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Abstract. Since problems involving the estimation of distributed coeflicients in
partial differential equations are numerically very challenging, efficient methods are
indispensable. In this first part of a series, we will introduce a framework for the
efficient solution of such problems. This comprises the use of adaptive finite element
schemes, efficient solvers for the large linear systems arising from discretization,
and methods to treat additional information in the form of inequality constraints
on the parameter sought. The methods to be developed will be based on an all-
at-once approach, in which the inverse problem is solved through a Lagrangian
formulation. In order to allow for discretizations that are adaptively refined as
nonlinear iterations proceed, all algorithms are formulated in a continuous function-
space setting. Numerical examples will demonstrate the applicability of the method
for problems with several million unknowns and more than 10,000 parameters.

This article also defines the notation and basic methods used in subsequent parts to
develop a posteriori error estimates, upon which optimal discretizations will be based.

Submitted to: Inverse Problems

1. Introduction

Parameter estimation methods are important tools in cases where quantities we would
like to know cannot be measured directly, but where only measurements of related
quantities, so-called observables, are available. This relation between parameter and
observable is usually called the equation of state. The goal of parameter estimation
is then to recover the unknown quantity from measurements of observables, using the
state equation.

If the state equation is a differential equation, such parameter estimation problems
are commonly referred to as nverse problems. These problems have a vast number of
applications. For example, identification of the underground structure (e.g. the elastic
properties, density, electric or magnetic permeabilities of the earth) from measurements
at the surface or in boreholes, or of the groundwater permeability of a soil from
measurements of the hydraulic head fall in this class. Likewise, detecting cracks
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in materials, computer tomography, and electrical impedance tomography in medical
imaging can be cast as inverse problems.

In particular, we will consider cases where we make many experiments to identify
the parameters. Here, by an experiment we mean subjecting the physical system to
a certain forcing and measuring its response. For example, in computer tomography,
a single experiment would be characterized by irradiating a body from a given angle
and measuring the transmitted part of the radiation; the multiple experiment situation
is characterized by using data from various incidence angles and trying to find a set
of parameters that matches all the measurements at the same time (joint inversion).
Likewise, in geophysics, a single experiment would be placing a seismic source somewhere
and measuring reflection data at various receiver position; the multiple experiment case
is taking into account data for more than one source position. We may also want to
include other types of data on the same region, say magnetotelluric or gravimetry data
for a joint, multi-physics inversion scenario.

This series of papers is devoted to the development of efficient techniques for
the solution of such inverse problems where the state equation is a partial differential
equation (henceforth abbreviated as PDE), and the parameters to be determined are
one or several distributed functions. It is well-known that the numerical solution of PDE
constrained inverse or optimization problems is significantly more challenging than that
of a PDE alone, since the optimization procedure is usually iterative and in each iteration
may need the numerical solution of a large number of partial differential equations. In
some applications, several ten or hundred thousand solutions of linearized PDEs are
required to solve the inverse problem, and each PDE may be discretized by up to several
hundred thousand unknowns.

It is thus obvious that efficiency of solution is a major concern. In this and following
papers, we will devise adaptive finite element techniques that significantly reduce the
numerical effort needed to solve such problems. Adaptive methods are now commonly
accepted as necessary ingredients of present finite element solvers for partial differential
equations. However, they have not yet found their way into the numerical solution
of distributed inverse problems, and are only slowly adopted in the solution of PDE
constrained optimization, see for example [10, 9, 27]. In this paper, we lay the necessary
algorithmic and mathematical foundations for a framework in which adaptive meshing
is an integral part. It will be used to derive error estimates in later parts of the series,
which we will then in turn use to drive automatic mesh refinement.

The goal of the present work is thus to develop a general framework for the efficient
solution of PDE constrained inverse problems. The main ingredients will be:

e formulation of all algorithms in function spaces, i.e. before rather than after
discretization, since this gives us more flexibility in discretizing as iterations
proceed, and resolves all scaling issues once and for all;

e the use of adaptive finite element techniques with mesh refinement based on a
posteriori error estimates;
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e the use of different meshes for the discretization of different quantities, for example
of state variables and of parameters, in order to reflect their respective properties;

e the use of Newton-type methods for the outer (nonlinear) iteration, and of efficient
linear solvers for the Newton steps;

e the use of approaches that allow for the parallelization of work, yielding subproblems
that are equivalent to only forward and adjoint problems;

e the inclusion of pointwise bounds on the parameters into the solution process.

Except for the derivation of error estimates, which will be discussed in a subsequent
part of this series, we will discuss all these building blocks, and will show that these
techniques allow us to solve problems of the size outlined above. It should be stressed
that the formulation of algorithms in function spaces is indispensable if we want to use
successively finer discretizations, since otherwise quantities computed on one grid would
not be comparable to one after mesh refinement.

We envision that the techniques to be presented are used for relatively complex
problems. We will thus state them in a general setting, and in this paper present their
application to a simple model case for brevity of exposition. However, the algorithms
will be designed for efficiency, and will not make use of the relative simplicity of the
model problem. More complex examples will then be treated in following parts of this
series.

Solving large-scale multiple-experiment inverse problems requires algorithms on
several levels, all of which have to be taylored to high efficieny. In this article, we will
review the building blocks of a framework for this:

e formulation as a Lagrangian optimization problem with PDE constraints (Section

2); a model problem is given in Section 3;

e outer nonlinear solution by a Gauss-Newton method posed in function spaces

(Section 4);

e discretization of each Newton step by finite elements on independent meshes

(Section 5);

e linear Schur complement solvers for the resulting discrete systems (Section 6);

e methods to incorporate bound constraints on the parameters sought (Section 7)
In Section 8, we will present numerical examples. We will draw conclusions in the final
section.

In subsequent papers of this series, the derivation of mesh refinement criteria based
on a posteriori error estimates for energy-type and general output-type quantities will

be discussed, and the application of all these techniques to more complex problems will
be demonstrated.

2. General formulation and notation

Let us begin by introducing some abstract notation, which we will use for the derivation
of the entire scheme. This, above all, concerns the set of parameters, state equations,
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measurements, regularization, and the introduction of an abstract Lagrangian.

Let us note that some of the formulas below will become cumbersome to read
because of the number of indices. To understand their meaning, it is often helpful
to imagine we had only a single experiment (for example, only one incidence angle in
tomography, or only one source position in seismic imaging). In this case, drop the
index 7 on first reading, as well as all summations over 4.

State equations

Let the general setting of the problems we consider be as follows: assume we have a
physical situation that is described by a number i = 1,..., N of (independent) partial
differential equations posed on a domain Q2 C R%

A'lg) v’ = f* in €, (1)
B'q] u' = A’ on Iy C 09, (2)
! =g on I'l, = 9O\I'y,, (3)

where A’[q] are partial differential operators that depend on a set of a priori unknown
distributed coefficients ¢ = ¢(x) € Q, x € , and B'[q] are boundary operators that may
also depend on the coefficients. f%, h* and ¢* are right hand sides and boundary values,
respectively, of which we assume that they are known, and that do not depend on the
coefficients ¢q. The functions u’ are the solutions of the partial differential equations,

and are assumed to be from spaces VZ ={peVi:p ry, = g'}. These solutions
can be vector valued, but we assume that solutions u’, u’ of different equations ¢ # j
do not couple except for their dependence on the same set of parameters q. We also
assume that the solutions to each of the differential equations is unique for every given
set of parameters ¢ in a subset Q,; C Q of physically meaningful values, for example
Qud = {q € L=(Q) : g0 < q(x) < ¢}

Typical cases we have in mind would be a Laplace-type equation when we are
considering electrical impedance tomography or gravimetry inversion, or Helmholtz or
wave equations in case we are looking at inverting seismic or magnetotelluric data.
The set of parameters ¢ would, in these cases, be electrical conductivities, densities,
or elasticity coefficients. If we have done several measurements for the identification
of the same parameters, but with different source terms, at different frequencies, or in
an otherwise different setting, then we will identify each of these experiments with one
index ¢ = 1,..., N. The operators A’ may be the same for several experiments, but if
we use different physical effects (for example gravimetry and seismic data) to identify
the same parameters — the so-called multi-physics inversion case — then they will be
different.

The formulation above may easily be extended also to the case of time-dependent
problems, but we omit this for brevity. Likewise, the case that the parameters are a
finite number of scalar values is included as a simple special case, but will not be the
main focus of our work.
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For treatment in a Lagrangian setting in function spaces as well as for discretization
by finite elements, it is necessary to formulate the state equations (1)—(3) in a variational
form. For this we assume that the solutions u’ € V; are solutions of the following
variational equalities:

Agu')(¢') =0 V' € Vg, (4)
where Vi = {p' € V' : g0i|FiD = 0}. The semilinear form A*: Q x ng‘ x Vi — R may be
nonlinear in its first set of arguments, but is linear in the test function, and includes the
actions of the domain and boundary operators A’ and B¢, as well as the inhomogeneous
terms. We assume that the A°® are differentiable. Again, extensions to more complicated
problems are possible, but are omitted for brevity.

Below, we will introduce a model problem for the Laplace equation. In this
particular case, A'[qlu’ = =V - (¢Vu'), B'[qlu’ = ¢q,u’, and

Alg;u) (") = (qVu', V' )a — (f,0)a — (9,9 )ry-

Measurements

In order to determine the unknown quantities ¢, we have measurements of (parts of)
each of the state variables u’, or of derived quantities. For example, we might have
measurements of the value at certain points, averages on subdomains, or gradients.
Let us denote the space of measurements of the ith state variable by Z° and let
M V; — Z' be the measurement operator, i.e. the operator that extracts from the
state solution u* the measurement values.

Reconstruction of the coefficients ¢ will then be accomplished by finding those
coefficients, for which the expected measurements M‘u® match the actual measurements
2t € Z' best. We will measure this comparison using a convex, differentiable functional
m: Z" — RT with m(0) = 0. In many cases, m will simply be an L? norm on Z*, but
more general functionals are allowed, for example to suppress the effects of non-Gaussian
noise.

Examples of common measurement situations for scalar valued solutions are:

o 2 measurements of values: If measurements on a set ¥ C ) are available, then
M" is the embedding operator from V;' into Z' = L*(X), and the quantity to be
minimized is

i Nfiad i Lo e
i (M — ') = it — 2

As special cases, X can be the whole domain €2, or its boundary 0€). The case
of distributed measurements occurs in situations where a measuring device can be
moved around to every point of X, for example a laser scanning a membrane, or
imaging radiation on a photographic film.

e Point measurements: If we have S measurements of u(x) at positions z; € €2, s =
1,...,S, then 2/ = R and (M'u'), = u(x,). If we take again a quadratic norm
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on Z%, then for example

S
m'(M'u' — 2") = 5 E u' (x,) — 21|
s=1

is a possible choice. The case of point measurements is frequent in applications
where a small number of stationary measurement devices is used, for example
seismometers in seismic data assimilation.

o (Gradient measurements: If we only have measurements of the gradient, then
=V, Z! = (L?)?, and we can for example choose

i iy L i
m'(M'u —z):§||Vu —ZH%Q(Q)

An example for this is measuring the gravitational pull of a body, which is the
gradient of the gravimetric potential.

Other choices are of course possible, and are usually dictated by the type of available
measurements.

We will in general assume that the M? are linear, but there are applications where
this is not the case. For example, in some applications only statistical correlations of 1’
are known, or a power spectrum. Extending the algorithms below to nonlinear M? is
straightforward, but we omit this for brevity.

Regularization

Since inverse problems are often ill-posed, regularization is needed to suppress unwanted
features in solutions ¢. In this work, we include it by using a Tikhonov regularization
term involving a convex differentiable regularization functional r : @ — R*, see for
example [26]. r is usually chosen to be the square of a quadratic seminorm on Q, for
example r(q) = 3||V'(g — q)|]%2(m with an a priori guess ¢ and some ¢ € N*. Other
popular choices are smoothed versions of bounded variation seminorms [20, 17, 19].
As above, the type of regularization is usually dictated by the application and insight
into physical and unphysical features of solutions. It may also be chosen to give the
misfit functional a proper meaning, for example in the point value case where we need
a continuous solution. An additional regularization functional may be used if different
distributed parameters, e.g. the two Lamé constants, are assumed to share structural
properties such as locations of discontinuities (see, e.g., [23]).

Characterization of solutions

The goal of the inverse problem is to find that set of physical parameters q € Q4 for
which the observations M’ of the resulting state variables would match the actual
observations z' best. We formulate this as the following constrained minimization
problem over u’ € V!, q € Qqa:

minimize J({u'}, q) Z o'm' (M'u'" — ') + pr(q) (5)
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such that A u) (") =0 Vol € Vi, 1<i<N.

Here, o > 0 are factors weighting the relative importance of individual measurements,
and 3 > 0 is a regularization parameter. As the choice of these constants is a topic of
its own, we assume their values as given within the scope of this work.

In order to characterize solutions to (5), let us subsume the individual solutions '
to a vector u, and likewise denote the spaces ng" Vy by the components of spaces Vg, V.
Furthermore, we introduce a set of Lagrange multipliers A € V5, and denote the joint
set of variables by v = {u,A,q} € &, =V, x Vg x Q.

We assume that solutions of problem (5) can be characterized as stationary points
of the following Lagrangian L : X, — R, which couples the functional J : V, x Q — R*
defined above to the state equation constraints through Lagrange multipliers \* € V'

Liw) = J(u,q)+ 3 _ A'lg;u)(X). (6)

Solutions are then stationary points of this Lagrangian, i.e. the optimality conditions
read in abstract form

L.(z)(y) =0  Vye€ X, (7)

where the semilinear form L, : X; x Xy — R is the differential of the Lagrangian L, and

Xo = Vo x Vo x Q. Indicating derivatives of functionals with respect to their arguments

by subscripts, we can expand (7) to yield the following set of nonlinear equations:
Lyi(z3¢') = Al(g;u')(¢") =0 Vo' €V, (8)
Lo (2;4") = o'my, (M'u' = 2") (@) + Ay (g u') (9", X') =0 Vo' e Vi, (9)

N
Ly(z;x) = Bro(a)(x) + Y Allg;u')(x, A') = 0 Vx € 0Q. (10)

i=1
The first set of equations denotes the state equations for ¢ = 1,..., N; the second the

adjoint equations defining the Lagrange multipliers \’; finally, the third is the control
equation holding for all functions from the tangent space 0Q to Q at the solution gq.
Note that we have included the (linear) constraint of Dirichlet boundary values into the
function space where we look for solutions, rather than the Lagrange functional. We do
s0, since we can simply set an initial iterate in the solution of this nonlinear system to
these boundary values. Further updates to this iterate are then sought from the vector
space with zero boundary conditions.

The question whether the solution of the original constrained optimization problem
(5) can indeed be characterized by the stationarity of a Lagrangian, (7), depends
crucially on the exact form of the various functionals involved, and the function spaces
V, and Q and cannot be answered in general. It holds for a large number of practical
applications (see, for example, [8]), and we assume that this augmentability holds also
for the cases discussed in this work.
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3. A model problem

As a simple model problem which we will use to give the abstract results of this work
a more concrete form, we will consider the following situation: assume we intend to
identify the coefficient ¢ in the (single) elliptic PDE

-V - (qVu)=f in Q, u=g on 0, (11)

and that measurements are the values of the solution u everywhere in €2, i.e. we choose
m(Mu — z) = m(u — 2z) = 3llu — z||%2(9). This situation can be considered as a
mathematical description of a membrane with variable stiffness ¢(x) which we try to
identify by subjecting it to a known force f and clamping it at the boundary with
boundary values g. This results in displacements of which we obtain measurements
z everywhere. For simplicity, we have here chosen to consider only one experiment,
ie. N =1.

For this situation, V, = {u € H' : ulsq = g}, @ C L*. Choosing o = 1, the
Lagrange functional then has the form

L(z) = m(u = 2) + Or(q) + (qVu, VA) = (£, A).
With this, the optimality conditions (8)—(10) read in weak form

(qVu, Vo) = (f,¢), (12)
(@VY, VA) = —(u — z,¢), (13)
6TQ<Q; X) = —(VU, v>‘)7 (14)

and have to hold for all test functions {p, v, x} € Vit x Vil x Q@ = H} x Hj x Q. The
first of these is the state equation, the second the adjoint one.

4. Nonlinear solvers

The stationarity conditions (7) form a set of nonlinear partial differential equations that
has to be solved iteratively, for example using Newton’s method, or a variant thereof.
In this section, we will formulate the Gauss-Newton method in function spaces. The
discretization of each step by adaptive finite elements will then be presented in the next
section, followed by a discussion of solvers for the resulting linear systems.

Since there is no need to compute the initial nonlinear steps on a very fine grid
when we are still far away from the solution, we will want to use successively finer
meshes as we approach the solution. In order to make quantities computed on different
meshes comparable, all of the following algorithms will be formulated in a continuous
setting, and only then be discretized. This also answers once and for all questions about
the correct scaling of weighting matrices in misfit and regularization functionals, as
discussed for example in [2], even if we choose locally refined grids, as they will appear
naturally upon discretization. In this section, we indicate a Gauss-Newton procedure,
i.e. determination of search direction and step length, in infinite dimensional spaces,
and discuss in the next section its discretization by a finite element scheme. It is



A framework for adaptive FEM for large inverse problems 9

worth noting that the number of possible methods for solving such problems is vast
24, 1, 31, 28, 22, 29, 16].

However, we believe that the Gauss-Newton method is particularly suited since
it allows for scalable algorithms even with large numbers of experiments, and large
numbers of degrees of freedom both in the discretization of the state equations as well
as of the parameter. Comparing this method to a pure Newton method, it allows for
the use of more efficient linear solvers for the discretized problems, see Section 6. In
addition, the Gauss-Newton method has been shown to have better stability properties
for parameter estimation problems than the Newton method, see [15, 14].

Search directions

Given a present iterate xy = {ug, Ax, g} € X, the first task of any method is to compute
a search direction dxy = {duy, O, dqi} € Xy, in which we seek the next iterate zj;.
The Dirichlet boundary values dg of this update are chosen as dul|r, = ¢' — ul|r,,
dAir, = 0, bringing us to the exact boundary values if we take a full step.

In order to determine the search direction, we use the Gauss-Newton method. In
the present case, we determine updates {0ug, dgx} by minimizing the following quadratic
approximation to J(-,-) with linearized constraints:

min J (g, gx) + Ju (g, g) (0ug) + Jo(ak, gi) (9qx)

duy,dqx
1 1
5 uu (Wi, @) (O, S0k) + 5 Jgq (ks ) (94, 54x) (15)
st A up) (@) + AL (g uy) (Oug, @) + A (qrs ug) (Ogr, @) = 0,
where the linearized constraints are understood to hold for 1 < ¢ < N and for all test
functions ¢’ € V{. The solution of this problem provides us with updates duy, dg;, for
the state variables and the parameters. The updates for the Lagrange multiplier d Ay
are not determined by the Gauss-Newton step at first. However, the solution of (15) is
characterized by coupling the linearized constraints to the quadratic function. It turns
out that we can get updates d A\ for the original problem, by using A, + 0\, as Lagrange
multiplier for the constraint of the Gauss-Newton step (15). Bringing the terms with

Ax to the right hand side, the updates are then characterized by the following system
of linear equations:

My, (M, — 2°) (S, @) + AL (qr; ug,) (07, 00;) = = Lyi (1) (")
A (qr; up) (0ug, ') + Ay (gi; ug) (043, ¥) = —Lyi (k) (¢") (16)
Z A (ar; ui) 06 0N, + Brag(ar) (9gr, x) = —Lg(z1)(X),

for all test functions {¢’, %, x}. The right hand side of these equations are the negative
gradient of the original Lagrangian, given already in the optimality condition (8)—(10).

The matrix structure of this system will be given in the next section, showing
a number of nice properties. Note that the equations determining the updates for
the ith experiment decouple from all other experiments, except for the last equation.
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This will allow us to solve them mostly separated, and in particular it allows for
simple parallelization by placing the description of different experiments onto different
machines. Furthermore, the first and second equations can be solved sequentially.

In order to illustrate these equations, we state their form for the model problem of
Section 3. In this case, the above system reads

(dug, ) + (VoA, V) = — Ly (%) (),
(V, ¢, Vouy) + (V),0q,Vu,) = —La(x)(¥),
(VAe, XVug) + Breq(ar) (0gr, x) = —Lg(zr)(X),

with the right hand sides being the gradient of the Lagrangian given in Section 3.

In general, this continuous Gauss-Newton direction will not be computable
analytically. We will therefore approximate it by a finite element function dzyp, as
discussed in the next section.

As a final remark, let us note that the pure Newton’s method would read

where L., (x)(+,-) denotes the bilinear form of second variational derivatives of the
Lagrangian L at position x;. The Gauss-Newton method can alternatively be obtained
from this by simply dropping all terms that are proportional to the Lagrange multiplier
Ar. The reasoning for this is that we expect the Lagrange multiplier to be small for
small-noise problems, a fact that is warranted by looking at (9): the Lagrange multiplier
has to satisfy an equation with a term proportional to Mwu — 2 as right hand side; thus,
assuming stability of the (linear) adjoint operator, it will be small if the residual is small
at the solution.

Step lengths

Once we have a search direction dx, we have to decide how far to go in this direction
starting at x; to obtain the next iterate xy, 1 = xr+ardr. In constrained optimization,
a merit function including the minimization functional J(-) as well as the violation of
the constraints is usually used. One particular problem here is the infinite dimensional
nature of the state equation constraint, with the residual of the state equation being
in the dual space, Vj, of Vy (which, for the model problem, is H~!). This places some
restrictions on the types of merit functions that can practically be used.

In order to avoid these problems, we simply use the norm of the residual of the
optimality condition (7) on the dual space of A as merit function:

1 ]' L:E T +Oé(5I 2
pl0) = S Ll + aba) ()3, = & sup et 20m0)w)]
2 2 yeds 115

We will show in the next section that we can give a simple-to-compute lower bound for
this norm using the discretization we already employ for the computation of the search
direction.

The following lemma shows that this merit function is actually useful:
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Lemma 1 The merit function p(«) is valid, i.e. Newton directions are directions of
descent, p'(0) < 0. Furthermore, if xy, is a solution of the parameter estimation problem,
then p(0) = 0. Finally, in the vicinity of the solution, full steps are taken, i.e. o = 1
minimaizes p.

Proof. We prove the lemma for the special case of only one experiment (N = 1)
and that X = H} x Hj x L?, i.e. the situation of the model example. In this case,
there is a representation g,(zx + @dzy) = L, (zp + @dzp)(-) € HY, ga(zp + adxy) =
Ly(x + adxy)(-) € H Y, and g,(xr + adxy) = Ly(z + adzy) () € L. The dual norm of
L, can then be written as

Lo % = (Gur (=2) 7 gu) + (g2 (=A) " g2) + (995 99)
where (—A)™!: H™! — H}, and (-,-) indicates the duality pairing between H~!' and
Hg. Then,

P'(0) = {Guu(6ur), (=A) " gu) + (g (0Xe), (—A) 7 gr) + (9gq(0ar). 94),
where g, (0xy) is the derivative of g, in direction dxy, i.e. the functional of second
derivatives of L. However, by definition of the Newton direction, (17), this is equal to
the negative gradient, i.e.

P'(0) = —[|La(i) |5 = —2p(0) < 0.

Thus, Newton directions are directions of descent for this merit function.

The second part of the lemma is obvious by noting the optimality condition (7).
The last part follows by noting that near the solution the Lagrangian (and thus the
function p(«)) is well approximated by a quadratic function if the various functionals
involved in the Lagrangian are sufficiently smooth.

Although the lemma technically does not cover the case of Gauss-Newton search
directions, all numerical experiments indicate that the results also hold for this case, at
least in the case of small noise.

5. Discretization

In order to compute finite-dimensional approximations to the solution of the parameter
estimation problem, we have to discretize both the state and adjoint variables, as well
as the parameters. Here, we will choose finite element schemes to do so, and we will use
subsequently finer meshes on subsequent Gauss-Newton iterations, to make the initial
iterations cheaper. In each iteration, we define finite element spaces X, C X over
triangulations in the usual way. For these grids and spaces, we assume the following
requirements:

e Nesting: The mesh T to be used in the discretization of the ith state equation in
step k must be obtainable from T} _, by hierarchic coarsening and refinement. This
greatly simplifies operations like evaluation of the right hand side of the Newton
direction equation, L,(xy)(-) for all discrete test functions, but also the update
operation xyy1 = Tk + QROTk .
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e State vs. parameter meshes: Independently of the meshes Ti used for the
discretization state equations, a mesh T} will be used to discretize the parameters
q on step k. This reflects that the regions of missing regularity of parameters
and state variables need not necessarily coincide. We may also use different
discretization spaces for parameters and state/adjoint variables, for example spaces
of discontinuous functions for quantities like density or elasticity coefficients. We
will require that each of the ‘state meshes’ T can be obtained by hierarchical
refinement from the ‘parameter mesh’ TY.

Although obvious, both the choice of independent grids for state and parameter meshes,
as well as the adaptive choice of subsequently finer meshes, have apparently not been
used in the literature to the author’s best knowledge. Both techniques offer the
prospect of greatly reducing the amount of numerical work. We will see that with the
requirements on the meshes above, the additional work associated with using different
meshes is very small.

Here, the basic idea in choosing subsequently finer meshes is that as we are still far
away from the solution, we can work on coarser meshes for approximating the Newton
steps, and only go over to finer ones as we approach the solution. Most of the initial
steps will therefore contribute only negligibly to the total cost of the solution process,
both because they are relatively small problems, but also because a smaller size reduces
the ill-posedness, making the iterative solution of the linear problems faster. In addition,
choosing coarse meshes for the first iterates also stabilizes the problem on the initial
steps, when we are still far away from the solution, effectively acting as an additional
regularization.

Choosing different ‘state’ and ‘parameter meshes’ also allows for problems where the
parameters do not require high resolution, or only in certain areas of the domain, while
the state equation requires this. A typical problem would be high-frequency tomography,
where the coefficient sought might be a function that is constant in large parts of the
domain, while the high-frequency oscillations of state and adjoint variables require a
fine grid everywhere where these variables have a significant value. Again, being able
to reduce the number of parameters compared to the number of state variables, and
localizing them at places where enough information is available for their reconstruction,
reduces the numerical work and improves conditioning of the subproblems.

In the next few paragraphs, we will briefly describe the process of discretizing the
equations for the search directions and the choice of the step length. We will then give
a brief note on the criteria for generating the meshes on which we discretize.

Search directions

By choosing a finite dimensional subspace X =V}, x V}, x Q) C X', we obtain a discrete
counterpart for equation (16) describing the Gauss-Newton search direction:

01, (Mg, — 2) (O, 0) + A (@i w) (2 0N ) = =L (1.0) (1)
A (g g ) (O g, ) + Ag(ar; ui ) (0Gk by 1) = —Lyi(wp,n) (¥5,)(18)
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Z Al (qr; i) (Xns 0N i) + Braq (@) (0Gw.ns Xn) = —Lg(xrn)(Xn),

Note that if the discretization we use does not involve stabilization terms, then
discretization and differentiation commute, so (18) can either be viewed as the
discretization of the continuous Gauss-Newton step (16), or as one step for a discretized
version (on a fixed mesh) of the Gauss-Newton step problem (15). We prefer the first
view, since it allows more intuitively to change the meshes between iterations.
Choosing a basis for the space &}, we can write (18) in matrix form as follows:

M AT 0 (5Uk’h Fu
A 0 C o | = Fy | (19)
0 CT SR 0qkh F,

Since the individual state equations and variables do not couple across experiments,
M = diag(M’) and A = diag(A®) are block diagonal matrices, with the diagonal
blocks stemming from second derivatives of the misfit functionals, and of the tangential
operators of the state equations, respectively. They are equal to

(M)t = 1y (M, = 2°) (¢}, 7)), (AN = A, (1) (] 03):
where ¢! are test functions for the discretization of the ith state equation. Likewise,
C = [C!,...,C"] is defined by

(CYr = Ay(mr) (X, o1)
with x{ being discrete test functions for the parameters ¢, and (R)i = 744(qr) (X3, X7)-

The evaluation of C? may be difficult since it involves shape functions from different
meshes and finite element spaces. However, since we have required that T} can be
obtained from T} by hierarchical refinement, we can represent each shape function xj
on the parameter mesh as a sum over respective shape functions x' on each of the state
meshes: ! = 3. X% x%. Thus, C' = C'X’, with C? built with shape functions from
only one grid. The matrix X' is fairly simple to generate because of the hierarchical
structure of the meshes. In general, it is worthwhile to store C' and X¢ separately,
rather than forming C* explicitly.

Note that if we had wanted to use the full Newton search direction instead of the
Gauss-Newton one, then the top right and bottom left blocks of the matrix in (19) would

also be nonzero. In addition, if the state equations were nonlinear in u* or ¢*, additional
terms would have to be added to the M and R blocks.

Step lengths

Since step length selection is only a tool for seeking the exact solution, we may be
content with approximating the merit function p(a) introduced in Section 4. To this
end, we use a lower bound p(a) for p(a), by restricting the set of possible test functions
to the discrete space Xj which we are already using for the discretization of the search

direction:

pla) = 1 sup [Lo(zx + adzy) ()]

5 <
Yy Xh Xo

%HLm(xk + adzy) ()%, = pla).
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By selecting a basis of &}, p(a) can be computed by linear algebra. For example, for
the single experiment case (N = 1) and if X = H} x H} x L?, we have that

pla) = % [(9u(@), Y1 gu(@)) + (gr(a), Y gr(a)) + (gq(a), Yy g4(a))]
where (Yo)u = (xwoxi), Y = (Ver, V) are mass and Laplace matrices,
respectively. The gradient vectors are (gy); = Ly (2 + adxy)(p;), and correspondingly
for g, and g,. Here, ¢; are again basis functions from the discrete approximation space
to the state and adjoint variable, and x; for the parameters.

The evaluation of p(a) therefore requires only two inversions of Y per experiment,
and of one mass matrix for the parameters. Setting up the gradient vectors reuses
operations that are also available from the generation of the linear system in each
Gauss-Newton step. With this merit function, the computation of a step length is then
done using the usual methods (see, e.g., [30]). Compared to the effort required for the
solution of the Newton step, the effort for line search is usually negligible, in particular
since not many evaluations of p will be necessary. However, numerical experiments
indicate that the effort can be further reduced by approximating Yy, Yi, for example by
only considering their diagonal elements; however, the main feature of correctly scaling
degrees of freedom corresponding to cells of different size should be preserved in schemes
with adaptively chosen meshes.

Mesh refinement

As noted, we may choose different grids for each Newton step. For practical purposes,
these meshes should share a minimum of characteristics, as described above, but apart
from that their generation is arbitrary. For the numerical examples presented in this
paper, the meshes are kept constant for a number of nonlinear iterations until we are
satisfied with the progress of the nonlinear iterations. The meshes are then refined
using simple smoothness indicators to refine both the meshes for the state and adjoint
variables, as well as for the parameter. In subsequent parts of this series, we will derive
error estimates for the inverse problem, and generate refinement criteria from them.
Also, the process of evaluating the progress of iterations on a grid will be discussed in
more detail.

6. Linear solvers

The linear system (19) is hardly solvable as is, except for the most simple problems. This
is due to its size, which is twice the number of variables in each discrete forward problem,
summed up over all experiments. Furthermore, it is indefinite and often extremely ill-
conditioned (see [4]): if the state equations are the simple Poisson equations of the
model problem, then the condition number of the matrix grows with the mesh size h as

O(h™*) (for a misfit functional m(¢) = 1||Vel||?) or even O(h~%) (for m(p) = 3||¢|*)!

This, and the size of the problem makes both solution by direct as well as iterative
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methods very hard or impossible for the large problems arising if many experiments are
involved; for discussions of various approaches for such problems see, e.g., [18, 21, 3, 13].

However, we can re-state the system of equations by block elimination and use of
the sub-structure of the individual blocks to obtain the following Schur complement

formulation:
N
S dqun = Fy— Y CTAT(F,—-MA'F), (20)
i=1
A dup, = F§ — Clgup, (21)
AiT 5)\21]1 = FZ — Miéqk’h, (22)

where S denotes the Schur complement
N
S=(sR+Y AT MATC). (23)
i=1

These equations are much simpler to solve, mainly for their size and their structure:
For the second and third equations, which are linearized forward and adjoint problems,
efficient solvers are usually available. Since the equations for the individual experiments
are separated, they can also be solved in parallel. The system in the first equation,
(20), is small, its size being equal to the number #dgy j, of discretized parameters dgy p,
which is much smaller than the total number of degrees of freedom and in particular
independent of the number of experiments. Furthermore, S has some nice properties:

Lemma 2 The Schur complement matriz S is symmetric and positive definite if at least
one of the matrices R or M as defined above is positive definite.

The proof of this lemma is trivial, noting that both R and M stem from second
derivatives of convex functionals, and are thus already at least positive semidefinite.

Regarding the actual solution of this equation, we note that one may build up an
actual representation of the matrix S. This would involve #0dgy j, linearized forward and
backward solutions for each experiment, which is usually too expensive as we anticipate
#0qy,, to be in the range of thousands, or even more. However, by consequence of
the lemma, we can use well-known and fast iterative methods for the solution of this
equation, such as the Conjugate Gradient method. In each matrix-vector multiplication
we would then have to perform one linearized forward and one backward step for each
experiment. The other operations are comparably cheap.

Of crucial importance for the speed of convergence of the CG method is the
condition number of the Schur complement matrix S. Numerical experiments have
shown that, in contrast to the original matrix (19), the condition number only grows

by O(h=2) (for m(p) = 5[|Vel[?) or O(h™*) (for m(p) = 5¢||?), i.e. by two orders of
h less than the full matrix [4]. Furthermore and even more importantly, the condition
number improves if more experiments are treated, i.e. N is higher, corresponding to
the fact that more information reduces the ill-posedness of the problem. In particular,

the condition number of the Schur complement matrix is not greater than the maximal
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condition number of its building blocks (assuming that both R and C*" A" "MA‘~'C!
are regular):

Lemma 3 For the condition number x(S) of the Schur complement matriz, there holds

k(S) < max {/{(R), max K (CiTAi_TMiAi_1Ci> } .
1<i<N

The proof is simple using Rayleigh quotients for upper and lower eigenvalues and some
basic inequalities; it is thus omitted. The extension where R is only semidefinite is also
easily obtained. In practice, the condition number x(S) of the joint inversion matrix is
often significantly smaller than that of the single experiment inversion matrices.

Finally, the CG method allows us to terminate the iteration relatively early, since
high accuracy is not required in the computation of search directions and due to the fact
that the right hand side of the equation is the gradient, and thus presumably already
not too far away from the Gauss-Newton direction. Experience shows that for typical
cases, a good solution can be obtained with much less than #0dgy ;, steps.

The solution of the Schur complement equation can be accelerated by
preconditioning the matrix.  Since one will not usually build up the matrix,
a preconditioner cannot make use of the individual matrix elements. However,
preconditioners based on the past history (i.e. previous Newton steps) are possible,
for example through the use of updating formulas known from quasi-Newton methods.
This is based on the fact that as we approach the solution, also the quadratic models
which we use in the Gauss-Newton steps converge. Thus, we can use the information
we have gained from matrix-vector multiplications in previous Newton iterations to
precondition the present matrix. Such methods are presently under investigation. For
other approaches see, for example, [32, 13].

Another advantage of the Schur complement formulation is that it is simple to
parallelize (see [4]), which is particularly advantageous if the number of experiments
is large, or the discretization of each of the experiments requires significant computing
time or memory. In this case, matrix-vector multiplications with the Schur complement
matrix are easily performed in parallel due to the sum structure of S, and the remaining
two equations defining the updates for the state and adjoint variables are independent
anyway.

As a final note we remark that, as is well known, the full Newton matrix emerging
from formulation (17) does not allow an as simple Schur complement representation,
which furthermore is more expensive to form and is not necessarily positive definite.

7. Bound constraints

In the previous sections, we have described an efficient scheme for the discretization
and solution of the inverse problem (5). However, in practical applications, one often
has more information on the parameter than the one included in that formulation.
For example, lower and upper bounds ¢y < ¢(x) < ¢; on parameters may be known,
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possibly only in parts of the domain, or with spatially dependent bounds. The inequality
constraint is understood as acting on each component of the set of parameters ¢q. Such
inequalities typically denote prior physical knowledge about the material properties we
would like to identify, but even if such knowledge is absent, we will often want to impose
constraints of the form ¢ > ¢y > 0, if as in the model problem ¢ appears as a coefficient
in an elliptic operator.

In this section, we will extend the scheme developed above to incorporate such
bounds, and we will show that the inclusion of these bounds comes at essentially no
additional cost, since it only reuses information that is already there. On the contrary,
as it reduces the size of the problems, it makes its solution faster. We would also like
to stress that the approach does not make use of the actual form of state equations,
or misfit or regularization functionals; it is therefore possible to implement it in a very
generic way inside the Newton solver. The approach is based on the same ideas that
active set methods use (see, e.g., [30]) and is similar to the gradient projection-reduced
Newton method [33]. However, since we consider problems with several thousands
or more parameters, some parts of the algorithm have to be devised differently. In
particular, the determination of the active set has to happen on the continuous level,
to make sure that different scalings due to local mesh refinement does not negatively
affect the accuracy with which we can detect parameters at their bounds. For related
approaches to constrained optimization problems in partial differential equations, we
refer to [34, 12, 27].

Basic idea

Since the method to be introduced is simple to extend to the more general case, let
us describe the basic idea here for the special case that ¢ is only one scalar parameter
function, and that we only have lower bounds, ¢y < ¢(x). The approach is then: before
each step, identify those regions where the parameters are already at their bounds and
we expect their values to move out of the feasible region. Let us denote this part of the
domain, the so-called active set, by T = {x € Q : qx(X) = qo, 0qr(x) presumably < 0}.
After discretization, Z will usually be the union of a number of cells from TY.

We then have to answer two questions: how do we identify Z, and once we have
found it what do we do with the parameter degrees of freedom inside Z7 Let us start with
the second question: In order to prevent these parameters from moving further outside,
we simply set the respective updates to zero, and for this augment the definition (15)
of the Gauss-Newton step by a corresponding equality condition:

min J(ug, gx) + Ju(k, gx) (0ur) + Jo(ur, gr)(0gr)

Sug,0qx
+Juu (g, qr) (00, dug) + Joq (g, @) (0qk, dqi) (24)
st A'(geiug) (0') + Al(ars ug) (Gug, ") + Ag(grs ui) (0gk, ¢') = 0,
(5Qk7 g)l— = 07

where the last constraint is to hold for all test functions & € L*(Z).
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The optimality conditions for this minimization problem are then equal to the
original ones stated in (16), except that the last equation has to be replaced by

Z A wi) (6 OAL) + Brag () (Oaw, X) + (11, X)z = —Lg(zi)(x).  (25)

where 1 is the Lagrange multiplier corresponding to the constraint dgy|z = 0.

These equations can be discretized in the same way as before. In particular, we take
the same space Qy, for the discrete Lagrange multiplier p as for dg,. After performing the
same block elimination procedure we used for (19), we then get as matrix the following
system to compute the Lagrange multipliers and parameter updates:

S BT Ogkn \ _ [ Frea (26)
BI 0 Hh 0 ’
with the reduced right hand side F,.4 as in (20):

N
Fra=F,— > C'A"(F, - M'A"'FY).
i=1
The equations identifying duy , and gy are exactly as in (21) and (22), and are solved
once dqy,;, is available.

The matrix Bz appearing in (26) is of mass matrix type. If we denote by Z, the
set of indices of those basis functions in Q) with a support that intersects Z, and Z; (k)
its kth element, then By is of size #Zj, X #qx1, and (Bz)wm = (X7, k), X1)z- In this way,
the last row of the system, B7dqy, = 0, simply sets parameter updates in the selected
region to zero.

Let us now denote by Q the projector onto the feasible set for dgyp, i.e. it is a
rectangular matrix of size (#0qx n — #Zp) X #0qk n, where we have a row for each degree
of freedom ¢ & 7, with a 1 at position . Then we have QBZ = 0, and we know that
dqrn = QT Qg Elementary calculations then yield that the updates we seek satisfy

QSQ"| (Qdakn) = QFrea, Br dgi, =0,

which are conditions for disjoint subsets of parameter degrees of freedom. Besides being
smaller, the reduced Schur complement QSQ? inherits the following desirable properties
from S:

Lemma 4 The reduced Schur complement S,.q = QSQT is symmetric and positive
definite. Its condition number satisfies Kk(S;eq) < K(S).

While symmetry is obvious, we inherit (positive) definiteness from S by the fact that
the matrix Q has by construction full row rank. For the proof of the condition number
estimate, let N7 = #6qy. p, N1, = N? — #1}; then we have for the maximal eigenvalue
of Sred:

A(Syeq) = max V! S,V = max w!Sw
veRNred [|v]=1 weRNY [w||=1,w|z, =0
< max ~ W!Sw = A(S).

T WeRN w=1
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Similarly, we get for the smallest eigenvalue A(S;.q) > A(S), which completes the proof.

In practice, S,.q needs not be built up for use in a conjugate gradient method.
Since application of Q is essentially for free, the inversion of QSQ? for the constrained
updates is at most as expensive as that of S for the unconstrained ones, and possibly
cheaper if the condition number is indeed smaller. It is worth noting that treating
constrained nodes in this way does not imply knowledge of the actual problem under
consideration. Also, conversely, in the implementation of solvers for the state equations,
one does not have to care about these constraints; this would, for example, be the case
if positivity of a parameter is enforced by replacing ¢ by exp(q).

Determination of the active set

There remains the question of how to determine the set of parameter updates we want
to constrain to zero. For this, let us for a moment consider Z as an unknown set that is
implicitly determined by the fact that the constraint is active there at the solution. The
idea of active set methods is then the following: from (25), we see that at the optimum
there holds (u, x)z = —Ly(z)(x) for all test functions x. Outside Z, p should be zero,
and optimization theory tells us that it must be negative inside. If we have not yet found
the solution, these properties do not hold exactly, but as we approach the solution, the
updates d g, 0gr become small and we can use the identity to get an approximation fi
to the Lagrange multiplier defined on all of €. If we discretize it using the same space
Q);, as for the parameters, then we get

(ftkn, Xn) = —Lg(rn) (Xn) Vxn € Qp.

We will then use fi;; as an indicator whether a point lies inside the set where the
constraint on ¢ is active and define

I ={x€eQ: Qk,h(X) = QOaﬂk,h(X) < —e},

with a small positive number e. With the so fixed set Z;, the algorithm proceeds as
above. Since —L,(zx5)(xn) is already available as the right hand side of the discretized
Gauss-Newton step, computing fiy , amounts to only the inversion of the mass matrix
resulting from the left hand side term (fu 5, x5). This is particularly cheap if Q, is made
up of discontinuous shape functions.

Numerical experiments indicate that it is necessary to set up this scheme in
a function space first, and only discretize afterwards. Enforcing bounds only after
discretization would amount to replacing the mass matrix by the identity matrix. This
would then lead to the elements of the Lagrange multiplier /i, having a size that scales
with the size of the cell they are defined on, preventing us from comparing their size
with a fixed number € in the definition of the set Z,.

At the end of this section, let us state two comments. First, it is important to note
again that we need not resort to the actual form of the problem under consideration,
and that those parts of the program implementing the state equations do not need to
know about the method used to impose the bounds. Second, the techniques shown
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above are easily extendable to the case, where we do not have a constraint on each of
the parameters, ¢y < ¢(x) < ¢p, but rather a constraint on a linear combination of the
parameters, i.e. g9 < Tq(x) < ¢, with 7" a matrix. A typical constraint of this form
would be that in elasticity, A+2x > 0 must hold, where A and p are the Lamé constants
describing the compressible and shear moduli of a material.

8. Numerical examples

In this last section, let us give some examples of computations that have been performed
with an implementation of the framework laid out above. All examples will consider
recovering the spatially dependent coefficient ¢ in a Laplace-type operator —V - (¢V)
from measurements of the state variable. In one or two space dimensions, this is a
model of a bar or membrane of variable stiffness that is subjected to a known force;
the stiffness coefficient is then identified by measuring the deflection at every point.
Similar applications arise also in groundwater management, where the hydraulic head
satisfies a Poisson equation with ¢ being the water permeability. Other applications are,
for example, electrical impedance tomography in medical imaging or non-destructive
material testing. We will consider more complicated problems, for example involving
Helmholtz-type equations with high wave numbers, as appearing in seismic imaging, in
later parts of this series (see also [4]).

In all cases, mesh adaptation is performed by simply looking at the smoothness of
the solution. We refine the mesh for primal and dual variables (which are continuous)
where the jumps of the gradients across cell interfaces, [Vuy], is large, for which we use
the following criterion on cell K:

77%( = hK/ In - [Vuh]|2 dx.
OK

This quantity measures the size of the second derivatives of the numerical solution, scaled
by appropriate powers of the local mesh width hg. It was originally proposed as an a
posteriori error estimate for the Laplace equation by Kelly et al. [25]. The coefficient
will be discretized using discontinuous finite elements on a mesh that is refined by
considering a scaled finite difference approximation of the gradient.

The program used here is built on the open source finite element library deal.II
[5, 6, 7] and runs on multiprocessor machines or clusters of computers.

8.1. Example 1: A single experiment

In this section, we will consider identification of a discontinuous coefficient from a single
global measurement of the solution of a Laplace equation. Thus, we have N = 1 and

A(g;u)(p) = (¢Vu, Vo) — (f,¢),
(M~ 2) = 2 lu— 2[4
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Figure 2. Fzample 1: Recovered coefficient with no noise, on grids T? with 800-900
degrees of freedom. Left: No bounds on q imposed. Right: 1 < q < 8 imposed.

The coefficient ¢* we try to identify on a square domain is given by

1 for |x| < 3,
8 else.

g (x) =

Note that the circular jump in the coefficient is not aligned with the mesh cells, so
that we will need mesh refinement to resolve it properly. With f = 2d,d = dim(2, the
solution of the Laplace equation is u*(x) = [x|* inside |x| < 3, and u*(x) = §[x[* + 5
otherwise. u* and ¢* are shown in Figure 1. Measurement data is generated by choosing
z(x) = u*(x) + (x), where ¢ is random noise with a fixed amplitude ||&|| .

For the case of no noise, i.e. measurements can be made everywhere without error,
Figure 2 shows the discretization grid for and the values of the identified parameter after
some refinement steps, at the left with no bounds on ¢ imposed and at the right with
tight bounds 1 < ¢ < 8. The latter case is typical if one knows that a body is composed
of two different materials, but their interface is unknown. In both cases, the accuracy
of reconstruction is good, and it is clear that adding bound information stabilizes the

process. No regularization is used for this experiment.
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Figure 3. Example 1: Same as Fig. 2, but with 2% noise in the measurement.

On the other hand, if noise is present, Figure 3 shows the identified coefficient
without and with bounds on the parameter imposed. The noise level is ||g]|oo/||2|l0o &
0.02.  Again, no regularization is used, and it is obvious that the additional
information of bounds on the parameter improves the result significantly (quantitative
results are given as part of the next section). Of course, adding a regularization
term would also be a possible way to get a better reconstruction. However, since
devising regularization functionals for discontinuous coefficients is difficult and often
involves Bounded Variation-type seminorms with their well-known difficulties (see, e.g.,
20, 17, 19]), we will not venture further in this direction and rather consider noise
suppression by multiple measurements in the next section.

8.2. Example 2: Multiple experiments

Let us consider the same situation as in the previous section, but this time use multiple
measurements 2z of the data and for each measurement use a different forcing f*. Thus,
for each experiment 1 < i < N, we have

Allgiu) () = (qVu', Vo) — (f'9), (27)
m'(M'u' — 2') = §||ul — 2'||%.

Our hope is that if each of these measurements is noisy, we can still recover the
correct coefficient well if we only measure often enough. Since the measurements have
independent noise, measuring more than once already yields a gain if the experimental
setup is identical, i.e. when the right hand sides f? are the same. However, simple
considerations indicate that ¢ is not identifiable at points where Vu* is zero, see for
example [8]; we thus gain more if we use different forcing functions f* (with different
sets of points where Vu' = 0) in different experiments, and numerical studies also show
that this significantly increases the obtained accuracy, see [4].

In addition to the constant right hand side f!(x) = 2d and matching boundary
conditions already used in the last section and shown in Fig. 1, we use as forcing terms
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Figure 4. Example 2: Solutions of the state equations for experiments i = 2,6,12.
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Figure 5. Error |lgn — q¢*||2(q) in the reconstructed coefficient as a function of the
number N of experiments used in the reconstruction and the average number of degrees
of freedom used in the discretization of each experiment. Left: No bounds imposed.
Right: 1 < q < 8 imposed. 2% noise in both cases. Note the different scales.

fi:RY— R,2 <i < N for the different state equations (27) the functions
fi(x) = 72k? sin(7k; - x),

i

where the vectors k; are the first N elements of the integer lattice N¢ =
{(0,0),(1,0),(1,1),(0,1),...} when ordered by their ly-norm and after eliminating
collinear pairs in favor of the element of smaller magnitude. Numerical solutions for
these right hand sides are shown in Fig. 4 for ¢ = 2,6,12. Measurements z' were
obtained by numerically solving the state equations with the exact coefficient using a
discretization of higher order than the one used in the reconstruction algorithm; random
noise was then added to this numerical solution.

Fig. 5 shows a quantitative comparison of the reconstruction error ||, — ¢*||r2(q),
as we increase the number of experiments used for the reconstruction, and as Newton
iterations proceed on successively finer grids. In most cases, we only perform one Newton
iteration on each grid, but if we are not satisfied with the progress on this grid, more
than one iteration will be done; in this case, curves in the charts have vertically stacked
data points, i.e. more than one data point for the same number of cells. The finest
discretizations had 3-400,000 degrees of freedom for the discretization of state and
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adjoint variable in each experiment (i.e., up to a total of about 4 million unknowns
in the examples shown), and about 10,000 degrees of freedom for the discretization
of the parameter ¢,; this then also was the size of the Schur complement matrix to be
solved in each step, which takes between 100 and 200 CG iterations to solve to a relative
accuracy of 1073. We only show the case of non-zero noise level, since otherwise the
number of experiments was not relevant for the reconstruction error.

From the charts, it is obvious that imposing bounds helps significantly, and that
using more measurements is sufficient to strongly reduce the effects of noise. Also
note that if noise is present, there is a limit for the amount of information that can
be obtained and that further refining meshes deteriorates the result afterwards (see
the erratic and growing behavior of curves for small N for high number of degrees of
freedom; the identified parameter then deteriorates by high frequency oscillations). Since
the numerical effort required to solve the problem grows roughly linear with the number
of experiments, using more experiments may actually be cheaper in many cases, as the
discretization of each of them requires significantly less degrees of freedom to achieve a
given accuracy for the reconstructed parameter than if we used less experiments.

9. Conclusions and outlook

In this paper, we have presented a framework for the solution of large-scale multiple-
experiment inverse problems. It’s main features are:

e formulation in function spaces, allowing for different discretizations in subsequent
steps of Newton-type nonlinear solvers;

e discretization by adaptive finite element schemes, with different meshes for state
and adjoint variables on the one hand, and the parameters sought on the other;

e inclusion of bound constraints with a simple but efficient active set strategy;

e choice of a formulation that allows for efficient parallelization.

This framework has then been applied to some examples showing that inclusion of
bounds can stabilize the identification of a coefficient from noisy data, as well as the
(obvious) fact that measuring more than once can reduce the effects of noise. For these
numerical examples, only a rather simple criterion was used to drive mesh refinement.
The framework as laid out above will be used as the basis for further articles in this
series. In particular, while the entire framework is taylored to the use of different meshes,
we have not shown how to construct them in a systematic way. Thus, in the second part,
we will derive error estimates for the finite element discretization with respect to the
minimization functional J(u, q), i.e. estimates for the quantity J(u,q) — J(un, ¢s), and
use them to drive adaptive mesh refinement. We will also discuss how to couple mesh
refinement strategies with the outer Newton-type iteration, and how to derive estimates
for arbitrary functionals of the solution. This allows to specify, for example, that we
are interested in the values of the coefficient only in part of the domain, and drive mesh
adaptivity for this particular goal. These techniques will again be demonstrated using
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numerical examples involving the identification of a coefficient from the solution of a
Laplace equation.

In a final part, all these techniques will be applied to wave propagation problems
involving the Helmholtz equation.
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