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Section 6.3: The Definite Integral

Recall If f(x) > 0 on the interval [a, b], the area under the curve of f(x), above the
r-axis, fromz =atoxr =bis = i f(zF)Ax;. We call this sum a Riemann Sum.

EXAMPLE 1: 1f f(x) = x+ 22, the interval [0, 4], partition points P = {0, 1,2, 3,4},
and z} = left endpoint. Find the Riemann Sum.

Recall If f(x) > 0 on the interval [a,b], then the true area under the graph of
f(x) fromz = atoxr =>bis A = lim i f(x)Az;, where Az; = — ? and x; s
any point on the ith subinterval. We would like to define the limit of a Riemann

Sum irregardless of whether the function is positive. To that end, we will define the
definite integral.

Definition The Definite Integral of f(z) from x =a to x = b is

/bf(x) dx = nlglgoif(x;‘)sz
@ i=1

—a
where Azx; = and 7 is any point on the ith subinterval. In the event f(x)

n
is positive on the interval [a, ], then the definite integral is the same as the area
bounded by f(x), the z-axis, x = a and = = b. If f(z) is not always positive on the
interval [a, b], then the definite integral is the net area.
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Fact Any Riemann sum can approximate a definite integral. Specifically, the Mid-
point Rule can be used to approximate the definite integral.

b n b—
Midpoint Rule: / f(@)dx = > f(7;) Az, where Az =

i—1 n

a . .
and 7; is the mid-

point of the ith subinterval.
5
EXAMPLE 2: Use the Midpoint Rule with n = 4 to approximate / Va2 + 1ldz.
1

EXAMPLE 3: Use Geometry to evaluate the following definite integrals:

(Dlégﬂx—Qx)dx

@n/im—Qmm

(i) /_ ZM dz



© Amy Austin, November 7, 2007

Theorem

(a) /abcdx =c(b—a)

b) /bcf(a:)dx:c/bf(x)dx

(c)/( dx—/f dm:l:/
@ [ f@)d

e)/af(a:)dx:—/b f(z)da

f) /L;bdx:/acf(a:)dan/cbf(x)dx

(g) If m < f(x) < M for all z in the interval [a, b], then
b
m(b— a) < / f(a)de < M(b—a).

1
EXAMPLE 4 Find / VI + 22 + Lda
1

EXAMPLE 5: H/f dm—4and/ ) da = —3, ﬁnd/ z) + 2¢(z)) dz.

5

EXAMPLE 6: Write /

0 6
f(z)dx — / f(z)dx + / f(z) dz as a single integral.
-3 -3 5
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2
EXAMPLE 7: Find an upper and lower bound on / Vad + 1dx.
0

EXAMPLE 8: Express the following limits as a definite integral:
1 & 1
o olim LS L
0 2 T

=1

(i) lim : zn: (3(1 + %))5 — 6)

n—oon i



