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" Every experiment is described by some (semilinear) form

A(qu)(i)=0 Z1' [eg. Alg,u)(T )=(qe u,« T)B(f,T )]

" All experiments depend on a common set g of possibly distributed
parameters (density, elasticity, ...), though

- not every experiment may be able to describe them alone

- not all experiments need to depend on all parameters

* Goal: have efficient tools to identify g from all these measurements



Because:

* This reduces the ill-conditioning and is numerically smpler to solve
" Improves identifiability, reduces ambiguity

 Makes model more consistent with entire set of data



- inner linear solvers
- parallelization Today
- forward/ adjoint solvers (often pre-existing)
- inclusion of bounds on parameters v

- discretization I Next time
- error estimation and adaptivity

- error estimates for the parameters

- regularization techniques
Future
- real problems



" State equation:  Be Eje u = f + B.C.

Program: Determine the unknown coefficient by

varying ¢(x) until we have found u (x) that

matches the observation z(x) best!




Many methods for this:

" Output Least Squares:
Eliminate constraint u=T(q)* f= S(q)

(Tarantola:
then minimize M S(q)B z gmBd )

w.r.t. some norm-like functional m(.)
* Lagrangian ansatz for constrained optimization problem

" Penalty methods, augmented Lagrangian methods, ...



e.g. (for Laplace problem): \
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Lagrangian formulation they are not admissible

" When still far away from solution (i.e. correct set of parameters),
why ask for an admissible state variable?

* What is admissble anyway with PDEs as constraints?

" OLS known to be strongly nonlinear in g, nonlinearity reduced Iin
Lagrangian formulation

* Simpler to generate Newton-type methods
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Solution: Newton-type iteration on nonlinear continuous problem

* “L(x,)(Ox,,y) = Be L(x)(y) ZY,

X

 Discretize by FEM with different grids and ansatz spaces for U/l
and q

" Solve for Newton direction by Schur complement formulation
" Use line search techniques to determine step length

" If sufficient progress on one grid
- evaluate a posteriori error estimator
- refine state/ adjoint and parameter grids



© Can be vay large, in particular with multiple experiments

© Symmetric but indefinite

* Extremely ill-conditioned: U = O(h?°) !
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* Much smaller systems

 Schur complement now positive definite

* Better condition number: U = O(h®*)

F,BCOq
F,BMOu

Instead of

U= O(h®°



" Matrix-vector product with Schur complement can be performed in
parallel

* Update steps decouple

* Usually, condition number of Schur complement improves

- as more experiments are added (since there is more information,
also making the continuous problem better conditioned)

- on optimal grids (snce discretization stabilizes, and we keep a
coarse grid where we lack information)



-+ Scan be built up by #dqg forward-backward solutions

" But unnecessary: since small + positive definite, so we 4
can use CG method

" No high accuracy necessary for Newton steps

" Preconditioning may be possible using update formulae ¥

Much less
than #dq

Iterations
necessary!

* S is actually covariance matrix, so may be used to get indication of

posterior probability density (PPD) and/or variances



|dea: After discretization, use an active-set-like strategy on parameters.



That means, solve

HOx = BJ, st. XOg = 0

Vd

U
MOx= BJ

with reduced matrix and r.h.s. with some rows/ columns deleted.

Also performed smply if H not known explicitly, but only through
matrix-vector product.



Thus, sign of -J indicates to first order the sign of dq. But gradient
already available, so
" determination of active set basically for free

" solution of modified system smple, and since reduced system
smaller even better conditioned and faster!

" extension possible to constraints like

do(X) R Qq(x) R g,(x)



" Hdmholtz equation: excite material by injecting energy at one
boundary, and measure at another boundary

A(g,u)(@") = (ge U, T)BK(U,T)Ab.c.
N W 1 T :
m(MuBzZ) = EHUIB Z||", | "D



Recovered coefficient ¢

Exact displacement u



Recovered coefficient g Recovered coefficient g
e=1% e=2%



Exact displacement u Recovered coefficient ¢



Recovered coefficient g Recovered coefficient g
e=1% e=2%



Exact displacement u Recovered coefficient



Free (earth) surface: Neumann boundary conditions

Sources along one well (Dirichlet)
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experiments




After 20 Newton steps, After 25 Newton steps, After 30 Newton steps,
235 parameters 1290 parameters 6016 parameters



" Number of CG iterations does not grow with number of parameters!

" Per CG Iteration and experiment: one forward and one backward
linearized problem

" Here: per experiment approx. 1,000 solves
total of 30*16*32*2 = 30,000 linearized solves

" However, initial steps relatively cheap since systems small
" Yet, at end high resolution with >6,000 parameters



Next time:

" Adaptive discretization techniques
* Error estimation for inverse problems



