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Abstract

This paper is concerned with characterizations of nonsmooth saddle critical points
for numerical algorithm design. Most characterizations for nonsmooth saddle critical
points in the literature focus on existence issue and are converted to solve global
minimax problems. Thus they are not helpful for numerical algorithm design. Inspired
by the results on computational theory and methods for finding multiple smooth
saddle critical points in [14, 15, 19, 21, 23], a local minimax characterization for
multiple nonsmooth saddle critical points in either a Hilbert space or a reflexive Banach
space is established in this paper to provide a mathematical justification for numerical
algorithm design. A local minimax algorithm for computing multiple nonsmooth saddle

critical points is presented by its flow chart.
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1 Introduction

Let B be a Banach space, B* its dual space, (,) the dual relation and || - || its norm. Let
J : B — R be alocally Lipschitz continuous functional. Then the generalized gradient 0.J(u)
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of J at u € B in the sense of Clark [5] is defined as follows.
DEFINITION 1.1. Let J be Lipschitz continuous near ug € B. The generalized directional
derivative J°(ug;v) of J at ug in the direction of v € B is defined by

J(up + tv) — J(up)
; :

J(ug;v) = limsup
U — U

£10

The generalized gradient 0J(ug) of J at ug is a subset of B* given by
0J(ug) = {¢ € B* : J%(ugp;v) > (¢,v),Vv € B}.
Then according to Chang [4], a point u* € B is a critical point of J iff
(1.1) 0€adJ(u").

If Jis C', (1.1) reduces to VJ(u*) = 0 where V.J(u*) is the gradient of J at u*, i.e., (1.1)
becomes the wellknown Euler-Lagrange equation. The first candidates for critical points are
the local maxima or minima to which the classical optimization theory, calculus of variation
and nonsmooth analysis were devoted. Traditional numerical methods focus on finding such
stable solutions. Critical points u* that are not local extrema are called saddle points, i.e.,

u* satisfies (1.1) and for any neighborhood N (u*) of u* there are v, w € N (u*) such that
J(w) < J(u*) < J(w).

In physical systems, saddle points appear as unstable equilibria or transient excited states.

Critical points of a C' functional are called smooth critical points and critical points of
a locally Lipschitz continuous functional are called nonsmooth critical points.

For smooth critical points, the Mountain Pass Lemma established in 1973 by Ambrosetti-
Rabinowitz [1] set a milestone in contemporary critical point theory. Since then the study
of smooth critical points has gained a tremendous popularity and various saddle point and
linking theorems were established in the literature to prove existence of multiple critical
points for various nonlinear problems [1,3,4,12,13,17|. However all those theorems focus on

existence issue and are based on a deformation lemma or a global minimax approach, i.e.,
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the problem is converted to find a solution to

min max J(u)
AeA ucA

where A is usually a class of compact sets in B and both min and max are global. Therefore
they are not helpful to devise numerical algorithms for finding multiple critical points.
So a new kind of approach in critical point theory must be developed. A local minimax
approach in Hilbert spaces was established by Li-Zhou in [14,15]. Based on a local minimax
characterization of multiple saddle points, a local minimax algorithm was developed and
successfully implemented to solve semilinear elliptic equations for multiple solutions. With
the introduction of a modified pseudo-gradient, Yao-Zhou [19] extended the results in [14,
15] to Banach spaces and successfully solved many quasilinear elliptic equations for multiple
solutions [19] and nonlinear eigenpair problems [21]. Some convergence results of the local
minimax methods are also established by Li-Zhou and Yao-Zhou in [15, 20].

The notion of nonsmooth critical points was first introduced by Chang [4] in 1981, who
obtained a nonsmooth version of the saddle point theorem of Rabinowitz by proving a
nonsmooth version of deformation lemma. Kourogenis and Papageorgious [12] generalized
Chang’s results. Kourogenis-Kandilakis-Papageorgious [13] obtained a nonsmooth version
of Linking Theorem. All those results and others [2,11, 18] are used to prove existence
of multiple nonsmooth saddle points for problems in differential inclusion, hemivariational
inequalities and eigenvalue problems with discontinuities. Similar to the smooth critical
point cases, those results in the literature focus on the existence issue and are based on a
nonsmooth version of deformation lemma or a global minimax approach, and therefore not
helpful to devise numerical algorithms.

The key to our success in finding multiple smooth critical points is the establishment of
a local minimax characterization of multiple saddle points. This inspires us in this paper to
try to establish a local minimax characterization of multiple nonsmooth saddle points.

In the rest of this section, we introduce some notions we need for this paper.

In Section 2.1, we establish a local minimax characterization for multiple nonsmooth
saddle critical points in Hilbert spaces which generalize the results in [14, 15]. The purpose

of Section 2.2 is to establish a local minimax characterization for multiple nonsmooth saddle
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critical points in Banach spaces. To do so, first we have to introduce the definition of a
pseudo-generalized-gradient, a new notion in critical point theory. As an application, a local
minimax algorithm for finding multiple nonsmooth critical points will be presented by its
flow chart in Section 3. An example is constructed and studied in Section 4 to illustrate
the new theory and method. We are conducting further study and implementation of the
algorithm.

A typical application of nonsmooth critical point theory to partial differential equations

is the Dirichlet problem:

—Apu(z) = f(u(z)), in €,
u(z) =0, on 0S.

(1.2)

where 2 is an open bounded domain in R" with smooth boundary 02 and Aju(z) =
div(|Vu(z)[P"2Vu(z)) is the nonlinear p-Laplacian differential operator and f is a locally

bounded measurable function. The corresponding variational functional

() = ]10 /Q V() Pdz — /Q Fu(z))dz

where F(t) = fot f(s)ds, is locally Lipschitz continuous and then critical points of J

correspond to weak solutions of (1.2).

1.1 Some Definitions and Preliminaries

For a subspace B’ C B, denote Spr = {v : v € B',||v|| = 1} the unit sphere in B'. Assume
that B = L @ L' where L and L' are two closed subspaces of B. For each v € Sy, denote
[L, v] the subspace spanned by v and L, and denote P the corresponding projection operator
from B to L'.

DEFINITION 1.2. A set-valued mapping P : Sy — 2B is the peak mapping of J if
Vv € Sp, P(v) = {u € [L,v] : uis a local mazimum point of J in [L,v]|}. A single-valued
mapping p : Sir — B is a peak selection of J if p(v) € P(v), Yv € Sir. For a givenv € S,
if p s locally defined in a neighborhood of a point v € Sp, we say that J has a local peak
selection p at v.

REMARK 1.1. (a) The above definition of a peak selection is an important notion in

our local minimax approach for multiple saddle points. The purpose of introducing a peak
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selection is to provide a separation from previously found saddle critical points that span L.
(b) In a Banach space B, if L is finite dimensional, then there always exists a closed subspace
L' C B such that B=L& L', [8].
(c) If B is a Hilbert space, then L' is usually chosen to be L.

Let us recall some basic lemmas for the generalized gradient of locally Lipschitz
continuous functionals which will be used later for convenience.

LEMMA 1.1. ([5]) Assume that J is Lipschitz continuous in a neighborhood N (ug) of ug
with Lipschitz constant K, i.e., |J(u) — J(v)| < Kl||u —v||, Yu,v € N(ug). Then

(1) For all u € N(up), 0J(u) is a nonempty, conver, weak*-compact subset of B* and
|lw|| < K, Yw € 0J(u).

(2) Let B be a Hilbert space. For each u € N (uo), if z € 0J(u) such that ||z|| = min{]|(]| :
¢ € 0J(u)}, then we have

(2,¢) > |l=]1%, V¢ € 0J(u).

LEMMA 1.2. (Lebourg, [5]) Let u,v € B. Assume that J is Lipschitz continuous in an open
set which contains the line segment {\u+ (1 — AN)v : A € [0,1]}. Then there is Ay € (0,1)
such that

J(u) — J(v) € (0 (Aou + (1 — Ao)v), u — v).

DEFINITION 1.3. A set-valued mapping G : B — 2B is said to be weakly upper
semicontinuous at u € B, if up — v and vy € G(uy) there is wy, € G(u) such that wy—vp — 0
weakly. G s said to be weakly upper semicontinuous if it is weakly upper semicontinuous at

each point in B. If wy, — v, — 0 strongly then G is said to be upper semicontinuous.

2 Local Minimax Characterization for Multiple Nonsmooth Crit-

ical Points

2.1 Local Minimax Characterization in Hilbert Spaces

For easy understanding, let us first consider the case in a Hilbert space H. By using the

generalized gradient, we are able to establish a local minimax characterization for multiple
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nonsmooth critical points in H which generalizes the corresponding results in [14, 15] for
multiple smooth critical points in H. The following lemma plays an important role in the
local minimax method.

LEMMA 2.1. Let H be a Hilbert space with H = L & L* for a closed subspace L C H
and J : H — R. Assume that p is a local peak selection of J w.r.t. L atv € Sp. and J is

locally Lipschitz continuous in a neighborhood of p(v) such that
(1) p is continuous at v and dis(p(v), L) > 0,

(2) z € J(p(v)) such that ||z|| = min{||w|| : w € dJ(p(v))} > 0.
Then as s > 0 s sufficient small,

(21) T (s) = () < ~ltullz17

v — sign(ty)szpL

where v(s) = p(v) = t,v+w,, wy, € L and z = z;, + zp1, 21, € L,

o lv — sign(t,)szp]|’
2L - .

Proof. By Lemma 1.2, for ¢ close to t,, w € L close to w, and s > 0 sufficient small,

tv sign(t,)stz tv
J( . - . )= J( . )
To—sign(to)serl] " To—sign(toyszall) ~* \o—sign()sznell

sign(ty)st ( )

— Zoaw, 2

lv — sign(ty)szpo| "
where z, ., € 8J( - tv +w— Ay sign(tv)stz ) for some A, ,, € (0,1).
’ v — sign(t,)szp. || v — sign(ty,)szpo || ’

Since p is a peak selection, for ¢ close to ¢, and w close to w,, we have

tv
J > J ;
0 2 I (= ggaigsay * )
Hence
tv sign(t,)stz sign(t,)st
— —J < — vy Z)-
<||v — sign(ty) sz | ||lv — sign(t,)szp. ||) (p(v)) < ||lv — sign(ty)szp| (o 2)

On the other hand, the set-valued mapping v — 0.J(u), is weakly upper semicontinuous [6]!,

there is (. € 0J(p(v)) such that

1
{Cow — 2o, 2}| < 5”2”2

!The authors would like to thank an anonymous reviewer for pointing out this result and the reference.
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for ¢ close to t,, w close to w, and s > 0 sufficient small. Thus, by Lemma 1.1,

tv o sign(t,)stz

J(p(v))

J — —
(o —signtt)son o sign(ts)szo.]

sign(t,)st 1
DI (= Conn D+ (G ) < — sl

e
Then
T(s)) - Te(w)) < ~gslta =],

sign(t,)st(s)zg,
lv — sign(t,)szp .||’

as s > 0 sufficient small by letting t = #(s), w=w(s)+ where
p(v(s)) = t(s)v(s) +w(s), w(s) € L. |
REMARK 2.1. (a) 271 # 0 since z # 0 and p is a peak selection, see Lemma 3.1.
(b) The inequality (2.1) is an important result which can be used to not only derive a local
minimax characterization of nonsmooth saddle point as presented in Theorem 2.1 but also
design a stepsize rule for the local minimax algorithm, see Step 5 in the flow chart of the
algorithm in Section 3. |

By Lemma 2.1, a minimax characterization for nonsmooth critical points in a Hilbert
space can be immediately established as follow.

THEOREM 2.1. Let H be a Hilbert space with H = L & L* for a closed subspace L C H
and J : H — R. Assume that p is a local peak selection of J w.r.t. L atv € Sp1. and J is

locally Lipschitz continuous in a neighborhood of p(v) such that

(1) p is continuous at v and dis(p(v), L) > 0,
(2) J(p(v)) = local-minyes, , J(p(u)).

Then p(v) is a critical point of J.
Proof. If p(v) is not a critical point of J, let z € 0J(p(v)) satisfying ||z|| = min{||w]|| : w €
0J(p(v))} > 0, then by Lemma 2.1, as s > 0 sufficient small,

J(p(v(s))) = J(p(v)) < —%SHUHIZII?,

where v(s) = v sz'gn( v)871 , p(v) = tyv + wy, wy, € L and z = 2z, + 21, 21, € L,
|lv — sign(t,)szp|

zr1 € L*. Tt is a contradiction to assumption (2). |
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2.2 Local Minimax Characterization in Reflexive Banach Spaces

Now we start to establish a local minimax characterization for nonsmooth saddle points in
Banach spaces. Since in this case, the generalized gradient 0J(u) is in B* not B, a point
in 0J(u) cannot be used to update an iteration point v € B. Thus as long as numerical
algorithms are concerned, a new notion has to be developed. Motivated by the notion of
a pseudo-gradient for smooth critical points in Banach spaces, we introduce the following
definition which is crucial for later development.

DEFINITION 2.1. Let B be a reflerive Banach space and J : B — R be Lipschitz
g = 2z € 0J(ug)}. Then the pseudo-
generalized-gradient (PGG) VJ(ug) of J at ug is defined by

continuous near a point uy € B. Let y = min{||z|

(2.2) WJ(u) ={2z" € B:[|"[| = p, inf )<w,2*> > (2,2") = p*, 2 € 0J (uo), ||2|
we uo

B+ = i}

LEMMA 2.2. Assume that B is a reflexive Banach space and J : B — R is Lipschitz
continuous near a point ug € B. Then the PGG VJ(uy) of J at ug is a nonempty, convex
set in B. If in addition, B* is locally uniformly convex and || - |
on B*\ {0}, then WJ(ug) = {||#]
0J (uy).

Proof. Let 1 = min{||z|

B~ s Frechet differentiable

B+||2||;g« } where z is the unique point of minimum norm in

2 € 0J(up)} and S(p) = {u € B* : ||u||p- < p}. If 0 € 0J(uy),
ie, u = 0 and z = 0, then WJ(ug) = {0}. If 0 & 0J(up), then p > 0 and there is
z € 0J(ug) such that ||z|

g+ = p > 0 since 0J(ug) is convex and weak*-compact. Note that
intS(u) N 9J(up) = 0 and z € S(p) N AJ(ug), by Lemma 1.1 and the separation theorem
[22], there is a z* € B** = B such that

(1) ll2"1l = [I=]

B* — /,[,, and

(2) infueariue)(w, 2") = (2, 2") = SupPyeg) (U, 27).

On the other hand,

2 _ 2
B = M

sup (u,2") = sup  (u,2") = [|2"[|[|z[| s = [|]

u€S(u) {ueB*:||ul|=]|2]}
Hence

(w, 2*) > (2,2*) = ||2||% = 1®, Yw € 8J(uyp).
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Thus ¥J(up) is nonempty. To show that W.J(ug) is convex, let 27, 25 € WJ(up) and 0 < o < 1.

There exist 2y, 2o € 0J(up) such that ||z

g = ||2llp = p >0 and
(w, 2}y > (2, 25y = p®, Yw € 0J(up), i = 1,2.
Since ||z5]| = ||#3]| = i, we have
lozi + (1 — @)z || < pand [laz + (1 - @)z < p,

and for all w € 9J(uy),

(w,azf + (1 — a)zy) = af{w, 27) + (1 — a){w, z3)

> afan, 7)) + (1= @) (2, 23) = ap® + (1 — o)’ = .

In particular for w = az; + (1 — @)z € 0J(up), we have
p < lazm+ (1 - @)z, 0] + (1 - 0)z) < [laz + (1 - a)z|lp-[laz] + (1 - a)z3]| < p*.

Therefore we must have

<O'/Z1 + (1 - O[)ZQ, O[ZI + (1 - O‘)Z;> = K,

lazi + (1 = @)z = [lez + (1 — @)z

B = U
and for all w € 0J(ug),

(wyazi + (1 —a)z3) > (az; + (1 — @)z, az] + (1 — @)23) = 12,

e, azi + (1 —a)z; € WJ(up) and thus W.J(up) is a convex set.

If in addition, B* is locally uniformly convex and || - ||+ is Frechet differentiable on

B* \ {0}, then there is only one z € 0J(ugp) with ||z||p= = p and S(p) N 0J(uy) = {z}.
The set {u € B* : {||z|

the other hand, B is reflexive and || - |

'ss,u — z) = 0} is the tangent plane of the sphere S(u) at z. On

'3« exists on on B* \ {0} imply that B is locally

uniformly convex. Since WJ(ug) is a convex set in B such that for any z* € WJ(ug), we

have ||z*|| = ||2||B= = 1, the set WJ(ug) can contain at most one point z*. The hyperplane

corresponding to z* separates 0J(ug) from S(u) at z. Such a separating hyperplane must
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be a tangent plane of S(u) at z. Since g(v) = ||v]

g+ is Frechet differentiable at z, such a

tangent plane is unique. We have

(Il

Bow—2) 202 (|2

o u— 2),Yw € 8J(ug),u € S(p).

Since {||z|'s+, 2) = ||z||B+ = p, we have Yw € 0J(ug),u € S(u),
(2l 11215, w) = (lzlls-112ll5., 2) = 1* = l2ll5 = (l2lls-[|2]5-, u),
which implies ||||z|| 5 ||2|I's< || = ||2]|s = p and then ¥J(ug) = {2*} = {||2||s||2]|5-}- |1

REMARK 2.2. (a) When B is a Hilbert space, z* = z.

en J is a unctional, z* 1s a pseudo-gradient o at ug wit
b) When J is a C! f ional, z* i d di fJ ith
125 = VI (o)l and (2%, VI (ug)) > [[VJ (uo)||*.

(c) By the Kadec-Troyanski theorem (pp. 603-605, [22]), in every reflexive Banach space B,
an equivalent norm || - ||z can be introduced so that B and B* are locally uniformly convex

p+ are Frechet differentiabl on B\ {0} and B* \ {0}. Thus in

and therefore || - ||p and || - |
this case, we may use the norm || - ||p as the default norm || - || on B.

Then replacing the generalized gradient by the PGG and with some modification, the
following lemma can be verified in a similar way as in Lemma 2.1.

LEMMA 2.3. Let B be a reflexive Banach space with B = L®L'. Assume that J is locally

Lipschitz continuous in B and p is a local peak selection of J w.r.t L at v € S such that
(1) p is continuous at v and dis(p(v), L) > 0,
(2) 2* € B is the PGG of J at p(v) with ||z*|| > 0.

Then

1
T(p(v(5))) = I (p(v)) < =7 sltolll2Il-,
5 ( ) U—Sign(tv)szfl ( ) " + el * £ *c ] * e )
where v(s) = V) = tyU + Wy, W =242, 2 ) 23
o= sign(t,)szg[|P 70 0T B e E R S AL T A AR A
and z is a point of minimum norm in 0J(p(v)).

By Lemma 2.3, the minimax characterization for nonsmooth critical points in Banach

spaces can be written as follow.
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THEOREM 2.2. Let B be a reflexive Banach space with B = L & L'. Assume that J is
locally Lipschitz continuous in B and p is a local peak selection of J w.r.t L at v € S such

that
(1) p is continuous at v and dis(p(v), L) > 0,
(2) J(p(v)) = local-minyes,, J (p(u)).

Then p(v) is a critical point of J, i.e., 0 € dJ(p(v)).

3 A Local Minimax Algorithm

Before we present the algorithm, we need the following lemma to show that Step 3 in the
algorithm can be carried out once a nonsmooth saddle critical point has not been reached.
LEMMA 3.1. Let B be a reflexive Banach space with B = L& L' for some closed subspaces
L, L' in B and J : B — R. Assume p is a local peak selection of J w.r.t L at vy € Sy
and J is locally Lipschitz continuous near ug = p(vo). If ug is not a critical point, then
P(z*) #0,Vz* € UJ(up).
Proof. Since ug is not a critical point of J, we have p = min{||z|| : 2 € 0J(ug)} > 0. If
P(z*) =0, then 2* € L, ug + tz* € [L,v9]. When ¢ > 0 is sufficiently small, by Lemma 1.2,
there exist A € (0,1), ¢; € 0J(up + Atz*) and (p € 0J(up) such that

J(ug +t2*) — J(ug) = (¢, 2") = t({& — Co, 2°) + (o, 2))
1

> H(gu? + i) = i >0,
where the first inequality is due to the fact that G : u — 0J(u) is weakly upper
semicontinuous and z* € WJ(ug). It leads to a contradiction to the assumption that
uo = p(vg) is a local maximum point of J in [L, vy). I
Now we are ready to present the algorithm.
Assume that uq,...,u,_1 are n — 1 previously found nonsmooth critical points of a locally

Lipschitz continuous functional J in a reflexive Banach space B. Let L = {uy,...,up 1},

B = L& L' and P be the corresponding projection operator from B to L'. Given &, A > 0.
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A flow chart of the algorithm reads:

Step 1: Let v} € S;; be an increasing-decreasing direction at u, 1.

Step 2: Set £ =1 and solve for

uy = p(vfl) = t'gvz +thuy 4+ tfl_lun_l

= argmax{J(toev® +tiu; + -+ tp_1up1)|t; € R,i=0,1,....,n — 1}.

Step 3: Find a descent direction w? = —sign(t£)P(zF) at uf, where 2F € U.J(uk).

Step 4: If ||uf — u*~!|| < ¢, then output uf, stop. Otherwise, do Step 5.

k k
Step 5: For each s > 0, let v*(s) = HZZi%EH and use the initial point (¢, % ...t ) to
solve for
n—1
p(vF(s)) = arg max {J(tovz(s) + thuz)m €ER,i=0,1,...,n— 1},
i=1

then set uft! = p(vfth) = p(vk(sk)) = thtlpktt £ 32 b1y, where sk satisfies

A 1
sp = max{s = oofm € N, 2™ > Jluy|l, J (p(v5())) = T (p(vn)) < =7 tglsllzz]°}

Step 6: Update £ = k£ + 1 and go to Step 3.

REMARK 3.1. (a) By Lemmas 2.3 and 3.1, a positive step size in Step 5 of the algorithm
can always be obtained if a critical point has not been reached. Therefore the algorithm is
a strict descending method, i.e., J(u¥) < J(uf=1), V&K =1,2,.....

(b) When B is a Hilbert space, L' will be chosen as L and 2¥ is the unique point of minimum
norm in 9.J (uf).

(c) When J is a C*' functional, this algorithm will reduce to the local minimax algorithm in
[14, 15] if B is a Hilbert space and the local minimax algorithm in [19] if B is a reflexive

Banach space except Step 3 where for smooth saddle critical points [14, 15,19],

IVI(up)ll <& or |IGhll <e,
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k

where G¥ is a modified pseudo-gradient of J at uk,

is naturally used as a criterion to stop

iteration in the algorithm. For nonsmooth saddle critical points, one may think to use
k
(3.1) [P(zp)ll <€

as a criterion to stop iteration in the algorithm. But it is easy to construct a Lipschitz
continuous functional J, e.g., J(u) = |u| for u € R, such that u, is a nonsmooth critical

point of J and uf — uy € B satisfies
[P(zn)ll > B > 0,z € U (uy).

Hence in general (3.1) cannot be used as a criterion to stop iteration in the algorithm.
Instead we may use ||[u* — uf~!|| < & or J(uk) — J(uF~') < € since the algorithm is strictly
descending, or |[vf — vE~!|| < & which is equivalent to ||s¥P(2)|| < ¢, as a criterion to stop
the iteration of the algorithm. Those criteria are commonly used in numerical computation.
(d) Other definitions of generalized gradient may also be used to derive local minimax
characterization of nonsmooth saddle critical points. We are conducting further study and

implementation of the algorithm.

4 An Example

To illustrate the theory and method presented in the previous sections, let us consider the
following simple example. Let H = H;(f)) where Q C R" is an open, bounded domain.
Many semilinear elliptic boundary-valued problems (inclusions) can be converted to find a

nonsmooth critical point of the functional J on H defined by

1
(4.1) T(w) :/ {i\Vu(x)P —F(u(x))}dm
Q
where F is a locally Lipschitz continuous function, e.g., F(s) = [ f(t)dt and [ is a

measurable function [4,10]. Then under some standard conditions, J is a locally Lipschitz

continuous functional. Assume

(a) F(s) >0, F(s) =o0(s*) as s — 0 and s — oo,
OF(s)

(b)

s
0o F of OF, we have

is monotone in the sense that for any [sy| > |s1| > 0, any two selections d; F' and

52F(82) > 61F(81) .

S2 S1
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REMARK 4.1. A smooth version of Condition (b) above has been frequently used in the
literature [7]. Condition (a) is to ensure the possession of a mountain pass structure for a
functional and Condition (b) is to guarantee the uniqueness of the peak along each direction.

THEOREM 4.1. For L = {0},L' = H, assume that Conditions (a) and (b) above are
satisfied and F is regular [5] at every point. Then the peak mapping P : Sy, — 22 is well-
defined and single-value, i.e., for each v € Sy, P(v) has a unique selection P(v) = {p(v)}
where p(v) = t,v for some t, > 0.

Proof. For each v € Sy, since G(t) = J(tv) is continuous and satisfies G(0) = 0, G(t) > 0
when ¢ > 0 is small and G(t) - —oo as t — 400, there exists at least one ¢, > 0 such that

G(t) attains its local maximum at ¢,. We have

9G (1) = / Vo (a) 2da — / OF (tv(x))v(x)dz
=t <1 / Mzﬂ(m)dm) :
o tv(z)
Since G(t) attains its local maximum at ¢, > 0, we have 0 € 9G(t,), or, there exists dF € OF

SF(tyv(x)) , B
/QWU (x)dz = 1.

By the monotonicity Condition (b), for any t* > t,, it follows |t*v(z)| > |t,v(z)| for any

such that

z €  with v(z) # 0 and then for any selection 6*F € OF, we have

[T gy [ g,

t*v(x) tyv(x)
Thus such ¢, > 0 exists and is unique, i.e., we have proved P(v) = {p(v)} = {t,v} for each
veSy. |

Next we let n = 2 and
453 if |s| <1,

f(s) = .
6s°, if |s| > 1
be a measurable function. Then F'(s fo t)dt is a Lipschitz continuous function such
that
453, if |s| < 1,
st if|s| <1, [-6, -4], ifs=—1,
F(s) = OF(s) = «
s8, if |s| > 1, [4, 6], ifs=1,
| 6s%  iffs|> 1
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It is clear that for any |ss| > |s1| > 0, and any two selections §; F, o' € OF, we have

453, if |sg| < 1, 452 if |s1] < 1,
0o F (s 0, F (s
2P0 3 ), il =1, > 2 e 3 g s =1,
S9 S1
6s3, if [so| > 1. 6s, if [s1]| > 1.

Therefore both Conditions (a) and (b) are satisfied.
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