






an indicator would be based on an error estimate; this, how-
ever, only appears practical for relatively simple problems in
which the number of terms is not too large [2]. For the exper-
iments shown below, we therefore simply use a smoothness
indicator based on the jump in the gradient between neigh-
boring cells for the M meshes used to discretize the state
and adjoint equations. For the mesh used to discretize the
parameter q(r), we refine where a numerical approximation
of the gradient exceeds a certain threshold.

The implementation of this overall strategy brings along
several important advantages: First, it leads to a situation
where the first few Newton iterations are essentially for free
since they happen on coarse and therefore cheap meshes.
The fact that on these meshes no accurate representation of
the solution of the full inverse problem is possible is of no
importance since at this point we are still far away from the
solution of the nonlinear problem anyway. Consequently, we
also do not try to iterate the nonlinear problem to conver-
gence on each individual mesh: We are happy with a modest
reduction of 103 in the reduction on each mesh. Significant
effort is therefore only spent on the finest set of meshes, but
we only use them when we are already close to the solution.

The second advantage is that our M + 1 meshes are each
individually adapted to the quantities that are discretized
on them. In many cases, for example in the testcase consid-
ered in the next section, the solutions to the partial differ-
ential equations that describe the response of a system to
the different forcings applied in the M experiments, depend
sensitively on the force terms, and will exhibit roughness in
different areas. No mesh will therefore be able to efficiently
and accurately discretize all solutions ui , vi , λex

i , λem
i at the

same time unless is it more or less globally refined. By con-
sidering the meshes shown in Fig.s 1 and 2, it is clear that
the use of M + 1 different meshes leads to significant over-
all savings in compute time and memory use over the use
of a single but very fine mesh. An advantage of this that
may not be immediately apparent is also that the choice of
a mesh that is coarse wherever resolution is not needed also
acts as a form of regularization, making the ill-posed inverse
problem at least better posed.

5. A NUMERICAL EXAMPLE
We illustrate our inversion scheme with a synthetic exam-

ple involving the tomography application introduced above.
Examples using experimental data can be found in [9]. The
computations shown here were implemented using the Open
Source finite element library deal.II [3]. More details on the
numerical methods can be found in References [2, 4].

The example we show uses a realistic geometry obtained
stereographically using a pair of cameras trained to the groin
region of a pig (the experiment was performed to image the
lymph nodes in this area). Fig. 1 shows a simulated laser
source at two out of a total of M = 8 positions while scan-
ning over the surface of this region. At each of position
we take measurements zi of the fluorescent light intensity
and phase. For the purpose of illustration, measurements
zi are computed numerically (rather than obtained experi-
mentally) using a separate computer program that employs
a different numerical method to avoid an inverse crime.

Using these measurements, we then employ our inversion
algorithm. For the first source position, Fig. 2 shows the
meshes after zero, two, and four adaptive refinements. It is
easy to see that the mesh becomes gradually finer around

Figure 1: Solutions for measurements i = 1, 4 for a laser
line scanning over the top of the tissue sample.

Figure 2: Meshes for experiment i = 1 after zero, two,
and four refinement cycles. Note that the mesh density is
localized around where it is necessary to resolve the structure
of the solution.

those locations where a high mesh resolution is necessary
to resolve features of the solution, whereas it remains coarse
elsewhere, keeping the overall number of degrees of freedom,
and consequently the numerical effort, as small as possible.
In cases like the ones shown here, the use of adaptivity re-
duces the size of the involved problems by factors of 10–100,
and is consequently indispensible to make the solution of
such inverse problems feasible.

Similarly, the unknown parameter q(r) is discretized on a
sequence of meshes that are also adapted successively. Fig. 3
shows these meshes at the same iterations. Again, the mesh
is refined towards an object at the center of the domain
to provide high resolution there. Fig. 4 illustrates that the
reason for this refinement pattern is that the reconstructed
parameter q(r) has a high dye concentration at the center
of the domain, indicative of a lymph node or tumor. The
refinement pattern is clearly appropriate for this purpose.

6. CONCLUSIONS AND OUTLOOK
In this paper, we have given a brief overview of the various

techniques necessary and available for the solution of nonlin-
ear inverse problems, illustrated using a recent biomedical
imaging technique. For this and similar cases, uniformly re-
fined meshes can not deliver the necessary resolution within
compute times that are clinically acceptable because they
lead to nonlinear optimization problems that are orders of
magnitude too large for today’s hardware. Our approach to
this problem is to introduce adaptively refined meshes for
solving the forward/adjoint problems and the unknown pa-
rameter updates. They are able to focus numerical effort to
regions in the domain where high resolution is actually nec-
essary. Other advantages of such schemes are that they also
regularize the inverse problem and in particular make the
initial Gauss-Newton iterations extremely cheap since we
can compute on coarse meshes while we are still far away
from the solution.

Although the results shown here and elsewhere [2, 4, 9]
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Figure 3: Meshes on which the parameter q is discretized
after zero, two, and four refinement cycles.

Figure 4: Identified parameter q(r) after 25 Newton itera-
tions. The cells shown are those where the reconstructed dye
concentration is more than 50% of the maximum identified
value.

demonstrate that we are able to efficiently solve inverse flu-
orescence tomography problems with practically sufficient
resolution, further progress is necessary in several areas to
improve the numerical performance. This includes improv-
ing linear and nonlinear solvers, regularization, and stabi-
lization by imposing additional constraints on the solution.
For practical applicability, numerical methods also have to
work in the presence of significant background heterogeneity,
unknown or large noise levels, systematic measurement bias,
and other practical constraints. Systematic testing of recon-
structions for statistically sampled scenarios with Objective
Assessment of Image Quality (OAIQ) methods is therefore
necessary to achieve clinical recognition for fluorescence op-
tical tomography.

Looking beyond the application use in this paper, adap-
tive finite elements and many of the other techniques demon-
strated here can also be used for a wide variety of other
nonlinear inverse problems. This includes, among many
others, electrical impedance tomography (EIT), eddy cur-
rent imaging, diffuse optical tomography, and magnetore-
sistivity, all of which are used in areas outside biomedical
imaging for the characterization of materials, nondestruc-
tive testing, or in geophysical applications. In each of these
cases, the model is a partial differential equation in which
the predicted oberservable quantity depends nonlinearly on
the parameter that we would like to identify. In all these
cases, an iterative nonlinear algorithm and a discretized ver-

sion of the partial differential equation is necessary, and the
methods shown herein are immediately applicable.
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