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Section 11.2 Series

Definition: If we try to add the terms of an infinite sequence {a,}ie; = {ai1, as,as, ...} together, we will
get an expression of the form a; +as+az+...+a, + ...+ ... which is called a series and is denoted, for short,

oo
by the symbol " a,, or Xa,. Does it even make sense to talk about the sum of infinitely many terms?

n=1
—

o0
It would be impossible to find a finite sum for the series > n=1+2+3+4+ 5+ ... + n... because if

n=1

we start adding terms, we get cumulative sums (called partial sums) sq, s2, $3,..,5,,...that grow without
bound.

s1=a;=1 .

e Sns 20\,0\*% 0,02+ 3, .- §
sg=a1+as=1+2=3

g3 =a1+astaz=1+2+3=6
T T Gz terms bewng added

sg=a+ar+az+a;=1+24+3+4=10

n(n+1)

Sp=a1+ar+az+as+..+a,=14+24+3+4+...+n= (This can be proved by induction)

1 o0
n(n+1) =00, thus > n=occ.

Note that lim s, = lim (1+2+3+..4+n) = lim
n—oo n—oo n=1

n—0o0

Now let’s look at tl ‘1+1+1+1+1+1+
Now let’s look at the serieq 5 + 53 + o5 + 57 + 55 + 55 + -

and we look at the sequence of partial sums:

1
s1=5 =05 - ,_.L =0

1 1 f\"w 2

1 1 1
33—§+§+§—0.875

1 1 1 1
S4—§+§+?+§ = 0.9375

1 1 1 1 1
.55—54-?4—?"5—24‘5—2—5*096875

1,1, 1 1 1 1, 1 1267650600228220401496703205375 ) Looks like 1!

. =4 — 4 — L — 4 = : ooks like 1!
S0 =5 T3 To3 T oI T 95 T 06 2100 ~ 1267650600228229401496703205376

This sequence appears to be approaching 1, suggesting the limit of the sequence of partial sums is
o0

converging to 1, and we write > — = lim s, =1
n— 2™ n—oo
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Now we will formally define the terminology used on the previous page.

o0
The definition of convergence or divergence of a series: If > a, = 5, where S is finite, then we say
n=1

o0
the series converges and its sum is S. If }_ a,, = oo or does not exist, then we say the series diverges.
n=1

How can we find the sum of a series? We do this by first finding a formula for the sequence of partial sums.

Definition: The sequence of partial sums is the sequence whose terms are the cumulative sums of the
series.

o0
Consider 3} a, =a; +az+az+ ...ap + ...

n=1

We will construct the sequence of partial sums, {s,} = {s1, 52,53, ..., ...}, as follows:

10q+--44
s1 = a; Called the first partial sum Sn: 2 0\) Q.+ a‘l, G\~ 0z~ Q3, . __a. 2 n,}
s$9 = a) + ag Called the second partial sum
s3 = a1 + aa + a3 Called the third partial sum

Therefore a general formula for s,, the " term of the sequence, is

n
Sp = Y. a; =aj +as+ ... + a, Called the nth partial sum
i=1

1=

o0

Note: For series that do not begin at an index of one, for example " a,, we call s; = as the first partial
n=2

sum, ss = as + ag the second partial sum, etc. Thus in general, the nth partial sum is the sum of

the first n terms, regardless of where the series begins.

This is the definition of the sum of a series! LEARN IT!!

n—=1 e =]

o0 n
a, = lim s, = lim a;
! 2 0
-

"

Sw = IIS'M‘" oF ;N‘S"L N lerm$ - G+ O+ -+ Qi

®
R T Q\'\'Qad-.--*Gf\ = 2 Q,

n—>® n>w Nz
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o0
1. Find the first 5 terms in the sequence of partial sums the series }~ (1). Does the series coverge?

n=1 ‘)
CGnz1

angc 3 \) 2,3)(’{)5 i

Gaz Oy¥ G2 L*l= & sernes Awerges
*03:”‘*':3 betaust (\\‘_‘:’&'%r\;m

Gz Oh=

Sa= Q.+ a2

suz
Ss= 5
2. Find the first 5 terpus in the sequence of partial sums the series 3} (—1)". Does the series coverge?

Oz (,\3 ' =
S\= = ("5 = ﬁ‘ Y
(-|>+ (") = —H‘_O

A 141 - =

Saz Oh+ s -
RIRSEAE

Sa3: o+ ast a3 = (-

saz0 ) 5n§= Z-‘;DJ") b, z

Ss=-) betwetr -L ¥ O

\\W\ Sf\ - O\Ae_ —_ DSC'\l\d’\'eg
oD
n cﬁ(-l? dﬁe

Test for Divergence: If hm a, # 0, then Z a, diverges.

n=1

Intuitively, this makes sense because if lim a, # 0, then we are continuing to add terms together that
n—0o0

o0
are not getting smaller, hence > a, must diverge.
n=1

NOTE: The converse is not necessarily true!: If hm a, = 0, then the series Z a, does not
n=1
necessarily converge. Therefore if you find that lgn a, = 0, then the test for divergence fails
o0

and thus another test must be apphed The classic example of a series that does not converge is the

1 1
harmonic series Z —. However, Z —5 DOES converge. We will show this in the next section.
n=1T n=1
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3. What can we conclude about the following series, if anything, using the test for divergence?
© p n

a.) ngl - Gn= Sn+°\

a
On dwerges
— 0 TF bm On £ O, Hhen 27

n_éw nz.

l
hwa Gn= wn __,\’_ = Z O’
- n>m° sn+9 S

b.) icosn Qa= cos N

n=2
Lm coSN ane £ O
n-> W
n N
s On= =5
< L Y S
hw - 0— T b Failg and
AW At Jhere &re in conclusi .
Lan
2 Inn Onz= =—

d.) ,§1T n |

AN _&‘__’Lil:-hw\ N _O,___;TD

- b0 -
N - N o0 n \ .mwmlug,l/e
4. If § a, converges, what, if anything, can be said about lim a,?
el n—o0
[y Ar= 0O
Nn=>0
o
o \“wn Qn £ O > Gn IA)DUM, Awerge

&CC&M& ) N> nzl L5 T— O
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o0
Finding the sum of a series. Recall if {s,} is the sequence of partial sume of the series ¥ a,,

S One wawidual +erms beng added =
then | > a, = lim s, | =
n=1 n—o00 Sn: Sum o'p ‘C‘;c})_ " -'-er”\S

In other words, the sum of a series is the limit of the sequence of partial sums.

th . R . n+1 g\/'/en
5. If the n'* partial sum of the series > a, is s, = , find:
n=1 2n +4
a.) The sum of the first 5 terms. ! Nn+)

Qoe “Sum 0F Lirst n ferms = g4y

Ssg= sum of Cirst 5 4ermsSz @

Iy

b.) Does the series converge or diverge? If it converges, what is the sum?

nt) _ ' [ conveTgTs,

‘\\N\

® )
L—-) ;an: i Sa T e L Sum_—,_‘,

N-300
2

c.) What is a;? What is a7

fecall: Sh: G+ Gat--- ¥ Qn

nx) SO Sa= A
an+4 o

S\; a\ C——\\.Wﬁ Sn:
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o0
6. If the n™ partial sum of the series 3 ay, is s, = el/? does the series converge? Support your answer.
n=1 | O

2 an = g Sn= hme = C =

n- o ‘\_)d)

———— T _
i + Y 7 Jwrges by T O X
%‘M'UMF o z c because i Gac l\m e- | Z£O0

o0
Definition: A telescoping series is a series of the form Y} (a,4
n=1
Telescoping series can be identified by expanding the sum to see if an infinate number of terms cancel,
and if they do, what is the end behavior?

— ay) for some integer i > 1.

7. Determine whether the following series converges or diverges
diverges, explain why.

a.)i(l* ! ): o Sﬂ

ami\n n+1l N0

. I it converges, find the sum. If it

f\: a\‘\’ 0;‘\' q3-e

u-zﬁﬁ;’ =gt

bA)TZl n+1 Z@n(,\_‘.\) ,Q,\(_n—'\' a>1 @
Sn= Qn )—Qﬁ,-\- nd~ Q%{ %{ - 07(’\"‘\“‘ Q,%H\)a@n(ﬂ"‘«% um om

Sn= And- ’QAL(\—‘-Q\) \ /

oL : \/

n+ Q 1 .

wa - 0 Y--00
hWwa Sn= L 20 N+ < In ( &\\-)ID 4’?&> = QJ\( \))
e e Senes ohwer €S
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Secten w2 Lcm\'\-\nldt_d>

c.) 5 cos ! cos ! )
’ n=3 TL+3 n+4

‘Gs—f Qy ~-- -+ Ga

—_ x —_
g,\_ws,._co}/—‘-uo{f—m?/ + /cos/L cosmq

©°
]
- Sal .__C},S/,_B
Z 05’3—' €05 Zvy n+q B 34 5 ot (‘05 © e+
N+
nz3
1) sum |
=|cos © - *
1 1
d) § 7 PFD_ F] - E_+ /E)_ —'5 _ :2—
; n(n+2) r = [\(I\"'?) a) nY (\ ~ i
- A-;q-rgf\
= AN 1
nep — N=AD 77
_1
Nz-2A— a= b(")\/) 6= 3
1
2(3. 32 ).2
Az A N+ -

__ﬁz i Lbts
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Definition: A geometric series is a series of the form
o0
Z ar t=atartart+ardt . Far" T far £

n=1

o0
The geometric series 3 ar™~! will converge if |r| < 1 and will diverge if [r| > 1. Moreaver, if || < 1,

n=1
a

1—7r

= 9
then S ar™ ! =
n=1

Note that not all series begin at 1, and not all powers of r are n — 1. No matter the

situation, a is always the first term of the sum of the series.

Note that not all series begin at 1, and not all powers of r are n — 1. No matter the

situation, a is always the first term of the sum of the series.

1

o0
Proof: Let’s form the sequence of partial sums for the series > ar™ .
n=1

n X ; ; )
Sp =2 ar't=a4ar+ar®+ar®+ .. +ar?
i=1

n R . P 4 )
rs, =y ar' =ar+ ar? +ard +art+ ...+ ar”
i=1

Sp—Tsp=a—ar"

] 1 _ g
$p(1—r)=a(l —r"), thus s, = %.

8. Determine whether the following geometric series converge or diverge. If it converges, find the sum. If

it diverges, explain why.

=) 25(%) = 2 lrl < |  will CGnvergé
! n-\
n—-\ oo 5 o
> 2) = = LQ_( ;‘—> - -
a 5(? ( 7l - nz1 L \-
Nz o,
a: Lo = —
FIFS‘,' Tenrm - 7
um -
3 - .
[0 = _12 - @
- 3 - 2
- 5 |
- 2
3
n
o —4 ® \
by == F -4 T )=
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aN'. ¢
b b"
’ IL:DW = NCO -3
will dwerge

d)é qn R ”,\"\- nst
4 n-)
n o 3
® 4 Y ==
- {; ( zl‘) T ‘\~‘\'\l -t
<\
n | 33 ‘rl:u]
» L p "(’_
+ &4\ A
AT ?—.( : 3 N K
= 9 — N 3>
. _ L /2
AN EDREE (=
z "‘\ z = ———\>’\"’—
—F 7 T2 4(5 4
|+ i
|+] - ﬂ—
. 3 2
PR g
e) TH 242+ 1o+ ’\—\”Q_o."' :r*,‘?\
1
n 2
3__: 7 re "’)-
2’_}\:\-1 ——————‘(‘i
n=06 —'

>
9. Consider Y (x—5)". Find the value(s) of = for which the series converges. Find the sum of the series

n=
for those values of x.
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