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Abstract

A minimax method for finding multiple critical points in Banach spaces is
successfully developed in [12] by using a projected pseudo-gradient as a search direction.
Since several different techniques can be used to compute a projected pseudo-gradient,
the uniform stepsize and the continuity of a search direction, two key properties for
the convergence results in [5], get lost. In this paper, instead of proving convergence
results of the algorithm for each technique, unified convergence results are obtained
with a weaker stepsize assumption. An abstract existence-convergence result is also
established. It is independent of the algorithm and explains why function values always
converge faster than their gradients do. The weaker stepsize assumption is then verified
for several different cases. As an illustration to the new results, the Banach space
VVO1 P(Q) is considered and the conditions posed in the new results are verified for a

quasilinear elliptic PDE.
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1 Introduction

Let B be a Banach space, B* its topological dual, (,) the dual relation and || - || the norm in
B. Let J € CY(B,R) and VJ € B* be its (Fréchet) gradient. A point u* € B is a critical
point of J if u* solves the Euler-Lagrange equation V.J(u*) = 0. The first candidates for a
critical point are the local extrema. Traditional numerical algorithms focus on finding such
stable solutions. Critical points that are not local extrema are unstable and called saddle
points. In physical systems, saddle points appear as unstable equilibria or transient excited
states. Multiple critical points exist in many nonlinear problems in applications ([3, 6, 7,
8, 10, 11], etc.). Choi-McKenna [1] in 1993 and Ding-Costa-Chen [2] in 1999 devised two
algorithms for finding critical points of (the Morse index) MI=1 and MI=2, respectively.
But no mathematical justification or convergence of the algorithms is established. Based on
a local minimax characterization of saddle points, Li-Zhou [4] developed a local minimax
algorithm (LMM) for finding critical points of MI=1,2,....n, and proved its convergence in
[5]. All those algorithms are formulated in Hilbert spaces where the gradient V.J(u) played a
key role to construct a search direction. In order to find multiple solutions in Banach spaces
[3, 10], Yao-Zhou successfully developed the first LMM in Banach spaces and solved several
quasilinear elliptic PDEs for multiple solutions [12]. The method is also modified to solve
the nonlinear p-Laplacian operator for multiple eigen-pairs [13]. The key to the success of
Yao-Zhou’s algorithm is to replace the gradient by a projected pseudo-gradient (PPG). The
purpose of this paper is to establish some convergence results for the algorithm.

Compare to those results in Hilbert spaces [5], there are several significant differences.
When B is a Hilbert space, the gradient V.J(u) which played the key role to construct a
search direction in LMM in [5], is uniquely determined in B and naturally continuous if .J is
C' and B = L@ L™+ holds for any closed subspace L. When B is a Banach space, however, the
gradient V.J(u) is in B* not B and cannot be directly used as a search direction in B. Thus a
PPG is introduced to LMM. Although theoretically a Lipschitz continuous PPG flow exists,
for most cases, no explicit formula is available. On the other hand, there are many different
ways to select a PPG. When PPGs are numerically computed in an implementation, they
may belong to different PPG flows. We lost the uniform stepsize property and the continuity

of a search direction, two key conditions in proving the convergence results in [5]. To make
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up the first loss, we design a weaker stepsize condition, assumption (H), to replace the old
uniform stepsize property; To make up the second loss, we generalize the notion of a peak
selection to that of an L- L selection with which its continuity or smoothness can be verified.
Thus corresponding modifications in LMM [12] have to be made.

To simplify our approach, in this paper, we assume B = L & L’. When L is finite-
dimensional, such L' always exists. In particular, for the commonly used Banach space
VVO1 P(€)), we present an explicit formula for obtaining L’ and a practical technique to compute
a PPG.

Instead of proving convergence results of the algorithm for each of the techniques used
to compute a PPG, in this paper, we establish some unified convergence results. To do so,
in Section 2, we generalize a peak selection to an L-_1 selection and prove the existence of a
PPG at a value of an L-| selection. A new LMM and its mathematical foundation are also
presented there. Sections 3 is devoted to prove unified convergence results. We introduce
a new stepsize assumption (H) and then prove a subsequence convergence result, Theorem
3.1, under some very reasonable assumptions. An abstract existence-convergence result,
Theorem 3.2 is then established. This result is actually independent of algorithms. It also
explains why in our LMM, function values always converge faster than their gradients do.
Based on this abstract result, another convergence result, Corollary 3.1, is proved to show
that under certain conditions, a convergent subsequence implies a point-to-set convergence.
Assumption (H) is then verified for several different cases, in particular, for the commonly
used Banach space VVO1 P(Q). In the last section, we discuss how to check other conditions
we posed in the convergence results. In particular, we present a quasilinear elliptic PDE and

verify those conditions.

2 A Min-1 Method

Let L be a closed subspace of B. For a subspace A C B, denote Sa = {v € A|||v|| = 1}. For
a point v € Sg, let [L,v] = {tv + w|w € L,t € R}. Since VJ(u) € B* not B, it cannot be

used as a search direction in B. Thus a pseudo-gradient is used instead.
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DEFINITION 2.1. Let J : B — R be Fréchet differentiable at uw € B with VJ(u) # 0 and
0 <0 <1 be given. A point V(u) € B is a pseudo-gradient of J at u w.r.t. 0 if

(2.1) )| <1, (VJ(u),U(u)) = 0|VJ (u)].

A pseudo-gradient flow of J w.r.t. 6 is a continuous mapping F : B — B such that Vu € B
with VJ(u) # 0, F(u) is a pseudo-gradient of J at u w.r.t. 6.

In Definition 2.1, the condition ||¥(u)|| < 1 is not essential. It can be replaced by any
bound M > 1, since after a normalization, 6 can always be replaced by %. It is known
9] that a C' functional has a locally Lipschitz continuous pseudo-gradient flow. Pseudo-
gradients have been used in the literature to find a minimum of a functional in Banach
spaces. However, as saddle points are concerned, such pseudo-gradients do not help much,
since they lead to a local minimum point. Thus we introduce a new notion, called a projected
pseudo-gradient (PPG), which plays a key role in the success of our LMM in Banach spaces.

DEFINITION 2.2. An L'-projected pseudo-gradient (PPG) G(u) of J is a pseudo-gradient

of J at u such that G(u) € L.
The motivation to define a PPG is two-fold. Firstly, as a pseudo-gradient, it provides a proper
searching termination criterion, i.e., with (2.1), G(u) = 0 implies V.J(u) = 0; Secondly the
condition G(u) € L’ is to prevent a pseudo-gradient search from entering the subspace L,
which is spanned by previously found critical points. The existence of such L'-PPG of J at
u = P(v) is established by Lemma 2.1 in [12], where P is a peak selection defined below.

DEFINITION 2.3. ([12]) A set-valued mapping P : S, — 28 is called the peak mapping
of J w.r.t. L if

P(v) = {w = arglocal- max J(u)}, Vv & Sp.

u€[L,v]
A mapping P : Sy — B is called a peak selection of J w.r.t. L if P(v) € P(v),Yv € Sp.
If a peak selection P is locally defined near a point v € Sy, we say that J has a local peak
selection P at v.
By using a peak selection and a PPG, a local minimax method (LMM) is successfully
developed in [12] for computing multiple saddle points in Banach spaces. However, as
convergence analysis is concerned, such an algorithm has an ill-condition, i.e., the graph

defined by a peak selection is not closed, in other words, a limit of a sequence of local
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maxima is not necessarily a local maximum point. Consequently, we cannot talk about
a limit, continuity or do convergence analysis within the content of a peak selection. We
introduce a generalized notion.

DEFINITION 2.4. A set-valued mapping P : S, — 2B is called the L-L mapping of J if
Pw)={ue[Lv]:(VJ(u),w) =0, Yw € [L,v]}, YveSpy.

A mapping P : Spy — B is called an L- 1 selection of J if P(v) € P(v),Yv € Spr. If an L-1
selection P is locally defined near a given v € Sp/, we say that J has a local L-L selection
P atwv.

LEMMA 2.1. If J is Ct, then the graph Gr = {(u,v):v € Sp,,u € P(v) # 0} s closed.
Proof. Let (up,v,) € Gr and (uy,v,) — (ug,v9). We have u,, € [L,v,], VJ(u,) L [L,v,].
Since v, — vy € Sy, for each w € [L, vg], there are w,, € [L,v,| such that w, — w. Thus
VJ(u,) L w,. But Jis C, u, — ug and w, — w lead to VJ(ug) L w, i.e., V.J(ug) L [L, vg].
Thus vy € Spr and ug € P(vy), i.e., (ug,v9) € Gr. |
It is clear that if P is a peak selection of J w.r.t. L, then P is an L-1 selection of J. The
generalization not only removes the ill-condition and makes it possible to check the continuity
of P but also exceeds the scope of a minimax principle, the most popular approach in critical
point theory. It enables us to treat non-minimax type saddle points, such as the monkey
saddles, or a problem without a mountain pass structure, see Example 2.1 in [14]. By a
similar argument as in Lemma 2.1 of [12] we can prove the following existence of an L'-PPG.

LEMMA 2.2. Assume B=L® L and 0 < 6 < 1 be given. For vy € St/, if P is a local
L-1 selection of J at vy s.t. VJ(P(vg)) # 0 and V(P(vy)) € B is a pseudo-gradient of J at
P(vo) w.r.t. 8, then there exists an L'-PPG G(P(vy)) of J at P(vg) w.r.t. 0 s.t.

(a) G(P(v)) € L', 0 < ||G(P(vg))|| < M :=||P|| where P: B — L’ is the linear projection;
(b) (VJ(P(w)), G(P(vo))) = (VJ(P(vo)), ¥(P(v0)))

(c) If (P (vy)) is the value of a pseudo-gradient flow V(-) of J at P(vg), then G(-) is
continuous and G(P(uvy)) is called the value of an L'-PPG flow of J at P(vy).

We now start to establish some mathematical foundation for our new algorithm.

— 2
LemMA 2.3. ([12])  |Jv— — w|y|g vl e B = 1Lvwe B W

lo =w|™~ Jlv—w]|
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LEMMA 2.4. For vy € Sp/, if J has a local L-1 selection P at vy satisfying (1) P is
continuous at vy, (2) d(P(vo), L) > 0 and (3) VJ(P(vy)) # 0. Then, there exists so > 0

such that for 0 < s < s

(2.2 TP@(s)) — T (Pn)) < ~ il VTP

_ U — sign(to)sG(P(vp))
[lvo — sign(to)sG(P(vo))ll
G(P(vo)) is an L'-PPG of J w.r.t. 0 at P(vg). |

where P(vg) = tovg + wy for some ty € R,wy € L, v(s) and

The proof of Lemma 2.4 can follow a similar argument of Lemma 2.4 in [12]. The inequality
(2.2) will be used to define a stepsize rule for the algorithm and establish convergence results.
With Lemma 2.4, the following characterization of saddle points is clear.

THEOREM 2.1. Let vy € Sp/. Assume that J has a local L-1 selection P at vy such
that (1) P is continuous at vy, (2) d(P(vg), L) > 0 and (3) vy is a local minimum point of
J(P(v)). Then P(vy) is a critical point of J.

2.1 A Min-Orthogonal Algorithm

DEFINITION 2.5. Let vg € Spr and P be a local L-L selection of J at vy with V. J(P(vg)) # 0.
A point w € L' is a descent direction of J(P(-)) at vy if there is so > 0 such that

J(P(vo(s))) < J(P(wo)), VO0<s<sy where wvy(s) Yo+ S

o + swl|”
By Theorem 2.1, a descent direction method to approximate a local minimum of J(P(v))

leads to the following min-_L algorithm.

n—l] n

Assume that L = [u',u?, ..., u""], where u', u?, ..., u" "1 are n—1 previously found critical

points of J and L’ is a subspace of B such that B = L & L’. For given positive numbers
A6 € (0,1) and e.
Step 1: Let v; € S/ be an ascent-descent direction at u" .

Step 2: Set k= 1. Solve for u, = P(vy) = thog + thul + -+ + & u""! such that t§ > 0,

(VI(P(vp),v) =0 and (VJ(P(wp)),u’) =0, i=1,2,...n—1.

Step 3: Find a descent direction wy € L' of J(P(+)) at vg.



CONVERGENCE OF A MINIMAX METHOD 7

Step 4: If |[VJ(ug)|| < e, then output ux = P(vy), stop. Otherwise, do Step 5.

Step 5: For each s > 0, denote vy(s) = Uk SWk_ and set vg1 = vg(sx) where
|vg + swg|
A A o1tk A
s = mase { 21127 > i J(P(() — T(ue) < ~ 28 297w}
meN (2m 2m 4 ~2m

Step 6: Update k =k + 1 and go to Step 3.
REMARK 2.1.

(1) The constant A € (0,1) is used to prevent the stepsize from being too large to loose

search stability. From now on we always assume that A is such a constant.

(2) In Step 2, one way to solve the equations while satisfying the nondegenerate condition
th > 0 is to find a local maximum point uy of J in the subspace [L,v], i.e., ux = P(vy)

and P is a peak selection of J w.r.t. L.

(3) In Step 3, we may assume ||wg|| < M for some M > 1. There are many different
ways to select a descent direction wyg. However, when a descent direction is selected,
a corresponding stepsize rule in Step 5 has to be designed so that it can be achieved
and leads to a convergence. For example, when a negative L'-PPG flow, or a negative
L'-PPG is used as a descent direction, we have v, € S, and a positive stepsize s, for the
current stepsize rule in Step 5 can always be obtained. In some cases, when —V.J(P(vy))
is used to construct a descent direction, the stepsize rule in Step 5 has to be modified as

in Case 3 below.

3 Unified Convergence Results

DEFINITION 3.1. For each v € S with [|[VJ(P(v))| # 0, write P(v) = t,v + vy for some
vy € L and define the stepsize s(v) at v as

s(v) = max {5 = 227 > [l JPu(s)) ~ J(P@) < ~30l1IsIVIP@)I}

m

v+ sw
where w is a descent direction J at P(v) and v(s) = ﬁ
v+ sw
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Let {uy} be the sequence generated by the algorithm where uy = P(v;). Since a PPG can
be computed by many different ways, we lost the uniform stepsize, one of the key condition,
in [5]. Here we design a new stepsize assumption (H) to establish unified convergence results.
This condition is weaker than the uniform stepsize assumption in [5] and will be verified for
several different cases.

Assumption (H) :  if vg € Sy with VJ(P(vg)) # 0 and v — v, then
there is s > 0 such that s = s(vx) > so when k is large.
We need the following PS condition and Ekeland’s variational principle [10].

DEFINITION 3.2. A function J € C*(B,R) is said to satisfy the Palais-Smale (PS)
condition if any sequence {u;} C B such that {J(u;)} is bounded and VJ(u;) — 0 possesses
a convergent subsequence.

LEMMA 3.1. (Ekeland’s variational principle) Let X be a complete metric space and
J: X = RU{+00} be a lower semi-continuous function bounded from below. Then, for any

e >0 and xog € X with J(xy) < +o00, there is T € X such that
J(z) + ed(xo, ) < J(xo) and J(x)+ed(z,z) > J(Z), Ve € X andz #z. |

First we prove a subsequence convergence result whose conditions will be verified with an
application problem in Section 4.

THEOREM 3.1. Let J € CY(B,R) satisfy the PS condition. If an L-1 selection P of J
satisfies (1) P is continuous on Sr/, (2) d(P(vg), L) > a >0,Vk=1,2, ..,
(3) 1nf J( (vg)) > —o0, (4) assumption (H) is satisfied, then
(a) {vk} has a subsequence {vy, } such that wy, = P(vk,) converges to a critical point of J;
(b) if a subsequence vy, — vy as i — oo, then ug = P(vg) is a critical point of J.

Proof. (a) By the stepsize rule and Lemma 2.3, for £ = 1,2, ..., we have
1= Al
4M
Suppose that there is 6 > 0 such that |[VJ(P(v))|| > ¢ for any k. From (3.1), we have

(3-1) J(upt1) — J(ur) < —ieaSkHVJ(P(vk))H < - Oal|very — o[V I (P(ui))l].

1—A
(3.2) J(upsr) — J(ug) < _| i |9a5||vk+1 —ull, Vk=0,1,2,....

Adding up two sides of (3.2) gives

. - 1-), =
. 1 - => - < — y -
(3.3)  lim J(ug) — J(uo) kZO[J(ukH) J(u)] < ——7—0ad 2 [vr1 — il
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i.e., {vg} is a Cauchy sequence. Thus vy, — 0 € Sp.. By the continuity of P, ||[VJ(P(0))]| >
9 > 0. On the other hand, adding up two sides of (3.1) gives

lim J(ug) — J(up) < —EHais IVJ(P(ug))|| < —lé’aéis

m - (uy o)< =7 k RIS =7 s

k=0 k=0

or sp — 0 as k — oo. It contradicts assumption (H). Therefore, there is a subsequence {vy, }
such that |V J(P(v,))|| — 0 asi — oo and {J(P(vy,))} is convergent. By the PS condition,
{P(vk,)} has a subsequence that converges to a critical point u.

(b) Suppose uy = P(vp) is not a critical point. Then there is 6 > 0 such that |V.J(ug,)| >
9,4 =1,2,.... Similar to (3.1), we have

1 1
S (i) = I (ug,) < =7 0as [V I (ur,)|| < =7 badsy,.

Since Z[J(Ukﬂ) — J(ug)] = klim J(ug) — J(ug), it leads to lim; oo (J(ug,+1) — J(ug,)) = 0.
k=0 -

Hence lim s;, = 0. It contradicts assumption (H). Thus ug is a critical point. |

71— 00

Next we prove an abstract existence-convergence result, that is actually independent of
the algorithm and also explains why function values always converge faster than the gradients
do. Denote K.={u € B|VJ(u)=0,J(u) =c}. By the PS condition, K. is compact.

THEOREM 3.2. Let B=L® L',V C B be open and U = VN Sy, # (. Assume that
J € CY(B,R) satisfies the PS condition,

(1) P is a continuous L-1 selection of J in U, where U is the closure of U on Sy,

(2) infyep d(P(v), L) > a >0,

(3) infycop J(P(v)) > ¢ = inf,cpy J(P(v)) > —00, where U is the boundary of U on Sp.
Then K? = P(U) N K. # 0 and for any {vy} C U with J(ug) — ¢ where u, = P(vy),

(a) Ve > 0, there is k > 0 such that d(KP,u) < e, Vk > k;

(b) If in addition, VJ(P(-)) is Lipschitz continuous in U, then there is a constant C such
that |V.J(u)|| < C(J(ug,) — c)2.
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Proof. Define
i { J(P()) veU,
+00 v¢gU.
Then, J(P(-)) is lower semicontinuous and bounded from below on the complete metric
space Sps. Let {vx} C U be any sequence such that J(P(vx)) — ¢. By our assumption (3),
such a sequence always exists. Denote uy = P(vy). Applying Ekeland’s variational principle

to J(P(-)), for every v, € U and &), = (J(uy,) — c)2, there is 0y € Sy, such that

(3.4) J(Pwy)) — J(P()) < &llor—vl, Yoe Sy,

>

(35) J(P(@k)) - j(P(Uk)) < _5k||77k — Uk”

By the definition of .J(P(-)) and assumptions on P, we have 7 € U,

(3.6) J(P(vr)) — J(P(v)) < ollog —vll, Yvel,
(37) J(P(@k)) — J(P(Uk)) < —(5kH’(_Jk — Uk”

It follows ¢ < J(P(vx)) < J(ug) — Ol|vx — vi||, or
(3.8) [0k — vil| < Ok

and d(L,P(vx)) > « when k is large. Then J(P(vy)) — c¢ implies J(P(vx)) — c¢. By
assumption (3), we have v, € U for large k. For those large k, if VJ(P(vx)) # 0, by

Lemma 2.4 and then Lemma 2.3, when s is small,

J(P(0k(5))) = J(P(0r)) < —%\t'é\HVJ(P(@k))H < —;—EIIVJ(P(@))HHMS) — Ol

where v (s) = (210 € U @y, = —sign(th)G(P(vr))), P(vx) = thvy, + uk for some u¥ € L,

T [op sl

G(P(vy,)) is an L'-PPG of J at P(vy) with ||G(P(v;))|| < M, see Lemma 2.2 and |t§]| > «

by our assumption (2). Hence by (3.6), we get

(3.9) IVIPEN)] < s,

which implies VJ(P(vx)) — 0 and then VJ(P(vg)) — 0 by (3.8). {J(P(v))} is already
bounded. By the PS condition, {u;} has a subsequence that converges to a critical point

u*. By assumptions (3) and (1), it is clear that u* € K? # (). Let § be any limit point of
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{d(KP, ui)} and ug, = P(vg,) € {ux} such that lim; . d(KP?,ux,) = 5. By the PS condition,
{P(vk,)} has a subsequence that converges to a critical point 4. Again u € K?, i.e., = 0.
Thus conclusion (a) holds.

If in addition, VJ(P(+)) is Lipschitz continuous in U with a Lipschitz constant ¢, then
by (3.8) and (3.9), conclusion (b) follows from

IVI(P)ll < IVIP@)I + IVI(P(or) = VI(P(or)]]

16 M 16 M 1
o0 5k+€1||@k—vk|| < (—+€1)(J(uk)—c)5. |

<
- af

COROLLARY 3.1. Let J € CY(B,R) satisfy the PS condition, Vi and Vy be open in L'
with O £ Uy, = VoN Sy CViN Sy =U;. If P is a continuous L-L selection of J in Uy with

(1) infyep, d(P(v),L) > a >0, ¢ =inf,cy, J(P(v)) > —o0 and K? = P(U;) N K C K,
(2) thereisd > 0 with inf{J(P(v))|v € Uy,d(v,0U,) < d} =a > b= sup{J(P(v))|v € Us},

(3) given {vy} such that vy € Us, ||vgs1 — vl < d, J(ugs1) < J(ug) and {ux} has a

subsequence that converges to a critical point uy, where u, = P(vg). Then
(a) Ve >0, there is k > 0 such that  d(KP,u) < e, Vk>k;

(b) If in addition, VJ(P(-)) is Lipschitz continuous in Uy, then there is a constant C such
that |V.J(u)|| < C(J(ug) — c)2.

Proof. First, we prove that vy € Uy and d(v,0U;) > d, k = 1,2,.... In fact, if v, € Uy,
d(vg,0Uy) > d and J(ug) < b, then vy € Uy and J(ugs1) < b, ie., vy € Up and
d(vgs1,0U1) > d. Thus, for v; € Uy, v, € Uy and d(vg,0U;) > d, k = 1,2,.... Since
KP = P(U;) N K C K. and {u;} has a subsequence that converges to a critical point uy,
we have ug € K? # (). Denote U = {v € U;|d(v,0U;) > d}. Then by the monotonicity of
{J(ug)}, we have J(uy) — ¢ =inf,cy J(P(v)) as k — oo, and

inf J(P(v)) >a>b>J(P(v1)) > c=inf J(P(v)).
vedlU velU

Thus all the assumptions of Theorem 3.2 are satisfied and the conclusions follow. 1
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REMARK 3.1. There are two types of conditions posed in our convergence results. One is
used in the literature to guarantee the existence of multiple solutions. The other is what we

posed to insure a convergence for the algorithm. We will focus on verification of the later.

(1) In Theorem 3.2, if U = Sy, condition (3) can be simplified as ¢ = inf J(P(v)) > —o0.

UESL/

(2) In Corollary 3.1, condition (2) or its variants are frequently used in the literature to
form a topological linking for applying a deformation lemma to prove an existence of
multiple solutions. It is clear that condition (3) in Theorem 3.2 is much weaker. It is
used to trap a descending flow away from critical points at other levels. Condition (3)
in Corollary 3.1 is designed for our algorithm to cover several different cases in Banach

spaces and is guaranteed by our assumption (H) and Theorem 3.1.

(3) Note that when K? contains only one point, Theorem 3.2 can be easily stated as a
point-to-point convergence result. Theorem 3.2 together with its Corollary 3.1 improve
a convergence result in Hilbert spaces, Theorem 3.3 in [5] in several directions. They (a)
cover several different cases in Banach spaces, (b) do not require P be a homeomorphism

and (c) contain a new result on relative convergence rate, i.e., inequality (2) which
k

%)) always converges much faster

explains why in our numerical computations, J(P(v

than [|[VJ(P(vF))| — 0.

Next we verify assumption (H) for several different cases. It is done in Lemmas 3.3, 3.4,
3.6 and 3.7 below. Cases 1 and 2 are general, so we assume B = L @ L’ where L’ is a closed
subspace of B and P : B — L' is the corresponding projection. In Step 3 of the algorithm,
we choose wy, = —sign(to)G(P(vg)) where G is either an L'-PPG of J or the value of an
L'-PPG flow of J. Then ||wi| < M = ||P||. By Lemma 2.4 we obtain

LEMMA 3.2. If P is a local L-1 selection of J at v € Sp, such that (1) P is continuous
at v, (2) d(P(v),L) >0 and (3) VJ(P(v)) # 0, then s(v) > 0.

Case 1: Use the value of a negative PPG flow G as a descent direction.

Here G(P(v},)) is the value of an L'-PPG flow of J at P(v;) = tkvy, +vE for some v¥ € L.

LEMMA 3.3. If P is a local L-L selection of J at vy € Sy such that (1) P is continuous
at vy, (2) d(P(vo), L) > 0 and (3) VJ(P(vg)) # 0, then there exist € > 0 and sy = 5 for
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some integer m such that for each v € S with ||[v —vo|| <&, A > sol|G(P(v))|| and

i - Sl L (e b sign(t)soG(P())
T(P(u(s0) = J(P(0) < ~FTIPE, vlso) = il

P(v) = t,v+w, for some w, € L and G(P(v)) is the value of an L'-PPG flow of J at P(v)
w.r.t. the constant 6.

Proof. By Lemma 2.4, there is § > 0 such that as 0 < s < §

ol 7 1P|

(3.10) J(P(uo(s))) = J(P(w)) < =—

where
vols) = vo — sign(ty)sG(P(vg))
[vo — sign(to)sG(P(vo)) Il

for some wy € L. Actually, for each fixed s, the two sides of (3.10) are continuous in vy.

P(UQ) = tQ'U() + Wo

Thus, there are € > 0,59 = 2= for some integer m such that A > s,[|G(P(v))| and

Soe‘tv‘
VIO,

J(P(v(s0))) = J(P(v)) < —

VYo € Sy with || — v <e. I
Case 2: Use a negative PPG G as a descent direction.

Here G(P(vy,)) is a L'-PPG of J at P(vx) = tkvy, + vE for some vL € L. Since an L'-PPG
may be chosen from different L'-PPG flows, we lost the continuity. To compensate the loss,
we assume that an L-_1 selection P of J is locally Lipschitz continuous.

LEMMA 3.4. Let P be a local L-1 selection of J at vog € Sp. If (1) P is Lipschitz
continuous in a neighborhood of vo, (2) d(P(vo), L) > 0 and (3) VJ(P(vy)) # 0, then there

are € > 0 and so = 5 for some integer m such that A > so||G(P(v))| and
1
J(P(v(50))) = J(P(v)) < =soltl [V I (P )],

Yo € Sy with ||jv — || < &, where

o(s) = v — sign(t,)sG(P(v))
[v = sign(tu)sG(P(v))

and G(P(v)) is an L'-PPG of J at P(v) w.r.t. the constant 6.

Proof. First, denote P(v(s)) = t3v(s) + wy,(s) for some w,(s) € L, we have

K s>0, P)=t,w+w, for somew, € L

(3.11)J(P(v(s))) = J(P(v)) = (VJ(P(v)) + (VJ(((v,8)) = VJ(P(v))), P(v(s)) = P(v))



CONVERGENCE OF A MINIMAX METHOD 14
where ((v, s) = (1—n)P(v)+nP(v(s)) for some n € [0, 1]. By assumption (1) and Lemma 2.3,
as s is small and for any v close to vy,

< el s 25| G(P@))| .
312)  P(() = PO < flo(s) —ol € 2 S B < AL

On the other hand, by the definition of an L-1 selection of J, we have

. _ sign(t,)tys(VJ(P(v)), G(P(v)))

(VJ(P(v)), P(v(s)) — P(v)) [0 — sign(iy)sG(P0))]

BIs(VIPW), ¥(PE)) _ sOk[IVI(PO)] _
t

B13) == egntsePe)] < 5 <
and
(VI(C(v,5)) — VI(P()), P(u(s)) — P())]
B18) < VW) - VIR [PE) - P < AATIEO

where in the last inequality, since J is C* and by assumptions (2) and (3), we have

01t,[IVJ(P))ll
16/M '

(3.15) IVI(C(v, 8)) = VI(P(u))] <

By (3.11) and the boundedness of L'-PPGs, there exist £ > 0 and sy = 5= for some integer
m such that A > so]|G(P(v))|| and

J(P(u(s0))) = J(P(v)) < —Soe‘t”HWZ(P(”))”, Vo € Sy with o — vl <

Case 3: Use a practical technique for a descent direction in B = W, ”(Q).

Let B = WyP(Q) where Q C R” is open and bounded, p > 1, B* = W~19(Q) with
% + % = 1. The usual gradient §J(u) € B* = W~19(Q) cannot be used as a search
direction. Thus d = A;'(6J(u)) € B has been used in the literature as a descent direction
to find a local minimum of J : B — R, where A, is the p-Laplacian operator defined in
(4.1) and A; L'is its inverse. It leads to solve a sequence of quasi-linear elliptic equations
Aydy, = 0J(uy). But such d is not a PPG, it does not help much for finding a saddle point.
A practical technique is used in [12] for numerical implementation to compute a PPG. The
results are very promising. Here we wish to provide some mathematical justification. This

technique is based on the understanding that when a nice smooth initial guess vy is used,



CONVERGENCE OF A MINIMAX METHOD 15

we may expect that ‘nice’ functions are actually used to approximate a critical point. Let
P be an L-1 selection of J. For v € Sp,u = P(v), by the definition of P,§J(u) L L.
But §J(u) € W—9(Q), its smoothness is poor. We first lift its smoothness by computing
d:=VJu) = A (=6J(u)) € WyU(Q), ie., dpy = V.J(uy) is solved from

Adg(z) = =0J(ug)(z), z € Q, di(x)]on = 0.
Observe that notationally for any w € B,
<d,w>W01,qu01,p = (Vd, VW) paxrr = /QVd(:)s) -Vw(x)dx
= /Q—Ad(x)w(x) dr = /Q(?J(u)(:c)w(:z) dr = (5J(u),w>w,1,qxw01,p.
This suggests that d = V.J(u) be used as a gradient of J at u. In particular when u = P(v),
(3.16) (VI (), 0) g = (070, Wy sgro =0, V€ [L,v],
or VJ(u) L [L,v]. This suggests a natural way to choose L'. We will discuss it late. Since

||5J(u)||W—1,q - sup <6J(u)>w>W*1’q><W01’p

||U)||W01,p:1
(3'17) = sup <d> w)wquxwgvl’ = sup |<Vd, vw>L‘1><LP| < ||d||W01’qa

||w||W3,p=1 IVwllpp=1

the PS condition of J in terms of §J implies the PS condition of J in terms of V.J. In our

convergence analysis of the algorithm, the first order approximation contains a term

<5J(’Uo),VJ(U(]))W,L(ZXWOLP :Aéj(UQ)VJ(Uo)d$
- / AV (w0)) VT () de = / V(VJ(00) - V(T (00))die = V.7 (00) [

which will be used to design a new stepsize rule. Next we let u;, = P(vg) and check the ratio

IV ()3
(3.18) 1> 0, = >0>0 Vk=1,2, ..,
IV I (i)l VT ()]
where || - ||, is the norm in Wy (Q) with r > 1. Let G(uy) = M We have
VT ()

|G (ug)||, < M =1 and

(3.19) (37(w), Glue)) = T _ o1& 5l = Bul15 7w - > 0107 a1

IV Il B
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where the last inequality holds if (3.18) is satisfied, i.e., G(uy) is a pseudo-gradient of J at
ug. Then (3.16) suggests that G(uy) is also an L-PPG of J at uy = P(vy) if L' = L+ where
L+ is given in (3.20), L = [wy, ..., w,_1] and wy, ..., w,_; are linearly independent. To show
B = L@ L*, we need further assume that when 1 < p < 2, wy, ..., w,_; are n-1 previously
found ‘nice’ critical points, or at least they are ‘nice’ approximations of some exact critical

points such that L € W,*(£2). Such an assumption holds automatically when 2 < p. Thus
(3.20) L' =L+ ={uc B / Vu(z) - Vo(z)dx =0, Yo € L}

Q
is well defined and L N L' = {0} holds. For any w € B, we compute wy, := Y 1~ azw; from

/QVwL(x)-ij(x)d:c:/QVw(:c)~ij(:c)dx, Gl -1

Thus wy, € L and w —wy € L, ie., B=L® L.

But we cannot assume that such G(uy) is the value of a PPG flow of J at u, = P(vy),
because we do not know the ratio at other points. In all our numerical examples, (3.18) is
satisfied. But we note that the ratio is stable for 1 < p < 2 and gets closer to 0 as p — +oc.
Thus we treat those two cases differently in our convergence analysis. For 1 < p < 2, we
assume that (3.18) is satisfied. But for p > 2, we only assume ||V.J(u)||, < M for some
M > 0. Either one of the assumptions implies V.J(u;,) € L+ C B. By comparing G(u;,) and
VJ(ux), Step 3 and the stepsize rule in Step 5 need to be modified as below.

Step 3: Find a descent direction wy of J at up = P(vg), w, = —sign(tk)VJ(ug).
2
Compute the ratio 6, = M > 0;
[[wilpl|wellq

Since (0J (uy), VJ(ug)) = ||V J(ug)||3, the stepsize rule in Step 5 has to be changed to

A t
(3:21) s =max{s = Zom e N2 > fur, J(P(u(s)) = J(w) < Itols

I 3

where 0 < A < 1. Note that if 6, > 6 > 0, theoretically the term ||VJ(uy)||3 in the above
V() as an L/-
VT () I
PPG of J at ux = P(vx). Then this case can be covered by Case 2. But in implementation,

stepsize rule can be replaced by 0||VJ(ug)l|4, i-e., we use G(P(vg)) =

the lower bound 6 of the ratio is usually not known beforehand. In particular, we do
not known whether or not the ratio is satisfied at a limit point of the sequence. Thus
the current stepsize rule (3.21) has to be used in implementation. First we show that if

0 < |[|[VJ(P(v0))|l, < +00, then a positive stepsize can always be attained.
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LEMMA 3.5. For vy € Sp/, if J has a local L-1 selection P at vy satisfying (1) P is
continuous at vy, (2) d(P(vo), L) > 0 and (3) 0 < ||[VJ(P(vo))|l2 < +00. Then there ezists

sg > 0 such that as 0 < s < sg

|t0|8

IV (P(w0)) 13

vo — sign(te)sVJ(P(vg))
||vo — sign(te)sVJI(P(vo))|

(3.22) J(P(vo(s))) = J(P(wo)) < —

where P(vg) = tovg + wo for some tg € R, wy € L and vy(s) =
Proof. Since ||P(vo(s)) — P(vo)|| — 0 as s — 0, we have

J(P(vo(s)) = J(P(vo)) = (6J(P(v0)), P(vo(s)) = P(vo)) + o([|P(vo(s)) — P(wo)l)

sign(to)tss||VJ (P (vo))l3 |750|$ >
= - . + o(||P(vo(s)) — P(v VJ
||'UO — Slgn(to)SVJ(P(Uo))|| (H ( 0( )) ( 0)”) || ( ( 0))”2
where P(vg(s)) = t§uo(s) + w§ and w§ € L, when s > 0 is very small. |

Next we verify assumption (H).

Subcase p<2. (We assume (3.18) holds.) We have V.J(u;) € W, %(Q) C B. The
conclusion in the next lemma is actually stronger than assumption (H).

LEMMA 3.6. Let J € C'(B,R) and vy € Sp.. Let P be a local L-1 selection of J at vy
such that P is continuous at vy and d(P(vo), L) > 0. If §J(P(vo)) # 0, then there are € > 0

and sy = 5 for some integer m such that \ > so||VJ(P(v))||, and

2 m

It |So

IVI(P@)]3,

v — sign(t,)soVJ(P(v))
lv = sign(tu)soVJ(P(v))|l

J(P(v(s0))) = J(P(v)) < —

Yo € Spr, lv—wo|| < e, where P(v) = t,o+w, w € L and v(sg) =

Proof. By Lemma 3.5, we have

\to\s

(3.23) J(P(vo(s))) = J(P(v0)) < ==V J(P(vo))ll2-

When p < 2, we have ¢ > 2. J is C' implies that V.J is continuous in || - ||s-norm. For fixed
s, all the terms in (3.23) are continuous in vy. Thus there exists € > 0 and sy = 2% for some

integer m such that A\ > so[|VJ(P(v))]], since J is C* and

It |So

J(P(v(s0))) = J(P(v)) < = IVI(P())I3, Vv € S lv—wol <e. |
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With the new stepsize rule and the uniform stepsize result, Lemma 3.6, if 8, > 6 > 0 holds

in Step 3. We can verify Theorem 3.1. The proof is similar. We need only replace (3.1) by

QS

J(ugrr) = J(ur) < ——IIVJ(uk)Hz (by (3.18))

a@sk _a6’|1 — Al
4M

where 0 < A < 1 is given in (3.21) and then follow the proof.
Subcase p>2. (We only assume |V.J(ug)|, < M for some M > 0.) We have

(3.24)

IV I (wr) [V T ()l < [or+1 = vk [V (ur) [l

B = WyP(Q) ¢ W,?(Q). To verify assumption (H) and prove the convergence of the
algorithm, we note that in this case, V.J(u;) € L' = L* still holds, i.e., —V.J(ux) can be
used as a search direction. But J is C'' means that §.J is continuous in || - [|(_1,g-norm and
VJ is continuous in || - ||,-norm, not necessarily in || ||o-norm. Thus we need an L-_L selection
P to be locally Lipschitz continuous.

LEMMA 3.7. Let J € CY(B,R) and vy € Sp,. Assume that P is a local L-L selection
of J at vy such that (1) P is locally Lipschitz continuous (2) d(P(vo),L) > 0 and (3)
dJ(P(vo )) # 0. Then for any vy € Sy with lim v = vy and [|[VJ(P(vp))ll, < M, there are
k, sy = 5= for some integer m such that \ > 30||VJ( (v)|l, and

Plloa) — IR < —SIITI PR

) I Pl
v — sign(ty)sV.J(
[or — sign(t)sV J(P(vy)
Proof. Denote P(vi(s)) = tivg(s) +

2 m

Vk > k,

where vi(s) = and P(vg) = typvy + v&, ok € L.
s) for some vE(s) € L. Then, by the mean value

theorem, we have

(3.25)  J(P(ur(s)))=J(P(ve)) = (6J(P(0r))+(8J(C (v, 8)) =0 (P(vr))), P(u(s)) =P (vk))

where ((vg,s) = (1 — A\x)P(vk) + MeP(vr(s)) for some A\x € [0,1]. By assumption (1) and

Lemma 2.3,

Ws|VIP,
[or — sign(t)sV J(P(vg))]|
On the other hand, by the definition of an L-1 selection of J, as s > 0 is small and £ is

[P (vr(s)) = Pow)ll < Lllox(s) — vill <

large, we have
__sign(t)tis| VI (P(wo) 3
v — sign(tr)sVJ(P(vr))|
S|tk|

(0J(P(ve)), P(uk(s)) = Plor)) =

(3.26)

IN

—5 IV I(P(ur))lz < 0.
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Since J is C! and 1 < ¢ < 2 in this case, by assumptions (2), (3) and applying inequality
(3.17), there exists > 0 such that when s is small and k is large,

[tklllve — sign(ty)sVJ (P ) IV (P(or)I3
8LV I(P(vi)lp

> > 0.

Thus we can choose s > 0 small and k large such that

[tklllve — sign(tr)sVJ (P (u)) IV (P(or)3
8LV I(P(vi)lp '

16J(C vk, 5)) — 6J(P(vk))|| <
Hence

[(0J(C(vr, 8)) = 0 (P(uvk)), P(vr(s)) — P(vw))]

(327) < 10J(C( ) — SIPEIIP(s) - Plog)| < ST PLOIE

- 4

Applying inequalities (3.26) and (3.27) to (3.25), there exist k, sy = £ for some integer m
such that A > so||VJ(P(vg))||, and

_solt[VJ (P(ur))

IE VE >k 1
4 b

J(P(vr(s0))) — J(P(ux)) <

With the new stepsize rule (3.21) and the assumption ||V.J(ug)||, < M, the conclusion
of Lemma 3.7 implies assumption (H), i.e., s(vgy) > so. Then the convergence result,
Theorem 3.1, can be verified. The proof is similar. Note that when ||VJ(uy)||, > 0o for
some dg > 0, ||V J(ug)||2 > d for some § > 0. We only need to replace (3.1) and (3.2) by

ASp

as
Jo) ~ ) < ~SEIT Il < 2%
asg0? ad?|l — )|
< sl < 2T A ),

where 0 < A < 1 is given in (3.21) and the last inequality follows from Lemma 2.3. Then

following the proof, the unified convergence result, Theorem 3.1 is also obtained.

4 An Application to Nonlinear p-Laplacian Equation

As an application, let us consider the following quasilinear elliptic boundary-value problem
on a bounded smooth domain €2 C R"

(4.1) {AW(SCHJC(%U(SC)) — 0, zeQ,
u(r) = 0, z€dQ,

u€ B=W(Q), p>1,
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where A, defined by A,u(x) = div(|Vu(z)[P~>Vu(z)) is the p-Laplacian operator which
has a variety of applications in physical fields, such as in fluid dynamics when the shear
stress and the velocity gradient are related in certain manner where p = 2,p < 2,p > 2 if
the fluid is Newtonian, pseudoplastic, dilatant, respectively. The p-Laplacian operator also
appears in the study of flow in a porous media (p = 2), nonlinear elasticity (p > 2) and

glaciology (p € (1,3)). Under certain standard conditions on f, it can be shown that a point

u* € W, P(Q) is a weak solution of (4.1) if and only if u* is a critical point of the functional

(4.2)  J(u) = % /Q |Vu(z)Pdr — /QF(x, u(z))dx where F(z,t) = /Ot f(z,s)ds

Many multiple solutions to the above quasilinear elliptic PDE have been numerically
computed in [12,13] for p < 2 and p > 2. Convergence results obtained in Section 3 can be
applied, see Case 3. Since conditions (1), (2) and (3) in Theorem 3.1 are basic assumptions in
our results and new in the literature, we focus on verifying them in this section. While other
conditions, such as the PS condition, have been studied in the literature and therefore will
not be discussed here. Let us assume some of the standard growth and regularity conditions

in the literature. Denote the Sobolev exponent p* = n"Tpp for p < n and p* = oo for p > n.

Assume
) @)
(a) f c Cl(Q X R,R),f(l’,(]) =0, W

(b) For each € > 0, there is ¢; = ¢1(¢) > 0 such that f(x,t)t <elt

monotonically increases to +o00 in t,

P vteR, x e

It is clear that u = 0 is a critical point of the least critical value of J and f(z,u) = |u|??u
for ¢ > p satisfies condition (a). For each v € B with [jv]| = 1 and t > 0, let g(¢t) = J(tv).
We have

g0 = (V.0 = [ (tp—ww P = flato(a)u() ) da

:tpll—/fxw )‘p)dz
[tv(z) [P~2tu(z) '
Thus, by condition (a), there is a unique t, > 0 such that ¢'(¢,) = 0, i.e., for L = {0} and

each v € Sp, the L-L selection (actually a peak selection) P(v) = t,v is uniquely determined

with J(P(v)) > 0. By taking a derivative of condition (a) w.r.t. ¢, we have
00 = =1 = [ file o)) da

(4.3) < (p— 1)t — / —b

— fasto)eta) de = L2 0
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Thus condition (3) in Theorem 3.1 is always satisfied for any L. Next let us recall that when

L = [u',u? ...,u""!], by the definition of an L-1 selection, P(v) = tov+t;u' +-- - +t, u""

is solved from

0
(44) a—tg(to, t _ ) = <VJ(tOU + tlul + -+ tn_lu"_l), U> = 0,
0

015 (t(], t — ) = <VJ(tov +t1U1 + - +tn_1u"_1),ui> = 0, 1= 1, ey N — 1,

where g(to, ..., tn_1) = J(tov++tiul +... +t,_u ). Ifu=P) = tov+tiu' +- +t, u""

satisfies (4.4) and at u, the n x n matrix

[ ey el e) e () v)

2 J"(u)v, ut J"(w)yut,uty o (T (w)un et

S A )
e ) e e |

1

1

is invertible, i.e., |@Q| # 0, then by the implicit function theorem, around u, the L-_L selection

P is well-defined and continuously differentiable. The condition |Q| # 0 can be easily and
numerically checked. For the current case L = {0}, by (4.3), we have Q = ¢"(t,) < 0. Thus
the L- L selection P is C'. To show that d(P(v), L) > a > 0 for all v € Sg, by (b), for any

e > 0, there is ¢; = ¢;(¢) such that f(z,v(z))v(z) < e|v(x)P + ¢ |v(z)[P". Tt follows

/fxv dx<6/|v |pdx+01/\v )P da

(by the Poincare and Sobolev inequalities)

< &tco(Q)/ |Vv(x)\pdx+clcg(§2)(/ \Vv(:c)|pdx)p:
= [500( )+ crc2($2 /|Vv |pd:)3 v /|Vv )P dx.
Thus
(VJI(v),0) > {1—500( ) — c1ea(9 /|w |de /|w )P da

ol

— [1—500(9) — c162(92)

It follows that for any small € > 0,c¢1,¢o(€2) and co(€2), there is tg > 0 such that when
0 < ||v|]| =t < tg, we have (VJ(v),v) > [1 —ecp(Q)) — clcg(Q)tp*_p] t? > 0. Therefore the

L-1 selection P(v) satisfies ||P(v)|| > to or d(P(v), L) >ty > 0,Vv € Sp where L = {0}.
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