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1. Introduction9

Let H be a Hilbert space, 〈, 〉 its inner product and ‖ · ‖ its norm. Let J : H → R be C1.
A point u∗ ∈ H is a critical point of J, if u∗ solves the Euler–Lagrange equation11

∇J (u) = 0, (1.1)

where ∇J (u∗) is the gradient of J at u∗. A critical point u∗ is nondegenerate if J ′′(u∗) is13
invertible. Otherwise u∗ is degenerate. The first candidates for a critical point are the local
extrema of J, to which the classical critical point theory was devoted in calculus of variation.15
Traditional numerical algorithms focus on finding such stable solutions. Critical points that
are not local extrema are called saddle points, i.e., for any neighborhoodN(u∗) of u∗, there17
are v, w ∈ N(u∗) s.t. J (v) < J (u∗) < J (w). In physical systems, saddle points appear as
unstable equilibria or transient excited states, thus very elusive for numerical computation.19
It presents a great challenge to numerical algorithm design.

Saddle point analysis and computation have many interesting applications. In theoretical21
chemistry and condensed matter physics, finding a saddle point between two local minima
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Fig. 1. A local maximum, local minimum and two horse saddle points on the torus(left) and a monkey saddle point
(right).

on the potential energy hypersurface is a common and important problem, since it leads to1
determine the transition state or the minimum energy path between reactant molecules and
product molecules [6]. A large literature can be found in this area (Fig. 1).3

In computational topology and geometry, people are interested in polygonization of an
implicit surface defined by {(x, y, z): F(x, y, z)= c} where F : R3 → R is a given function5
and c ∈ R is a threshold. From Morse theory, the topology of an implicit surface changes
as the critical points are passed. Thus the key point for guaranteeing a topology correct7
polygonization of an implicit surface is to locate the critical points of its associated function
at a given threshold and classify its critical points.9

Saddle point analysis and computation have also wide applications in solving nonlinear
partial differential equations.11

Example 1.1. Consider solving a semilinear elliptic BVP

{
�u(x) − �u(x) + f (x, u(x)) = 0 in �,

B1u(x) + B2
�u(x)

�n
= 0 on ��,

(1.2)
13

where � ⊂ Rn is open and bounded, �� its boundary, ��0, f (x, u) is nonlinear satisfying
f (x, 0) = 0 and other standard conditions. Let F(x, t) = ∫ t

0 f (x, �) d�. The variational15
functional is

J (u) =
∫
�

{
−1

2
�u(x) · u(x) + �

2
|u(x)|2 − F(x, u(x))

}
dx, (1.3)17

where H =H 1
0 (�) if B2 =0 and H =H 1(�) otherwise. Then it is easy to check that (weak)

solutions of (1.2) coincide with critical points of (1.3).19
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Minimax principle is the most popular approach in critical point theory. However,1
most minimax results, e.g., the mountain pass, various linking and saddle point theorems
[1,2,9–12,14,15], in the literature focus mainly on existence issue. They characterize a3
saddle point as a solution to a minimax problem

min
A∈A

max
u∈A

J (u), (1.4)5

where A is a collection of compact sets A, both max and min are global. It becomes a
two-level global optimization problem and thus is not helpful for algorithm design.7

2. A local minimax method

Based on a local minimax characterization, a local minimax algorithm is developed in9
[7] for computing multiple saddle critical points. Let L ⊂ H be a closed subspace and
H = L ⊕ L⊥. Denote SL⊥ = {u ∈ L⊥: ‖u‖�1} and [L, v] = L ⊕ {v}, ∀v ∈ SL⊥ .11

Definition 2.1. A set-valued mapping P : SL⊥ → 2H is called the peak mapping of J if
P(v)={w ∈ [L, v]: w=arg local-maxu∈[L,v] J (u)}, ∀v ∈ SL⊥ . A mapping p : SL⊥ → H13
is a peak selection of J if p(v) ∈ P(v), ∀v ∈ SL⊥ . If p is locally defined, then p is called a
local peak selection of J.15

Remark 2.1. For each v ∈ SL⊥ , ∇J (p(v)) ⊥ [L, v] and then ∇J (p(v)) ⊥ p(v).

Lemma 2.1 (Li and Zhou [7]). If p is a local peak selection of J near v0 ∈ SL⊥ s.t. (a) p is17
continuous at v0, (b) p(v0) = t0v0 + vL

0 /∈ L for some t0 
= 0, vL
0 ∈ L, (c) ∇J (p(v0)) 
= 0,

then there is s0 > 0 s.t. when 0 < s < s0,19

J (p(v(s))) − J (p(v0)) < − t0/2‖∇J (p(v0))‖‖v(s) − v0‖, (2.1)

where v(s) = (v0 − s∇J (p(v0)))/‖v0 − s∇J (p(v0))‖.21

Inequality (2.1) defines a stepsize rule in our algorithm and also directly leads to the
following local minimax characterization of saddle critical points.23

Theorem 2.1 (Li and Zhou [7]). If p is a local peak selection of J near v0 ∈ SL⊥ s.t. p
is continuous at v0, p(v0) /∈ L and v0 = arg local minv∈S

L⊥ J (p(v)), then u0 = p(v0) is a25
saddle point of J.

LetM={p(v): v ∈ SL⊥}.Then local minu∈MJ (u)yields a saddle pointu∗=p(v∗), which27
can be numerically approximated by, e.g., a steepest descent method. Based on Theorem
2.1, a local minimax algorithm is developed to numerically compute multiple saddle critical29
points and its convergence results are established in [7,8] where many numerical examples
in semilinear elliptic PDE are carried out for multiple solutions.31
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3. Instability analysis of saddle points1

Saddle points are unstable. Can and how do we measure their instability?
A vector v ∈ H is a decreasing (increasing) direction of J at u∗ ∈ H if there is T > 0 s.t.3

J (u∗ + tv) < (>)J (u∗) ∀T > t > 0.

The maximum dimension of a subspace of decreasing directions of J at u∗ is called the5
local instability index (LII) of J at u∗. But such an index lacks of characterization and is
too difficult to compute. Let us study other alternatives.7

Morse index: If J ′′(u∗) is a self-adjoint Fredholm operator, then we have H =H−⊕H 0⊕
H+, where H−, H+ and H 0 are, respectively, the maximum negative, positive definite, the9
null subspaces of J ′′(u∗) in H with dim(H 0) < ∞, and dim(H−) is called the Morse index
(MI) of u∗. If u∗ is nondegenerate, i.e., H 0 = {0}, then MI(u∗) = LII(u∗). MI is very11
expensive to compute, not useful to degenerate cases since many different situations may
happen in H 0.13

Order of Saddles: Let u∗ ∈ H . If H = H I ⊕ HD for some subspaces H I, HD in H s.t.
for each u1 ∈ SH I and u2 ∈ SHD , there exist r1 > 0 and r2 > 0 satisfying15

J (u∗ + tu1) > J (u∗), ∀ 0 < |t |�r1, (3.1)

J (u∗ + tu2) < J (u∗), ∀ 0 < |t |�r2. (3.2)17

Then u∗ is a saddle point of J and dim(BD) is called the order of u∗. This notion is of partic-
ular interests in computational chemistry and physics, since the subspace BD corresponds19
to the reaction coordinates.

Since (3.1) and (3.2) lack of characterization and robustness, we replace (3.2) by21

J (u∗ + tu2 + o(t)) < J (u∗), ∀ 0 < |t |�r2, (3.3)

where o(t) represents a higher order term. Now if u∗ is nondegenerate, we have23

J (u∗ + tu1) − J (u∗) = t2

2
〈J ′′(u∗)u1, u1〉 + o(t2) > 0,

J (u∗ + tu2 + o(t)) − J (u∗) = t2

2
〈J ′′(u∗)u2, u2〉 + o(t2) < 0

∀u1 ∈ H+, u2 ∈ H− and |t | small, i.e., HD = H−, HI = H+, or Order(u∗) = MI(u∗).25
But (3.1) and (3.3) do not concern degeneracy, thus more general than MI.

Theorem 3.1 (Zhou [18]). If p is a local peak selection differentiable at v∗ ∈ SL⊥ ,27
p(v∗) /∈ L and v∗ = arg local-minv∈SL′ J (p(v)), then u∗ = p(v∗) is a saddle point with

dim(L) + 1 = MI(u∗) + dim(H 0 ∩ {L, v∗}). (3.4)29

Theorem 3.2 (Zhou and Yao [19]). Let p be a local peak selection differentiable at v∗ ∈
SL′ , p(v∗) /∈ L and v∗ = arg local-minv∈SL′ J (p(v)). If the local max with p is strict, then31
u∗ ≡ p(v∗) is a saddle point of order k = dim(L) + 1.
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Remark 3.1. The number dim(L)+1 is known before u∗ is computed and called the local1
minimax index (LMI) of u∗. (3.4) implies that LMI is better than MI in measuring local
instability of u∗. In the literature, MI or the order of u∗ is computed with two steps. First3
find u∗ and then compute the index or order. It is usually very expensive. Here we reverse
the order of the process, the local minimax method utilizes the geometric and topological5
structure of LMI to numerically compute a saddle point with such an index.

4. Application to local minimax solutions in control theory7

Saddle points and minimax solutions in game and control theory are well-known and
have many important applications. Their definitions are actually quite special if compared9
to their counterparts in critical point theory.

Let X andY be Hilbert spaces and H =X×Y . A point u∗ =(x∗, y∗) ∈ H is a saddle point11
if J (x∗, y)�J (x∗, y∗)�J (x, y∗), ∀(x, y) ∈ X × Y or equivalently (x∗, y∗) solves

min
x∈X

max
y∈Y

J (x, y) = max
y∈Y

min
x∈X

J (x, y). (4.1)13

It is known that to possess such a saddle point, J needs to satisfy certain convexity in x and
concavity in y. Otherwise two solutions to the two sides of (4.1) may not be equal. On the15
other hand, many applications in control theory require to find a solution to only one side
of (4.1). A point u∗ = (x∗, y∗) is called a minimax solution of J (x, y) if17

(x∗, y∗) = arg min
x∈X

max
y∈Y

J (x, y). (4.2)

The significant feature here is that H = X × Y has a Cartesian product splitting structure.19
This splitting structure is known and fixed before any solution (x∗, y∗) is found. Interaction
between X and Y are not permitted. While such a known splitting structure is in general not21
available in critical point theory. In order to relate to critical point theory, in this section
we assume that J is C1 and consider local minimax solutions of (4.2), i.e., the min and23
max in (4.2) are in the sense of local neighborhoods. Then the cases become much more
complicated. For a given x ∈ X, J (x, y) may have no or multiple local maximum points25
in y. We need to follow our local minimax approach.

Definition 4.1. A set-valued mapping P : X → 2Y is called the peak selection of J in Y if27
for each x ∈ X, P (x) is the set of all local maximum of J (x, y) in y. A selection p of P is
called a peak selection of J in Y. If a peak selection p is locally defined at x0 ∈ X, then p is29
called a local peak selection of J at x0.

Remark 4.1. By the definition, it is clear that Jy(x, p(x))=0 ∀x ∈ X and p(x) is defined31
where Jy denotes the partial derivative of J with respect to y.

Theorem 4.1. Let p be a local peak selection of J at x0 ∈ X s.t. p is continuous at x0. If33
Jx(x0, p(x0)) 
= 0, then there exists s0 > 0 s.t. when 0 < s < s0

J (x(s), p(x(s))) < J (x0, p(x0)) − s

2
‖Jx(x0, p(x0))‖2, (4.3)35

where x(s) = x0 − sJ x(x0, p(x0)).
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Proof. Since J is C1, x(s) → x0 and p(x(s)) → p(x0) as s → 0, if we denote z(s) =1
(x(s), p(x(s))) − (x0, p(x0)), we have

J (x(s), p(x(s))) = J (x0, p(x0)) + 〈∇J (x0, p(x0)), z(s)〉H + o(‖z(s)‖)
= J (x0, p(x0)) + 〈Jx(x0, p(x0)), x(s) − x0〉X + o(‖z(s)‖)
= J (x0, p(x0)) − s‖Jx(x0, p(x0))‖2 + o(‖z(s)‖)
< J (x0, p(x0)) − s

2
‖Jx(x0, p(x0))‖2, as 0 < s < s0,3

where the last inequality holds because z(s) → 0 as s → 0 and −s‖Jx(x0,

p(x0))‖2 < 0. �5

Then it is direct to relate a local minimax solution to a saddle critical point.

Theorem 4.2. Let p be a local peak selection of J at x∗ ∈ X s.t. p is continuous at7
x∗. If x∗ = arg minx∈X J (x, p(x)), then (x∗, p(x∗)) is a saddle critical point of J, i.e.,
∇J (x∗, p(x∗)) = 0.9

Now let p be a continuous peak selection of J and denote G(x) ≡ J (x, p(x)), ∀x ∈ X.
Can we develop a first order method to find a local minimum point of G? To do so, usually11
G need be C1. But under our assumption G is only continuous. However due to its special
structure, in this section, we develop a steepest descent method to find a local minimum13
point of G and prove its convergence. The algorithm is described by the following six steps.

Step 1: Given �> 0, �> 0. Let x0 ∈ X be an initial guess for a solution x∗ and y0 be an15
initial guess for p(x0). Let k = 0;

Step 2: Using the initial guess yk to solve for p(xk) = arg maxy∈Y J (xk, y);17
Step 3: Denote yk = p(xk), compute the steepest descent vector dk = −Jx(xk, yk);
Step 4: If ‖dk‖�� then output (xk, yk), stop; else go to Step 5;19
Step 5: Set xk(s) = xk − sdk and find

sk = max
m∈N

{
�

2m

∣∣∣∣ 2m > ‖dk‖,

J

(
xk

(
�

2m

)
, p

(
xk

(
�

2m

)))
− J (xk, yk)� − 1

2
‖dk‖

∥∥∥∥xk

(
�

2m

)
− xk

∥∥∥∥
}

,21

where initial guess y = yk is used to find p(xk(�/2m)).
Step 6: Set xk+1 = xk(sk) and update k = k + 1 then go to Step 2.23
Due to multiplicity of solutions, convergence analysis of the algorithm becomes more

complicated and it is important to use initial guess stated in the algorithm in order to25
consistently trace and keep in the same peak selection p and to make p continuous. For
x ∈ X, d = −Jx(x, p(x)) 
= 0, define x(s) = x + sd and27

s(x) = max
�� s>0

{
s|��s‖d‖, J (x(s), p(x(s))) − J (x, p(x))� − 1

2‖d‖ ‖x(s) − x‖} .

Then it is clear that29

1
2 s(xk)�sk �s(xk).
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Theorem 4.3. If x0 ∈ X, Jx(x0, p(x0)) 
= 0, then there are s0 > 0 and a neighborhood1
N(x0) of x0 s.t. s(x) > s0, ∀x ∈ N(x0).

Proof. There is s1 > 0 s.t. when s1 > s > 0, we have �> s‖Jx(x0(s), p(x0(s)))‖ and3

J (x0(s), p(x0(s))) − J (x0, p(x0)) < − 1
2 s‖Jx(x0, p(x0))‖2

or5

J (x0(s), p(x0(s))) − J (x0, p(x0))

s‖Jx(x0, p(x0))‖2 < − 1

2
.

Fix s0 : s1 > s0 > 0 and let x0 vary, the term7

J (x(s0), p(x(s0))) − J (x, p(x))

s0‖Jx(x, p(x))‖2

is continuous in x. Thus there is N(x0) s.t. for each x ∈ N(x0), we have9

J (x(s0), p(x(s0))) − J (x, p(x))

s0‖Jx(x, p(x))‖2 < − 1

2
,

i.e., s(x) > s0, ∀x ∈ N(x0). �11

Theorem 4.4. If limk→∞ J (xk, p(xk)) > − ∞ where {xk} is the sequence generated by
the algorithm, then there exists a subsequence {xki

} ⊂ {xk} s.t. ∇J (xki
, p(xki

)) → 0 as13
i → ∞.

Proof. Suppose not. Then there is �> 0 s.t. ‖Jx(xk, p(xk))‖X = ‖∇J (xk, p(xk))‖H > �15
when k is large, say k > k0. By our stepsize rule, we have

J (xk+1, p(xk+1)) − J (xk, p(xk))� − 1
2 s(xk)‖Jx(xk, p(xk))‖2

= − 1
2‖xk+1 − xk‖‖Jx(xk, p(xk))‖.17

Summarizing two sides from k0 to ∞, we have

−∞ < lim
k→∞ J (xk, p(xk)) − J (xk0 , p(xk0)) =

∞∑
k=k0

J (xk+1, p(xk+1)) − J (xk, p(xk))

� − 1

2

∞∑
k=k0

‖xk+1 − xk‖‖Jx(xk, p(xk))‖� − 1

2
�

∞∑
k=k0

‖xk+1 − xk‖,
19

which implies that {xk} is a Cauchy sequence. There is x∗ ∈ X s.t. xk → x∗ as k → ∞.
Since Jx(x, p(x)) is continuous in x, we have ‖∇J (x∗, p(x∗))‖H =‖Jx(x

∗, p(x∗))‖X ��.21
By Theorem 4.3, there are s0 > 0 and N(x∗) s.t. s(x)�s0, ∀x ∈ N(x∗). This implies that
when k is large, xk ∈ N(x∗) and ‖xk+1 − xk‖ = sk‖Jx(xk, p(xk))‖� 1

2 s0�. Then {xk} is23
not a convergent sequence. It leads to a contradiction. �

Definition 4.2. A C1 function J : X×Y → R is said to satisfy PS (Palais–Smale) condition25
if any sequence {(xn, yn)} ⊂ X × Y s.t. J (xn, yn) is bounded and ∇J (xn, yn) → 0 has a
convergent subsequence.27
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From now on we assume J satisfies PS condition. Note that Jy(x, p(x))=0. If J (x, p(x))1
is bounded from below where p is a continuous peak selection of J in Y, then Ekeland’s
variational principle guarantees the existence of a solution x∗ to3

min
x∈X

G(x) = min
x∈X

max
y∈Y

J (x, y).

Let K = {x ∈ X: Jx(x, p(x)) = 0} and Kc = {x ∈ K: J (x, p(x)) = c}. Then by PS5
condition, the set Kc is always compact. By adopting a similar approach in [16], we prove
the following point-to-set convergence result.7

Theorem 4.5. Given two open sets ∅ 
= V2 ⊂ V1 ⊂ X. Assume (a) V1 ∩ K ⊂ Kc where
c = infx∈V1 J (x, p(x)) > − ∞ and (b) there is d > 0 s.t.9

inf{J (x, p(x)): x ∈ V1, dis(x, �V1)�d} = a > b = sup{J (x, p(x)): x ∈ V2} > c.

Let �< d be given in the algorithm and {xn} be the sequence generated by the algorithm11
started from an initial guess x0 ∈ V2. Then ∀ε > 0, there is N > 0 s.t.

dis(xn, Kc) < �, ∀n > N .13

Proof. Let G(x) ≡ J (x, p(x)). Since �< d , by our stepsize rule, if xn ∈ V1 and
dis(xn, �V1) > d, then xn+1 ∈ V1. By the monotone decreasing nature of our algorithm15
and (b), x0 ∈ V2 implies G(x1) < b, x1 ∈ V1. Thus x2 ∈ V1. Then G(xn) < b and xn ∈ V1
imply dis(xn, �V1) > d and xn+1 ∈ V1, i.e. {xn} ⊂ V1. Theorem 4.4 states that {xn} has a17
subsequence that converges to x∗ = arg minx∈X G(x). By (a) and Theorem 4.2, we must
have x∗ ∈ V̄1 ∩ Kc 
= ∅. By the monotone decreasing nature of our algorithm, we have19
limn→∞ G(xn) = c. Denote

Ḡ(x) =
{

G(x), x ∈ V̄1,

+∞, otherwise.21

It is clear that Ḡ is lower semi-continuous on X. By Ekeland’s variational principle, for each
�n = (G(xn) − c)1/2, there is x̄n ∈ X s.t.23

Ḡ(x̄n) − Ḡ(x)��n‖x̄n − x‖ ∀x ∈ X,

Ḡ(x̄n) − G(xn)� − �n‖x̄n − xn‖.

It is clear that x̄n ∈ V̄1. Then we have25

G(x̄n) − G(x)��n‖x̄n − x‖ ∀x ∈ V̄1,

G(x̄n) − G(xn)� − �n‖x̄n − xn‖. (4.4)

It follows c�G(x̄n)�G(xn) − �n‖x̄n − xn‖ or ‖x̄n − xn‖��
1
2
n . Then G(xn) → c implies27

�n → 0 and G(x̄n) → c. For those large n with Jx(xn, p(xn)) 
= 0, by Theorem 4.1, when
s > 0 is small, we have29

G(x̄n(s)) − G(x̄n)� − 1
2‖x̄n(s) − x̄n‖‖Jx(x̄,p(x̄n))‖.
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Hence by (4.4)1

‖∇J (x̄n, p(x̄n))‖H = ‖Jx(x̄n, p(x̄n))‖X �2�n → 0,

which also implies3

‖∇J (xn, p(xn))‖ → 0. (4.5)

Let � be any limit point of {dis(xn, Kc)} and {xnk
} ⊂ {xn} be a subsequence s.t. � =5

limk→∞ dis(xnk
, Kc). Since J (xnk

, p(xnk
)) → c and ∇J (xnk

, p(xnk
)) → 0 as k → ∞, by

PS condition, {xnk
} has a subsequence, denoted by {xnk

} again, s.t. xnk
→ x∗ ∈ V̄1. Then7

(4.5) leads to x∗ ∈ Kc or � = 0. �

Condition (b) in Theorem 4.5 is similar to those in linking theorems in critical point9
theory to form a trap. Theorem 4.5 directly leads to a usual point-to-point convergent result
if V1 ∩ Kc contains only one point.11

We may now ask the question: Let xk → x∗. Then y∗ = limk→∞ p(xk) need not be a
local maximum of J (x∗, y) in y. How can we check if p is continuous? We need to adopt13
an approach developed in [17].

4.1. A local min-⊥ method15

Based on Remark 4.1, we introduce

Definition 4.3. A set-valued mapping P : X → 2Y is called theY-⊥ mapping of J if P(x)=17
{y ∈ Y : Jy(x, y) = 0} ∀x ∈ X. A selection p is called a Y-⊥ selection of J. If p is locally
defined then p is a local Y-⊥ selection.19

It is clear that any peak selection of J is a Y -⊥ selection of J. So we assume that p is a Y
-⊥ selection of J. Then all previous results remain true. It can be directly checked that21

Lemma 4.1. If J is C1, then the graph G = {(x, y): x ∈ X, y ∈ P(x) 
= ∅} = {(x, y):
Jy(x, y) = 0} is closed.23

We can embed a local min–max problem into a min-Y-⊥ problem and use the following
method to numerically check the continuity (smoothness) of a peak selection p.25

When Y = [y1, y2, . . . , yn] and x∗ ∈ X. Then the implicit function theorem can be used
to check if p is differentiable or not at x∗. By the definition of p, y∗ = p(x∗) =∑n

i=1 tiyi27
where (t1, . . . , tn) is solved locally from n orthogonal conditions,

Fj (x
∗, t1, . . . , tn) ≡

〈
Jy

(
x∗,

n∑
k=1

tkyk

)
, yj

〉
= 0, j = 1, . . . , n.

29

Then we have n × n terms

�Fj

�ti
=
〈
Jyy

(
x∗,

n∑
k=1

tkyk

)
yi, yj

〉
, i, j = 1, . . . , n.

31
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By the implicit function theorem, if the n × n matrix1

Q′′(x∗) =
[〈

Jyy

(
x∗,

n∑
k=1

tkyk

)
yi, yj

〉]
, i, j = 1, . . . , n

is invertible or |Q′′(x∗)| 
= 0, then p is differentiable at and near x∗. This condition can be3
easily and numerically checked.
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[3–5,13].
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