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General Setting 1 ¹¹¹²²³¹

" Data from different experiments available. For example:
- seismic measurements
- gravimetric data
- magnetotelluric data
- DC resistivity
- ...

" Every experiment is described by some (semilinear) form

" All experiments depend on a common set  q  of possibly distributed 
parameters (density, elasticity, ...), though
- not every experiment may be able to describe them alone
- not all experiments need to depend on all parameters

" Goal: have efficient tools to identify  q  from all these measurements

Ai q,ui î i = 0      Ž î i                        [e.g. A q,u î = q • u, • î B f ,î ]



General Setting 2

Idea (trivial):

" In many cases, measurements have previously only been used to 
improve existing models in turns

" Instead, use all data sets at the same time for joint inversion of the 
entire set of parameters

Because:

" This reduces the ill-conditioning and is numerically simpler to solve

" Improves identifiability, reduces ambiguity

" Makes model more consistent with entire set of data



Goal:

" Have a mathematical/computational framework that allows for such 
joint inversion problems

" Have efficient techniques for each step in this framework:
- nonlinear solvers
- inner linear solvers
- parallelization
- forward/adjoint solvers (often pre-existing)
- inclusion of bounds on parameters

- discretization
- error estimation and adaptivity

- regularization techniques
- error estimates for the parameters
- real problems

General Setting 3

Today

Next time

Future



The Maths 1

Laplace problem: Membrane of variable thickness subjected to 
known force f(x)
" z(x) measured deflection
" q(x) unknown coefficient
" uq(x) expected displacement for coefficient  q(x)

" State equation:

Program: Determine the unknown coefficient by 

varying  q(x)  until we have found  uq(x)  that 

matches the observation  z(x)  best!

B • Eq• u
q
 =  f             + B.C.



The Maths 2

Formulation as a constrained minimization problem:

Many methods for this:

" Output Least Squares:
Eliminate constraint

then minimize
w.r.t. some norm-like functional m(.)

" Lagrangian ansatz for constrained optimization problem

" Penalty methods, augmented Lagrangian methods, ...

minimize   J u,q  =  Œi = 1

N
â i mi Mi uiB zi A Òr q

subject to     Ai q,ui î = 0,          i = 1...N

u= T q B1 f = S q

M S q B z g m B d    )
(Tarantola:



The Maths 3

Lagrangian formulation:

Set  x = {u,l ,q},  introduce Lagrange function

e.g. (for Laplace problem):

Optimum then stationary point of  L(x):

L x  =  
1
2

m MuB z A Òr q A A q,u Û

•
x
L x y  =  0  Ž y

q• Û,• ç  =  B uB z,ç

ÒqA • uE• Û,æ  =  0                  

q• u, • î  =  f,î       

L x  =  
1
2

uB z 2A
Ò
2

q 2A q• u,• Û B f,Û



The Maths 3a

Why Lagrangian formulation instead of Output Least Squares?

" For nonlinear PDEs: No need to solve full PDE in each step, only 
linearized equation

" Means: for OLS, state and coefficient are always in synch, for 
Lagrangian formulation they are not admissible

" When still far away from solution (i.e. correct set of parameters), 
why ask for an admissible state variable?

" What is admissible anyway with PDEs as constraints?

" OLS known to be strongly nonlinear in  q, nonlinearity reduced in 
Lagrangian formulation

" Simpler to generate Newton-type methods



Solution of Optimality Condition 1

•
x
L x y  =  0  Ž y

q• Û,• ç  =  B uB z,ç

ÒqA • uE• Û,æ  =  0                  

q• u, • î  =  f,î       

Solution: Newton-type iteration on nonlinear continuous problem

" Discretize by FEM with different grids and ansatz spaces for  u/l   
and  q

" Solve for Newton direction by Schur complement formulation

" Use line search techniques to determine step length

" If sufficient progress on one grid
- evaluate a posteriori error estimator
- refine state/adjoint and parameter grids

•
x
2 L x

k
Ôx

k
, y  =  B •

x
L x

k
y     Ž y,



Solution of Optimality Condition 2

Solution of discretized Newton steps:

" Matrix representation of

is

" Can be very large, in particular with multiple experiments

" Symmetric but indefinite

" Extremely ill-conditioned:                    !

•
x
2 L x

k
Ôx

k
, y  =  B •

x
L x

k
y     Ž y,

M A B

AT 0 C

BT CT ÒR

Ôu

ÔÛ

Ôq

 =  B

F
u

FÛ

F
q

Ú =  O hB 6



Solution of Optimality Condition 3

Rather: Use Gauss-Newton method:

" Drop B

" Consider Schur complement

" Much smaller systems

" Schur complement now positive definite

" Better condition number:                      instead of

M A B

AT 0 C

BT CT ÒR

Ôu

ÔÛ

Ôq

 =  B

F
u

FÛ

F
q

Ú =  O hB 4

ÒRA CT ABT M AB1C Ôq =  F
q
B CT AB1 F

u
B MAB1 FÛ

                         AÔu =  FÛB CÔq

                        AT ÔÛ =  F
u
B M Ôu

Ú =  O hB 6



Solution of Optimality Condition 4
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Multiple experiment case:

" Matrix-vector product with Schur complement can be performed in 
parallel

" Update steps decouple

" Usually, condition number of Schur complement improves
- as more experiments are added (since there is more information,
  also making the continuous problem better conditioned)
- on optimal grids (since discretization stabilizes, and we keep a 
  coarse grid where we lack information)



Solution of Optimality Condition 5

S =  ÒRAŒi
C

i
T A

i
BT M

i
A

i
B1C

i

Main problem now: invert

for dq. Features:

" S can be built up by #dq forward-backward solutions

" But unnecessary: since small + positive definite, so we 
can use CG method

" No high accuracy necessary for Newton steps

" Preconditioning may be possible using update formulae

" S -1 is actually covariance matrix, so may be used to get indication of 
posterior probability density (PPD) and/or variances

Much less 
than #dq 
iterations 
necessary!



Inequality constraints 1

q0 x  R  q x  R  q1 x

Often constraints like

are known. Including them can stabilize inversion, and make result 
physical.

So: How to use them?

Idea: After discretization, use an active-set-like strategy on parameters.



Inequality constraints 2

Approach: Before each Newton step, determine those parameters that
" are already at their bounds
" that we expect to move out of the feasible region

Fix these parameters, i.e. enforce  dq
i 
= 0  for them.

That means, solve

with reduced matrix and r.h.s. with some rows/columns deleted.

Also performed simply if H not known explicitly, but only through 
matrix-vector product.

HÔx  =  B J ,              s.t. XÔq =  0

ú
•HÔx=  B •J



Inequality constraints 3

Question: How do we know whether a parameter wants to move into 
the infeasible region?

Answer: The gradient is a first-order approximation to the Newton 
direction!

Thus,  sign of  -J
i
  indicates to first order the sign of dq

i
. But gradient 

already available, so
" determination of active set basically for free
" solution of modified system simple, and since reduced system 

smaller even better conditioned and faster!
" extension possible to constraints like  

q0 x  R  Qq x  R  q1 x



Numerical Examples

" Steady-state membrane of variable stiffness, subjected to known 
(distributed) force: measure deflection everywhere, and recover 
stiffness parameter

" Helmholtz equation: excite material by injecting energy at one 
boundary, and measure at another boundary

A q,u î  =  q • u, • î B f ,î

m MuB z  =  1
2

uB z Ð
2N  =  1

Ai q,ui î i  =  q • ui , • –î i B ki
2 ui , –î i A b.c.

mi Mi uiB zi  =  1
2

uiB zi
Ì
2 ,           Ì _ ^ Ð

N  W  1



Laplace-Example 1: Smooth Coefficient

Exact solution:

u =  x 2,           q  =  1A x 2,             z =  u

Exact displacement  u Recovered coefficient  q



Laplace-Example 1: Smooth Coefficient

Same example, but now with noise:

u =  x 2,           q  =  1A x 2,             z =  uA Õæ x

æ x  =   random unit Gaussian noise

Recovered coefficient  q
e=1%

Recovered coefficient  q
e=2%



Laplace-Example 2: Discontinuous Coefficient
Exact solution:

Exact displacement  u Recovered coefficient  q

u =  r2,                if rP 1
2

  

r2/8A7/32,  otherwise

,           q =  1,  if rP 1
2

   

8,otherwise

,             z =  u



Laplace-Example 2: Discontinuous Coefficient

Same example, but this time with noise in the measurement:

Recovered coefficient  q
e=1%

Recovered coefficient  q
e=2%



Laplace-Example 3: Criss-cross Coefficient
Exact solution:

Exact displacement  u Recovered coefficient  q

u =  B • Eq• B1 f,           q =  constant in 4 sectors,             z =  u



Helmholtz-Example: Layout

Abstraction of cross-well logging:

Free (earth) surface: Neumann boundary conditions
So
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4 different frequencies: k2=25, 30, 35 40 

Total:
32 different
experiments



After 5 Newton steps,
64 parameters

After 10 Newton steps,
61 parameters

After 15 Newton steps,
118 parameters

After 20 Newton steps,
235 parameters

After 25 Newton steps,
1290 parameters

After 30 Newton steps,
6016 parameters



Helmholtz-Example: Numerical Effort
Numbers of parameters CG iterations per Newton step

" Number of CG iterations does not grow with number of parameters!
" Per CG iteration and experiment: one forward and one backward 

linearized problem
" Here: per experiment approx. 1,000 solves

        total of 30*16*32*2 = 30,000 linearized solves
" However, initial steps relatively cheap since systems small
" Yet, at end high resolution with >6,000 parameters



Outlook

We have: Efficient techniques for
" The nonlinear solvers
" The linear solvers
" Inequality constraints

Next time:
" Adaptive discretization techniques
" Error estimation for inverse problems


