipschitz continuous map. To show
that Ty has a zero, we prove that there exists a constant R > 0 s.t. when C' € R™ and
|C| > R, we have

(3.7) T (C)-C > 0.

Once (3.7) is verified, we have

C=T{CO) = |CF —2T4(C) - C+|T(C)?
< |CP+|Ty(O)P vV C eR™, |C| > R.

By Altman’s fixed point theorem [20], the map C' — C' — T}(C') has a fixed point C¥ € Bp
(Bp is the ball of radius R at the origin), i.e.,

Ti(Ch) = 0.

So it remains to verify (3.7). Define

D = {C’:(cl,---,cm) € R™ | Zc?zl}.
i=1
It suffices to show that there exists R > 0 s.t. for ¢t > R,
T(tC)-C >0 VC € D.

In the following, we prove that for each given f € (L°(, ))" and C € D, there exists R > 0

s.t. when t > R, we have

Ty(tC)-C >0 VYC € D.

For each C' € D, we denote

m m

7°(x) =) eif(x) and 2(z) =) 7 (x).

i=1 i=1
It is obvious that

|5 () |do,
I

is continuous in C' and positive on the compact set D, hence

— mi C
(3-8) my = min{ . | 5 (x)|doy} >0
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and we set

(3.9)

maxcep Jr, 19(x) - 7 (x)|do,

my

For any given £ > 0, we assume

Bli(z) < =B —¢, Buj(x)>B+¢e¢ VYze,q, i=1,---,n.

For each C' € D,t > 0,

Ty(tC)-C =

where for 2 =1,---,n,

i: (/F [J?(l“) + zr_n:tcl?(x)] Z? . ?]j(l")daw> ¢
[ (7o) + 1) 5 o,
/F1 [ﬁ(x) + tgc(x)]: (7% (x))doy + /FO g(z) - 7€ (z)do,

19(t) = / [£i(2) + 126 @) 208 (@) do,.

)4 :{.’L'E,1|ylc(.ib‘)>0} and 7107:{x€71|y7,c(x)<0}

Let
C+
We have
lim IY
t—+4o00
Thus

t—400

= /Ff* Bu,(z) - yS (z)do, +/ Bl;(z) - y& (2)do,

C—
Fi

v

(B+2) | lyf (x)|do.
I

lim Ty(tC)-C > (B—i—s)Z/F |yic(fv)|da,][;—l—/F §(x) - 7% (z)do,

Y

(B + 6)/F ly© (z)|do, + /F §(z) - 7% (z)do,

> EMy,

where m,, given by (3.8) is independent of C'. From (3.6), we see that 7;(C')-C is continuous

in both f and C, therefore there exist R > 0 and d¢, as t > RC and |C' — C| < é¢, we have

1
Tf(tC”) O > §€my > 0.
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Since D is compact, there exist Cy,---,Cy € D and 6y, --, s s.t.
Let
R’ = max{R,.-- R%} and ro=min{r, ... r%}.

When t > R°, we have
1
T (tC) - C > 5EMy > 0 VCeD.

So we only need to take

B=(B,---,B)
and
§l<—§<§<l§u, a.e. on, i.
Case 2: my = dim (N;) < dim (Ng) = m. Let y = (¢*,--+,y™) be an orthonormal basis in

M

Ny, where (7', ---, ™) is a basis in N; with

(3.10) Tl =0, (i=1,---,m) and #Flr, =0, (j =mi+1,---,m).
By the proof in Case 1, for each f € (L!(, ))", there exists C/ = (¢!, - el ) ER™ st
- - . Bu .
<|:f(x)+zgl:czfz_'l(x):|3lagﬂ>r1: ) v]: y T,

Then for any cfnlﬂ, -+ ¢l € R, by (3.10), we have

([l + 5] e = @), P+ ([fla) + Sl E @],

On the other hand, when j > my, for any ¢, -+, ¢, € R, by (3.10), we have
N m X Bu . .
(@) +X e @] 7 = (3@, 7).
i=1

Therefore

if and only if
(G(@), 7)o =0, j>my,

i.e., (3.4) is satisfied. The proof is complete. |
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Remark 3.1 In the above theorem, , o can be regarded as the union of U (, N B(s*,d))
and g(z) = gi(x) for z € , N B(s*,d), k = 1,2,....,m. For simplicity, we may assume
ge(z) = 0, so condition (3.4) is satisfied with Ng = N = ker (37 + K*). When rigid body

motion is considered,

we have dim(M,) = dim(M;) = dim(Ny) = 6, so all the conditions in the theorem are
satisfied. Therefore for any f € (L9(, ))? there exist 2/, 2 € M such that

[f+z{]§;‘ 1 M, and [f—l—zg Bu 1L N.

On the other hand, if Bl = —oco and Bu = 400, there will be no bound constraints. so the

above theorem deals with only a linear system, the conclusions clearly hold. i

Let (-,-) be the pairing on ((L4(, ))?, (L*(, ))®). Since our objective function J(@) is
strictly convex and differentiable, and the feasible control set I/ is a closed bounded convex
subset in the reflexive Banach space (LP(, ))3, the existence and uniqueness of the optimal
control are well-established. It is then well-known that «@* is an optimal control of the LQR

problem if and only if
(3.11) (VJ(u"),u—u*)>0, Viel.

For any a > 0, (3.11) is equivalent to

(3.12) (@ — (@ — aVJ(@)),d — @) >0, Yiel.

Our characterization of truncation states that @* € U is a solution to the VIP (3.12) if and
only if
(3.13) it = [i* — aVJ(@) + 25,

where Z* € M is defined in Theorem 3.2 s.t.
[@* — aVJ (@) + 2|5 L M.

By Theorems 3.2 and 3.1, (3.13) is well-defined.
In optimal control theory it is important to obtain a state-feedback characterization of

the optimal control, i.e., the optimal control is stated as an explicit function of the optimal
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state. So the optimal control can be determined by a physical measurement of the optimal
state. Our efforts are devoted to derive such a result. It is clear from (3.13) that to derive
a pressure state feedback characterization for the optimal control, we only need to find a

formula for the gradient of the objective function, i.e., V.J(i*). We need several lemmas.
Lemma 3.1 For each fixed s € , ,
Ko 5(57 ) < (Lq(a ))3

Proof. We only need to prove that

(314 [ 8G9 T =, Cle)
for some 0 < v < 1.
(2~ &)~ )Mz~ ©) )
_ F%@m;$§§fgwﬁ@(&ax%x%ﬁfswﬁ@
(z; — si)(xj — s5)(z — ) - 7i(s)

_|_

| = s
- Il + IZ-

The first term I; needs to be further decomposed. By adding and subtracting some terms,

we have

(x — &) -7i(§)

I
' |z — Pl — 52

(2 = &) (@ = &)w = sI* = (25 — s) (w; — 55) |z — "] +
(#:i = si)(wj = s5) [(w =) -7i(s) _ (w = &) -7(E)

|z — s[? = s[? |z — &P

= Iy + 1.

By adding and subtracting some terms again, we can show that

4fs = ¢

Iy < ————.
|z — &[|lz — 5]

Applying inequality (2.5), we can see

1 1
1—12§C,|S—§|a{ + }

=g o=
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Then we have

s
I d
/F ”| —epp Yt

b .
< |x—s|/|x—s||s—§| (by (2.3)
40,77

|x_8|1+a
1 1 1 1
I d C’ d
”| —£|3 ¢ /F{|x—s|l+a|s—£|2—a+|x—s|1+a|s—§|2—a} ¢
C
|x_8|1+a

where to obtain the last inequality we have used (2.3); Since
(7i(s), @ — 5)| < Mz — s,
it is clear that

Cfl

| — 5|

[2 dO'g

This concludes that the inequality (3.14) holds and the proof is complete. 1

Lemma 3.2 For (i, k = 1,2,....m with > ;- fr = 0, we have > ;" Be(s*,-) L N and
Ko (320, Bré(s,-)) L N.

Proof. For any n € N, we have

S == [ dwOn)doe, Ve,
r
So ™ Beé(s*,-) L N. To prove the second part, for each & € , , set

é’(sk,g), |€ - Sk| Z g,

0, 1€ —sF| <e.

Since Y " | Bké(s*, ) L N,

/Zﬁkeg ,EN(E) doe| < Me,
I g=—1
for some constant M and for all € > 0. We see that
[ [aeaas oo e ao
ri r
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= iy [ 35 { [ 6 07t 0 e )

— m//FZﬁkQ &, On(€) doge.(s*, ¢) do

In the above, since the Fubini Theorem cannot be applied directly, a limit process has to be
taken. 1

With the above lemmas it is easy to show

Lemma 3.3 For each h € (L?(,))},,, with h(z) = 0,Yz € ,o =, N (UL, B(s*,d)) and
> ey Bk =0, we have

(3 Brelsh, ), (T +K7) () )Y
= (@) G~ 2T+ K) o Zﬂke ), h(6)).

(O Bielsh, ), (T + K () 0))
= (3" Belsh, ), 2h() — 2K 0 (ST +K7) 1 (h)())
= @Y Al - (;I+K Zﬁke ey 1

Now we are ready to present a pressure state feedback characterization of the optimal

control.

Theorem 3.3 Let 2 C R® be a bounded domain with smooth boundary ,. The LQR

problem has a unique optimal control u* € U and a unique optimal pressure state p* which
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is C%*(, ) locally at each observation point, s.t.

(3.15) S 8= mp(sh) - Z) =0,

k=1 k=1
and Vx € ,
i(2) = [% {(%r +E) (Z B($YT(s".) + i + B x o) (@)~
k=1
m Bu
(3.16) QZﬂké’(sk,x) (1I+IC olCZﬂke +a+bxx}] ,
k=1 BI

where @y + by % (%) and @+ b x & are in My defined in Theorem 3.2 s.t.
(Z Bt (sOT(s*, ) + @p + by x (?)) LN and @ L M,
and M, is given in (1.2).

Proof. Let X be the space of all functions h € (L?(, ))},, with h(z) = 0,Vz € ,( =
, N (U™, B(s*,d)). Since our objective function J(@) is strictly convex and differentiable,
and the feasible control set U is a closed bounded convex subset in the reflexive Banach space
X, the existence and uniqueness of the optimal control are well-established. Equation (3.15)

is just a copy of (2.13). By our characterization of truncation, Theorem 3.1 with o = %,

1 . Bu
() = [ﬁ*(x)—gVJ(ﬁ)(x)—i-é'—i-bxf] , Yxe,
Bl

where @+ b x &' € My is defined in Theorem 3.2 s.t.

1 . Bu
[ﬁ*—Q—VJ(ﬁ)wL&’erxf] 1 M.
Y

Bl

To prove (3.16), we only need to show that for each £ € | \ , o,

VI(u)(€) = _2{ SI+K)” (Zﬁkn (s*,+) + d@r + by x (j> (&)

(3.17) QZﬂke I+IC olCZﬁke +a+5xg}+2w(g).
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Since V.J(@) defines a bounded linear functional on X, for any i € X, take (1.14) into

account, we have

(V.J(id), b

= 2) G G+ ) + 230 A, (G + ) ) + 210 T)
= L +L+1 )
where
I3 - 27<ﬁ7 ﬁ>7
L = 2zmzﬁk8p((%f+/C*)_lﬁ)(sk)
Lo B
_ Q/FZBke(s D (GT+ K R dog - (by Lemma 3.3)
= 202 pelsh,€) - ( I+K)~ oICZﬂke )+ ad—+bx & hE))
and
o= 2) il G+ K ()
= 3 Bi(s) (—2K7 (1 + K1) (R) (7))
= Xl [ TG+ ) E) do
= —Q/F {Z Brit(sM)T(s*, &) + ar + br X (7} (51 + K*)il(ﬁ)(f) dog
— 2 [G1+k) (Zﬁkﬁ(sk)T( )+ -+ x o) (€)F(€) do

Finally for each £ € | \ , o, we have

VJ(u)(€)
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= -2 I+lC (Zﬁkn ,-)+6T+5T><(?)>(§)+

{2Zﬁke I+IC oICZﬁke +a+5x§}+2vu(§).

So (3.17) is verified and the proof is complete. |

4 Robust Control Problems

In this section, we consider robust boundary control problems with boundary point velocity
observations, i.e., to find a Neumann boundary control such that the velocity state is as close
as possible to given target values at several observation points while avoiding a build-up of
the pressure state at those observation points.

Consider to find @(x) € U such that @(x) and p(z) satisfy (1.1) and so as to
(4.18)  min J(@) = me — ZRP 4 wilp(st) — Z) + 7/ |@(z) [do,.
k=1 I

The above is just a combination of LQR problems (1.3) and (1.4), by the results in [36] and

in the last section, if we write
ay = (@ (s*) = Zp) and By = v (p*(s*) — Z),

then the optimal control is given by

(4.19) Y a=0, Y dxF=0 and > =0
k=1 k=1 k=1
and Vz € |
i*(z) = [— {—(51— + K)_1<ZE(5k: ) Ak + Zﬂkﬁ(Sk)T(Sk: )+ dr + gT X (7) (z)—
k=1 k=1
m m1 Bu
(4.20) QZﬂke(sk,x) —2(=I+K) o ICZﬁke(sk, ) x) 4+ @+ b x x}] ,
k=1 k=1 BI
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It is clear that the term to the right hand side (4.20) before the truncation by Bl and Bu is
continuous everywhere on , except at s*, k =1,2,..,m. While in each B(s*,d) N, , @ = g*,
a given C%® continuous function, so if Bl and Bu are continuous in , \ (UB(s*,d)), then
ii is continuous everywhere on , except on the boundary dB(s*,d) N, . Notice that when
only point velocity observations on the boundary are utilized in the system [36], we do not
need the condition that @(x) = §*(x) Vo € B(s*,d) N, , which means that the control is not
active there, this condition is required due to point pressure observations on the boundary.
It is then quite natural to think that one may be able to get rid of or relax this extra
condition by using point velocity observations and distributed pressure observations around
each observation point on the boundary. Notice that the point here is to bring the pressure
down around each observation point, it does not matter whether we use point or distributed
pressure observations. Our analysis shows that when distributed pressure observations are
used to replace point pressure observations, this condition is still required to avoid oscillation
of the optimal control and to reduce high peak of the pressure around each observation point.

Consider the following robust optimal control problem with point velocity observations
and distributed pressure observations on the boundary, i.e., to find @(z) € U such that
() (z) and p(x) satisfy (1.1) and so as to

(4.21)  minJ(id) =Y pldi(s*) — Zi|* + A p(€) — Z(&)|* dog + A () [*do,
k=1 0 1

where , o = U (, N B(s*,d)) for some d > 0. By analysis similar to deriving (3.15) and

Lemma 3.2, for the optimal control @* we see

/F (b(€.7") — Z(£)) do = 0,

/F (p(€. @) — Z(€))E.C) dog L N
and

Ko ([ ple7) - Z(€)ate, ) dog) ©) L N

Then by applying (3.13) and deriving V.J, we can show that for each z € | |

@) = [~ (23w - ) Bt 42 [ (000 - Z(O)etc. ) do

v k=1
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_2(%[ +K) o IC( Zuk(w(sk)Zk) - B(s*, ) + /F (p(¢) — Z(¢))e(¢, ) d0§> (x)
(4.22) T+ b x x)]i?

where before the truncation by Bu and B, the first term is in (L9(, ))?, the second in

(L*(, ))? and others are in (C%%(, ). So when x — s* the first term
2 " i (W(s*) — Zy) - B(s", x)
k=1

oscillates between —oo and +o0o (see [36]) and dominates all the other terms. Consequently
around each observation point, « oscillates between the bound Bu and Bl and always touches
the bound. Such an optimal control will be very hard to realize unless Bl = Bu = g around

each observation point. On the other hand, we have

pa) = gile) (5T + K7 @) @) + 8,0 (51 +K7)7 @) @)
= i) () — 28,(7)(x)

i) - (51 + K)o K (i) () — 28, 0 (51 4+K%) ! o K* (i) (1)
where the first two terms are in (LP(, ))® and others in (C%%(, )3. So the pressure p also
oscillates around each observation point which implies that the pressure has a peak around
each observation point unless the difference (Bu— Bl) is small, which means that the control
is less active, around each observation point.

Finally we point out that our approach can be extended to study optimal nonlinear
boundary control problems of the Stokes system and our characterization of variational
inequality, Theorem 3.1 and (3.13) can be used to design a fast and uniform convergent
numerical method (conditioned gradient projection method) to approximate the optimal

control.
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